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THE 


R  E  F  A  C  E. 


T  is  an  undoubted  truth ,  that  among  all  Humane  Arts 
and  Sciences,  ARITHMETIC K  and  GEOMETRt 
have  obtain’d  the  greateft  evidence  of  Certainty. 
This  Prerogative  refults  from  the  Verity  and  Perfpi- 
cuity  of  their  Principles ,  which  confift  of  Dejimtions^ 
PoJluUtes^  (  or  Petitions^  and  Axioms ;  for  thefe  being 


intelligible ,  reafonable  and  certain ,  are  univerfally 


aflented  to  as  pure  Fountains  of  Knowledge,  and  fure  Foundations  of 
right  Reafoning ,  by  all  judicious  and  impartial  Students  in  Sciences. 
Hence  it  is,  that  all  Propofitions  which  are  proved  by  thofe  certain 
Principles  are  likewife  certain  ,  and  called  Demonftrative  Truths ,  by 
which  are  meant  ftridly  and  properly  ,  infallible  Confequences ,  orCon- 
clufions ,  deduced  from  clear  and  undeniable  PremilTes.  For  which  caufe, 
divers  Philofophers  have  endeavour’d,  as  far  as  the  quality  of  their  Dif* 
courfes  would  admit ,  to  make  the  force  of  their  Arguments  amount  to 
Mathematical  Demonftration ,  which ,  by  univerfal  confent  of  the 
Learned,  is  the  cleared:  and  mod:  convincing  Proof  of  the  Truth  of  % 
Propodtion ,  that  can  pollibly  be  given  by  Humane  reafoning.  Nor 
was  it  without  Reafon,  that  the  Ancients,  (as  many  of  the  Learned  affirm,) 
taught  their  Scholars  Arithmetick  and  Geometry^  next  after  the  Rudiments 
of  Letters,  as  expedients  to  take  off  their  minds  from  Levity,  and  to 
render  them  capable  of  found  Judgement,  before  they  entred  upon  the 
Study  of  Philofophy :  Which  Method  of  Schooling  was  in  great  efteem 
with  vUto^  (  as  his  Book  of  Common-voeal  teftifies  5 )  who  was  of  Opinion, 
That  ingenious  and  pregnant  Proficients  in  Arithmetick  were  apt  to  learn 
any  Arts  whatfoevcr ,  and  he  permitted  no  Student  ^hat  was  ignorant 
of  Geometry  to  enter  into  his  School. 

This  alfo  may  be  added  concerning  the  Excellency  of  thofe  Twin-like 
Arts  or  Sciences ,  That  they  depend  not  upon  any  other  Sciences,  either 
for  Help  or  Demonftration  •,  nor  do  they  owe  their  Dignity  to  the  Suffrage 
or  Vote  of  our  Senfes ,  which  oft-times  deceive  us  ^  but  dnce  ^mtity^ 
about  which  Arithmetick  and  Geometry  are  converfant ,  may  be  condder’d 
abftradively ,  and  feparate  from  all  kind  of  Matter ,  the  Verity  of  their 
Propofitions  is  examined  and  proved  in  the  Mind  only  5  where ,  among 
all  the  Exercifes  that  conduce  to  the  fearch  of  Truth  ,  none  are  found 
fo  pure,  clear  and  comprehenfible,  (right  Reafon  being  Judge,)  as  Arithme^ 
tick  and  Geometry ;  thence  they  are  called  Pure  Mathematicks ,  and  are 
properly  to  be  learnt  before  any  of  the  reft  of  the  Mathematical  Arts. 

Nor  are  Arithmetick  and  Geometry  excellent  in  themfelves  only ,  but 
highly  cfteem’d  alfo  for  their  manifold  Utility,  as  well  in  the  Employments 
of  Men  about  Accorapts,  Trade,  Building,  Meafuring  of  Land,  and  divers 
other  common  Affairs,  as  in  facilitating  and  enlivening  divers  other  Noble 
Arts;  for  how  can  Harmonical Compofition  in  Muftck^  or  exadMeafure 
and  Proportion  in  Painting  be  perform’d,  without  the  affiftance  of  Arithme¬ 
tick  and  Geometry,  Befides ,  thefe  Sciences,  ( as  the  Mathematician  very 
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well  knows,)  like  the  two  Pillars,  Jachim  and  Booz,,  in  the  Porch  of 
Solomons  Temple,  are  the  ftability  and  fupport  of  all  the  reft  of  the  Ma¬ 
thematical  Arts  5  for  if  ^firommy,  NxvigAtion,  Dyallwg  ,  Opticks  y  Forti- 
fcatton^  and  the  reft  of  the  Arts  called  Mixed  Mathematicks,  be  ftript  of 
the  Demonftrations  and  Operations  imparted  to  them  by  Geometry  and 
Arithmetick^  that  which  remains  will  be  as  barren  as  the  Earth  without 
the  Influence  of  the  Sun  ,  and  as  unacftive  as  a  humane  Body  without 
a  reafonable  Soul. 

-  The  premifles  may  fuftice  to  give  a  hint  of  the  Excellency  and  Utility 
of  Arithmettck  and  Geometry ,  whence  we  may  reafonably  inferr  ♦,  Firft , 
that  fo  great  and  fo  profitable  a  Subjed  is  worthy  of  the  Study  of  all 
ingenious  Minds,  in  a  degree  proportional  to  their  refpedive  Stations 
or  Employments ,  as  well  for  promoting  their  own,  as  the  Publick  Good. 
Secondly ,  that  that  Art  which  by  a  more  eafie,  and  not  lefs  fure  Method 
.  than  that  called  Synthetick^  finds  out  the  Solutions  and  Demonftrations 
of  the  more  knotty  Propofitions  ,  as  well  Geometrical  as  Arithmetical  • 
(  and  oftentimes  by  the  way  too ,  dilcovers  unexpe(ft:ed  and  admirable  Spe¬ 
culations,)  may  very  well  deferve  the  Enquiry  of  fuch  Lovers  of  Art 
as  have  hours  to  fpare,  and  are  defirous  to  be  acquainted  with  the  choiceft: 
pieces  in  the  Common-wealth  of  Learning  :  But  fuch  an  Art  is  that 
commonly  called  AlGEJBRAy  which  firft  alTumes  the  Quantity  fought, 
whether  it  be  a  Number  or  a  Line  in  a  ^ejlion  ,  as  if  it  were  known, 
and  then ,  with  the  help  of  one  or  more  Quantities  given ,  proceeds  by 
undeniable  Confequences ,  until  that  Quantity  which  at  firft  was  but 
aftumed  or  fuppofed  to  be  known,  is  found  equal  to  fome  Quantity  certainly 
known ,  and  is  therefore  known  alfo. 

Which  Analytical  way  of  Reafoning  produceth  in  Conclufion,  either 
a  Theorem  declaring  fome  Property,  Proportion  or  Equality,  juftly  inferr’d 
from  things  given  or  granted  in  a  Proyofition  y  or  elfe  a  dire(fting 
infallibly  how  that  may  be  found  out  or  done  which  is  defired  ^  and  dit- 
ckDvers  Demonftrations  of  the  certainty  of  the  refulting  Theorem  or.  Canony 
in  the  Synthetical  Method,  or  way  of  Compofition,  by  the  Steps  of  the 
Analyfis ,  or  Resolution.  Thefe  are  but  glances  of  the  many  Rare  Effeds 
produced  by  the  Analytick  or  Algebraick  Art ,  which  is  an  inexhauftible 
Fountain  of  Theorems ,  a  Key  truly  golden  for  th6  unlocking  of  Problems 
as  well  Geometrical  as  Arithmetical ;  and  not  only  a  fure,  but  delightful 
Guide  to  fuch  Students ,  who  not  being  fatisfied  with  a  bare  knowledge 
of  the  T ruth  or  pradticarUfe  of  thofe  fublime  Inventions  that  have  rendred 
the  antient  Mathematicians  fo  venerable ,  are  defirous  to  know  how  they 
were  found  out,  and  how  to  profecute  their  fearch  of  Truth,  fo,  as  to 
advance  Knowledge  upon  Solid  Foundations. 

But  the  Excellency  of  the  Algebraical  Art  is  beft  known  to  thofe  that 
are  acquainted  with  the  moft  eminent  Writers  upon  that  Subje(5l  5  among 
which ,  thefe  are  defervedly  Famous ,  namely,  Dioghantm  of  Alexandriay 
(the  firft  Inventor  of  this  rare  Art,  as  fome  by  his  Preface  to  Dionyftus 
do  conjedure^  but  others  give  the  Honour  of  that  Noble  Invention  to 
Geber  an  Arabian  Aftronomer ,  whence,  as  is  conceived,  the  word  Algebra 
took  rile , )  Cardamcs,  Tartaglia,  claviusy  Stevinusy  Vieta^  ( the  firft  Inventor, 
or  at  leaft  the  happy  Reftorer  of^  Syeciom  ,  or  Literal  Algebra ,  fo  called , 
becaufe  it  operates  chiefly  by  Alphabetical  Letters ,)  Mr.  mllUm  Oughtred, 
(our  learned  Countrey-man,)  whofe  Clavis  Mathematics,  fov  Solid  matter. 
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neat  Contradions,  and  fuccind  Demonftrations,  is  hardly  to  beparallerd,) 
Mr.  Thomas  Harriot  ,  (  another  learned  Mathematician  of  our  Nation ,) 
Chetaldm,  Anderfonus  ^  Bachetm  j  Herigomus ,  Carteftm  ^  Tran^  van.  Schooten, 
florimond  de  Beaune ,  Hugenius,  Haddenimj  Slufins ,  Fermatim ,  Billius ,  Rhe~ 
naldinusy  and  many  others  too  numerous  to  be  here  recited  •  but  to  bring  up 
the  Rear  of  thefe  renowned  Analyfts  ,  I  (hall  mention  four  more  of  our 
own  Nation ,  and  now  living ,  ( whofe  pardon  I  humbly  begg  for  this  my 
boldnefs , )  namely ,  the  Right  Reverend  Father  in  God,  Seth,  Lord  Bidiop 
of  Sarum ,  Dr.  'john  wallU^  ProfelTor  of  Geometry  in  the  Univerifity  of  Oxford, 
Dr.  Ifaac  Barrow  Mafter  of  7V/;?/^-Colledge  in  Cambridge,  and  one  of  His 
Majelties  Chaplains,  and  Dr.  ^ohn  reU;  the  learned  Works  of  which 
four  Worthies  proclaim  their  rare  Talents  in  Univerfal  Mathematicks. 

Now  bccaufe  this  excellent  Art  is  but  very  fparingly  treated  of  in  our 
native  Language ,  and  fince  according  to  the  old  Maxim  ,  Bonum  quo  com- 
munifis  eo  me  Urn ,  Good  the  more  common  the  better  it  is-  I  have,  in 
imitation  of  the  induftrious  Bee  that  gathers  Honey  from  various  Flowers, 
yet  without  any  diminution  either  of  their  Beauties  or  Virtues,  extraded 
out  of  the  before-mentioned  Authors,  this  Tradate  confiding  of  Four' 
Books,  (  the  Two  firfi:  of  which  are  Printed,  a  good  progrels  made  in 
the  Third  ,  and  the  Fourth  ready  for  the  Prels,)  and  have  defign’d  it 
chiefly  to  give  fiich  of  my  Mathematical  Countrey-men  as  are  altogether 
Arrangers  to,  and  defirous  to  be  acquainted  with  the  lb  much  cele&ated 
Art  called  Algebra ,  a  plain  and  intelligible  Introdudion  to  its  Dodrine, 
as  alfo  a  confiderable  tafte  of  its  life ,  in  finding  out  Theorems  and  folving 
Vroblems ,  as  well  Arithmetical  as  Geometrical. 

And  here ,  to  avoid  the  flrain  of  Ingratitude ,  I  cannot  but  declare 
to  the  World ,  that  my  old  and  much  refpeded  Friend,  Mr.  'john Collins., 
a  perfon  well  known  to  be  both  Angularly  skilfull  in ,  and  an  induftrious 
Promoter  of  the  Mathematicks  in  general ,  hath  been  a  principal  Inftru- 
ment  of  bringing  this  Work  to  light,  as  well  by  animating  me  to  Com¬ 
pile  it ,  as  by  endeavouring  to  procure  it  to  be  well^Printed. 

To  conclude,  I  have  earneftly  endeavoured  to  render  the  Fundamen¬ 
tals,  and  moft  important  Rules  of  tht  Algebraical  Art  in  both  kinds,  to  wit, 
Numeral  and  Literal,  very  clear  and  eafie  to  capacities  competently 
exercis’d  in  the  Elements  of  Arithmetick  and  Geometry.  And  the  favourable 
acceptance,  which  my  Additions  to  Mr.  mngafs  Treatife  of  Common 
Arithmetick  have  found ,  with  divers  eminent  Mathematicians  and  other 
Lovers  of  Art,  doth  encourage  me  to  hope,  that  the  younger  Students 
of  Symbolical  Arithmetick  and  Analytical  Doftrine ,  will  be  well  pleas'd 
with  the  following  Difeourfe ,  and  that  my  Labours  therein  will  be  as 
candidly  accepted ,  as  they  have  been  cordialy  intended  to  ferve  my  Native 
Countrey. 


From  nty  Houfe  at  the  Sign  of 
the  Globe  in  Shandois-i’fr^ef, 
in  Covent-garden,  the  15*^ 
daj  of  April ,  1^73. 
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DEfimtions ,  concerning  the  Nature^  Scope^  and  Iqnds  of  Algebra : 
ihe  ConlirnUion  o/'Coflick  ^antities  or  Towers^  with  the  manner 
of  exprejjtng  them  by  Alphabetical  Letters  :■  Jhe  fignif  cation  of  Cha^ 
ra&ers  ufed  in  the  Fir  Si  Book^ 

Addition  j  •  ^ 

‘‘Mul’Jptkathn]^  >  both  Simflt  andCowfonnd. 

Divifwn  ^  ».  3 

7 be  like  Operations  in  Algebraic^  FraUions^ 

The  Rule  of  Three  in  ^antities  reprefented  by  Letters. 

AnlntrodnSion  to  the  ExtraHionof  Roots  ont  of  Algebraic^  Quantities  • 
the  compleat  DoSSrine  thereof  being  delivered  in  the  firSi^  fecond^  third 
and  fourth  Chapters  of  the  Second  Bool{, 

Bow  by  any  two  of  the  three  Members  of  a  Square  formed  from  a  Bino^ 
mial  Root ,  to  find  out  the  third  Member. 

A  CoUeliion  of  eafie  QueSHons  to  exercife  the  preceding  Rules, 

Concerning  an  Equation ,  and  the  Redu&ion  of  Equations, 

The  ufe  of  the  Redu&ions  in,  the  foregoing  Chap.  ii. 

The  manner  of  converting  Analogies  into  Equations^  and  Equations  into 
Analogies. 

The  Rejblution  of  Simple  Equations  exercised  in  28.  Queftions, 

Concerning  the  Refolution  of  fuch  Compound  Equations  wherein  there 
are  two  different  Powers  of  the  Quantity  fought  ^  and  thofe  Powers 
fuch ^  that  the  higher  of  them  is  a  Square  ,  v^ofe  Side  or  Jquare  Root, 
is  the  lower  Power. 

The  Equations  of  the  foregoing  Chap.  15.  are  exercised  in  a8.  Queftions, 
rejolved  as  well  by  Numeral  as  Literal  A\gthx2i, 

Of  Arithmetical  Progrejjion  ,  where  Mr,  OughtredV  Ttventy  QueHions 
upon  this  Subje^  are  explained. 
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1.  ^  Qncertiwg  the  Gefiefis  or  Frocreation  of  Tomrs  from  Roots  Rinomial^ 
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2.  Concerning  the  Compojition  of  Powers  in  numbers  from  a  Binomial 

Root, 

5.  The  extra&ion  of  all  kjnds  of  Roots  out  of  Towers  pven  in  numbers^ 

4.  The  extra&ion  of  Roots  out  of  Powers  exprePi  by  Letters, 

5.  Concerning  Geometrical  Proportion, 

6*  Variotfs  Theorems  about  ^antities  in  Continual  Proportion, 

7.  Twenty  Queftions  about  ^antities  in  Continual  Proportion  ,  refolved 

by  Literal  Algebra. 
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with  Rules  to  extra&  the  fquare  Root  out  of  every  one  of  them  $  as 
alfo  j  what  Root  youpleafe  out  of  any  Binomial  in  numbers^  having  fuch 
a  Binomial  Root  as  is  dejired. 

10.  An  Explication  of  Simon  Stevin  J  general  Rule  to  extraB  one  Root  out 

of  any  pojfible  Equation  in  numbers  ^  either  exa&ly  ^  or  very  nearly 
true, 

1 1.  Extra&ions  out  of  the  Algebraical  Treafijes  of  Vieta  and  Renates  des 

Cartes,  concerning  the  ConUitution  and  Refolution  of  Compound 
Equations  in  numbers^  ejpecially  thofe  which  have  many  Roots  :  where 
alfo ,  the  rife  of  two  Rules^  the  Invention  whereof  Cardanus  attributes 
to  Scipio  Ferreus,  concerning  the  Rejolutton  of  certain  Cubickfquations 
in  numbers  5  is  clearly  exhibited, 

1 2.  Of  the  Method  of  refilving  Queftions  wherein  many  ^antitks  are  fought^ 

^  by  ajjuming  different  Letters  to  reprefent  the  faid  ^antities  fever  ally, 

13.  Concerning  the  Refolution  of  fuch  Arithmetical  Qneltions  as  are  capable 

of  innumerable  Anfwers. 
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CHAR  i.  .  ■ 

Coftcermfig  the  Nature^  Scope  j  and  Kinds  of  ALGEBRAS 
'The  ConfiriiBion  of  Coiiick  Omntities^  or  Powers  ,  whh 
the  manner  of  expr effing  them  by  Alphabetical  Letters  :  The 
fignif  cation  of  Charafters  ufed  in  the  Fir  ft  Bcok^ 

\ 

'  i 

H  E  Mathematical  Arts  or  Sciences  are  exercis’d  about 
which  is  compris’d  under  Numbers ,  Lines,  SuperficTes,  and 
Solids  :  Thefe,  it  they  be  confidered  abftraaively,  and  feparate 
from  all  kind  of  Matter  ,  are  the  proper  Objeds  of  Anthme- 
tick,  and  Geometry  ,  which  are  called  Pnre  Adathematlck^s. 

1 1.  The  Adethoi  which  Mathematicians  are  wont  to  ufe  in 
fearching  out  truth  about  Quantity,  is  twofold;  viz.,  i.  Syi^~ 
thetical,  or  by  Vvray  of  Compolition :  2.  Analytic^,  or  by 

way  of  Refolution. 

III.  Mathematical  Gompolition  ,  or  tlie  Synthetical  method  ,  argues  altogether  with 
known  Quantities  to  fearch  out  unknown  ■  and  then  deraonftrates  that  the  Quantity  found 
out  will  fatisfie  the  Propolition. 

IV.  Mathematical  Refolution,  or  the  Analytical  Art,  commonly  C2i\kd  Algehra^  is 
that  way  ol  reafoning  which  afl'umes  or  takes  the  Quantity  fought  as  if  it  were  known  or 
granted  ;  and  then  with  the  help  of  one  or  more  Quantities  given  or  known,  proceeds  by 
Confcquenccs ,  until  at  length  the  Quantity  firft  only  affumed  or  feigned  to  be  known,  is 
found  equal  to  fome  Quantity,  or  Quantities  certainly  known ,  and  is  therefore  Hkewife 
known. 

V.  The  Scope,  Drift  or  Office  of  the  Analytick  or  Algebraick  Art,  is  to  fearch  out 
three  kinds  of  Truths ,  vi-^. 

I.  Theorems.,^  which  are  nothing  elfe  but  Declarations ,  or  Affirmations  of  certain  Pro¬ 
perties,  Proportions,  or  Equalities,  juftly  inferr’d  from  fome  Suppofirions  or  Conceffions 
about  Qiiantity  :  Which  Theorems  are  to  be  referved  in  flore,  as  ready  helps  to  find 
out  new,  and  to  confirm  old  Truths.  This  kind  of  ReroUnion  when  it  refls  in  a  bare 
Invention  of  Truth ,  is  called  ContewyUtlvs,  or  Notional, 
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2.  or  infallible  Rules,  to  direft  howto  folve  knotty  QueR  ions,  by  the  help 
of  Quantities  given  or  known  .  this  kind  of  Refolution  is  called  ProUemMical. 

3.  Demonjirations,  or  evident  and  indubitable  Proofs,  to  manifeft  the  truth  of  fuch  Theo¬ 
rems  and  Canons  as  arc  Analytically  found  out. 

VI.  Algebra,  is  by  late  Writers  divided  into  two  kinds  j  to  wit,  Numeral^  and  Literal^ 

(  or  Sptciow. ) 

VII.  Numeral  Algebra  is  fo  called,  bccaufe  in  this  Method  of  refolvinga  Quefiior?, 
the  Quantity  fought  or  unknown  is  folely  dellgn’d  or  reprefented  by  fome  Alphabetical  Let¬ 
ter,  or  other  Charadcr  taken  at  pleafure ,  but  all  the  Quantities  given  are  expreft  by 
Kurnbers. 

VIII.  Literal  y  or  Speciaits  Algebra  is  fo  called,  becaufe  in  this  method  of  rcfoivijig 
aQueffion,  as  well  the  given  or  known  Quantities  as  the  unknown  are  all  feverally  ex- 
prelfed  orreprefented  by  Alphabetical  Letters.  Whence  it  comes  to  pafs,  that  at  the  end 
of  the  Refolution  of  a  Quellion  ,  every  Quantity  appearing  dilfind  under  the  fame  Letter 
or  Form  by  which  it  was  atfirll  exprefled,  a  Canon  isdifeovered  todireib  how  the  Queffion 
propos’d  may  be  folved,  not  only  by  the  quantities  firff  given,  but  by  any  other  whatfoever 
that  are  capable  of  folving  the  Queflion.  In  this  refped  therefore  Literal  Algebra  far 
excels  the  'Numeral. ^  for  this  latter  ferves  only  to  folvc  ^Arithmetical  Que/lions,  and  pro- 
duceth  not  a  Camn  without  much  difficulty  ,  in  regard  the  numbers  firft  given,  by  reite¬ 
rated  Multiplications,  Divifions  and  other  Arithmetical  operations,  will  for  the  moft  part 
be  fo  confounded  and  interwoven,  that  their  footfleps  can  hardly  be  traced  out :  But  literal 
or  Lfecieus  ii/Llgebra  is  applicable  to  the  folving  of  Geometrical  Problems ,,  as  well  as 
Arithmetical. 

IX.  The  DoBrine  of  Algebra  is  principally  grounded  upon  the  knowledge  of  certain 
Quantities  called  by  fome  Authors  CoJfic^J^antules,  by  others,  Powers  .  the  ConRru6lion 
whereof  is  explain'd  in  fix  Sections  next  following. 

X:  Numbers  2ive  hid  10  hs  in  Geometrical  Proportion  cotstinuedf  when  as  the  firll  is  to 
the  fecond,  fo  is  the  fecond  to  the  third,  and  fo  is  the  third  to  the  fourth,  &c.  As,  for 
Example,  thefe  Numbers,  1,2,  4,  8,  id,  32,  ^c.  are  Continual  Proportionals;  for, 
as  the  firft  Term  i,  is  the  half  of  the  fecond  Term  2  ;  fo  is  the  fecond  Term  2,  the  half 
of  the  third  Term  4;  and  fo  is  4  the  half  of  8,  (^c.  Likewife  thefe  Numbers,  3,  9, 
27,  81,243,  are  in  Geometrical  Proportion  continued;  For  as  the  firft  Terra  3  is 
a  third  part  of  the  fecond  Term  9,  fo  is  the  fecond  Term  9  a  third  part  of  the  third  Term 
27  •  and  fo  is  27  one  third  of  B  i ,  &c.  Alfo,  thefe  Numbers  are  Continual  Proportionals, 
to  wit,  1,  j,  for  as  the  firft  Term  r,  is  the  double  of  the  fecond  Terra  7,  fois 

j;  the  double  of  7,  and  the  double  of  f  ,  &c. 

XI.  In  any  feries  or  rank  of  Numbers  proceeding  from  Unity  in  a  continued  Geome¬ 
trical  proportion,  whether  afeendingor  defeending,  all  the  Numbers  or  Terms  except  the 
firft,  which  is  fuppofed  to  be  i ,  (to  wit,  Unity ,  )  are  called  Cojfick  Numbers^  or  Powers  ; 
viz,,  the  fecond  Term  or  Proportional  is  called  the  Root^  or  firft  Power ;  the  third  Propor¬ 
tional  is  called  the  Square,  or  fecond  Power ;  the  fourth  Proportional  is  called  the  Cube,,  or 
third  Power  •  the  filth  Proportional  is  called  the  Biquadrate,  or  fourth  Power,  the  fixth  Pro¬ 
portional,  the  fifth  Power,  As  for  Example,  in  this  rank  of  Continual  Proportionals, 
1,2,  4, 8,  id,  32,  the  fecond  Term  z  is  the  Root,  the  third  Term  4  is  the  fecond 
Power,  or  the  Square  of  the  Root  2  ;  the  fourth  Term  8  is  the  third  Power ,  or  the  Cube  of 
the  Root  2  5  the  fifth  Term  1 6  is  the  Biquadrate  or  fourth  Power  of  the  fame  Root  r, 

.  In  like  manner  in  this  rank  of  Continual  Proportionals  defeending  from  i ,  to  wit, 
1  >  t)4  >  8  >  tV>  ftcond  Term  7  >s  the  Root;  the  third  Term  ^  is  the  fecond 

Power  i  the  fourth  Term  |  is  the  third  Power,  drc.  The  like  is  to  be  underftood  of  any 
other  Rank  of  numbers  in  a  continued  Geometrical  proportion,  whofc  firft  Term  or  Pro¬ 
portional  is  Unity. 

XII.  From  the  two  laft  preceding  Seftions ,'(  which  are  grounded  upon  10.  Prop. 
8.  Elem.  Euclid.  J  it  is  evident  that  any  Number  whatfoever  being  propofed  for  a  Root, 
the  fecond  Power,  or  the  Square,  is  produced  by  the  multiplication  of  the  Root  by  it  felf. 
the  third  Power,  or  the  Cube,  is  produced  by  the  multiplication  of  the  fecond  Power  by  the 

Root;  the  fourth  Power  is  produced  by  the  multiplication  of  the  third  Power  by  the 
Root ,  &c. 

As,  for  Example,  if  2  be  given  for  the  Root,  this  2  raukiplyed  by  it  felf,  produceth  4 
for  the  fecond  Power,  to  wit ,  the  Square  of  the  Root  2 :  Again,  4  the  fecond  Power 
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being  multiplycd  by  the  Root  2  gives  8  the  third  Power,  or  the  Cube,  which  third 

Power  multiplyed  by  the  Root  2,  produceth  the  fourth  Power  id,  &c.  ’ 

In  like  manner ,  if  this  Fraction  f  be  preferibed  for  a  Root,  by  multiplying  f  by  it 
felf  there  comes  forth  f  for  the  fecond  Power ,  or  the  Square  of  the  Root  f  •  Again  the 
fecond  Power  f  multiplyed  by  the  Root  f  produceth  the  third  Po.wer  7^,  or  the  Cube  of 

the  Root  f .  and  the  third  Power  multiplyed  by  the  Root  i  gives  the  fourth 
Power  if  ,  (^c.  ^  ^ 

But  when  the  Hoot  is  i  ,  to  wit,  Unity,  everyone  of  its  Powers  will  alfo  be  t  .  for 
multiplication  by  i  makes  no  alteration.  All  which  will  be  further  illuftrated  by  the 
Scales  of  Coflkk  numbers  or  Powers  in  the  following  Table ,  which  fliews  that  if  the  Root 
be  5,  the  Square  is  25,  the  Cube  12  the  Biquadrate  or  fourth  Power  62?  the  fifth 
Power  3125,  ere. 


^  Talf/e  of  Powers  in  Numbers, 


The  Hoot  or  firft  Power. 

I 

2 

3 

4 

S 

The  Square  or  fecond  Power. 

1 

4 

9 

id 

The  CMbe  or  third  Power. 

I 

8 

^7 

d4 

125 

The  Biqnadrate  or  fourth  Power. 

1 

16 

81 

2yd 

d25 

The  fifth  Power. 

I 

32 

243 

1024 

3125 

The  fixth  Power, 

I 

64 

729 

4og6 

iyd2y 

The  feventh  Power. 

f 

I 

138 

2187 

Id3  84 

78125- 

The  eighth  Power,  | 

1 

2y5 

dydi 

d553d 

39od2y 

XIII.  The  Hoot  or  firft  Power  being  given ,  the  third,  fifth,  eighth,  or  any  other  Power 
may  be  found  out  without  refpeft  to  the  intermediate  Power  or  Powers ,  in  this  manner. 
viz,.  Suppofe^the  number  5  be prefetibed  for  the  Root,  and  that  the  fifth  Power  be  dc- 
fired  ;  firft  write  down  the  Root  3  five  times  thus;  3,3,  3,  3,3  i  then  multiply  thefe  five 
equal  numbers  one  into  another  according  to  the  Rule  of  continual  Multiplication,  fo  the 
laft  ProduU:  243  (hall  be  the  defired  fifth  Power  raifed  from  the  Root  3. 

^  In  like  manner,  if  the  eighth  Power  of  the  Root  2  be  defired,  you  may  write  the  Root  2 
eight  times  thus,  2,  2, 2, 3,  2,2,2, 2,  thefe  multiplyed  continually  produce  2 yd,  which 
is  the  eighth  Power  of  the  Root  2.  After  the  fame  manner  you  may  find  out  any  other 
Power  from  a  number  given  for  the  Root.  , 

X I V,  If  over  or  under  any  Series  or  Rank  of  Coflick  numbers  or  Algebraick  powers, 

conftituted  according  to  the  three  lafl:  foregoing  Scdlions,  there  be  placed  a  rank  of  Num-; 
bers  beginning  with  Unity ,  and  proceeding  according  to  the  natural  order  of  numbers,  as 
*3  “>  ?>  4j  5>  7>  thefe  numbers  fo  placed  are  ufually  called  the  Indices,  or 

Exponents  of  thofe  Powers ,  as  well  becaufe  they  (hew  the  order,  fear,  or  place  of  each 
Power ,  as  alfo  its  number  of  Degrees  or  Dimenfions  .  that  is,  how  many  times  the  Root 
i*  involved  or  multiplyed  in  producing  each  Power  refpedlivcly ;  As  for  Example,  let 
there  be  a  rank  or  Scale  of  Algebraick  powers  raifed  from  the  root  3,  as  3,  y,  27,  81,  2435- 
72 9>  21 87,  &c.  and  over  them  let  there  be  fo  many  numbers  placed  in  an  Arithmetical 
progreflion,  beginning  with  1,  and  proceeding  according  to  the  natural  order  of  Numbers, 
as  here  you  fee  : 


INDICES. 


I 

2 

3 

4 

S 

d 

7 

8  j 

3 

9 

27 

81 

243 

729 

2187 

d5dl 

&c: 
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I  fay  the  Index  4  in  the  Arithmetical  progreflion ,  flicws  that  the  lourth  Power  81, 
which  (lands  under  4,  is  produced  by  thepultiplicatiou  of  the  Root  3  four  tunes  into  it  felf 

e,;e,.thefe  four  numbers  3, 3, 3,  J.mrftiplyed  continually  will  produce  81;  he 

Index  7  in  the  Arithmetical  prt^reffion  (hews ,  that  the  feventh  Power  2 1 87 ,  which 
ftands  under  7,  is  produced  by  the  multiplication  of  the  Root  3  feyen  umes  into  it  fetf , 
«*..thefefeven  equal  numbers,  3,3,3.3>3,3,  h  multiplyed  continually  produceziSy. 

And  fo  of  others.  ,  . ,  ,  •  tp  i  j-  u  jj  j 

To  th'atufe  o£  hikes,  this  may  be  added ,  If  any  two  or  more  Indices  be  added 

together ,  the  fnmm  will  be  an  Index  Ihewing  what  Power  will  be  produced  by  the  mul- 
tiSication  of  thofe  Powers  one  into  another  which  anfwer  to  the  Indices  that  were  added 
together  •  As  for  Example ,  if  the  Indices  5  and  5  be  added  together,  the  furara  is  the 
Index  8  ’  which  /hews,  that  if  the  third  and  fifth  Powers  be  multiplyed  one  by  the  other 
the  eighth  Power  will  be  produced  :  As  in  the  rank  of  Powers  m  the  preceding  Tabulet, 
if  the  third  Power  zj  be  multiplyed  by  the  fifth  Power  243,  theProdua  will  give  the 
eighth  Power  6561.  In  like  manner,  forafmuch  as  the  Indices  2  and  6  added  toge¬ 
ther  make  the  Index  8  ;  therefore  the  fecond  Power  9  multiplyed  by  the  fixth  Power  729 
will  alfo  produce  the  eighth  Powdr  6561 ;  Again,  becaufc  the  Indices  i,z,  and  5  added 
together  make  the  Index  8  ;  therefore  the  firft,  fecond  and  fifth  Powers,  to  wit,  3)9> 

243  multiplyed  continually  will  likewife  produce  the  eighth  Power  6561.  And  as  the 
Index  3  added  to  it  felf  makes  the  Index  6,  fo  the  third  Power  27  multiplyed  by  it  felf,  or 

fquared,  will  produce  the  fixth  Power  729*  .  r 

And  as  the  Addition  of  Indices  anfwers  to  the  Multiplication  ot  their  correfpondent 
Powers,  fo  the  fubtraaion  of  Indices  anfwers  to  the  divifion  of  their  correfpondent  Powers  z 
As,  for  example,  becaufe  the  Index  8  leflened  by  the  Index  5’j  leaves  for  a  Remainder  the 
Index  3  j  therefore  the  eighth  Power  6561  divided  by  the  fifth  Power  243  gives  in  the 
Quotient  the  third  Power  2  7.  Likewife  ,  as  the  Index  7  lelTened  by  the  Index  3  leaves  the 
Index  4;  fo  the  feventh  Power  2187  divided  by  the  third  Power  27,  gives  the  fourth 

the  premiffes  it  is  evident,  that  upon  an  Arithmetical  foundation,  a  Scale 
or  Rank  of  Algebraick  Powers  may  be  raifed  and  continued  as  far  as  you  pleafe ;  the 
three  firfl:  of  which  have  an  affinity  with ,  and  may  be  expounded  by  Geometrical  dhnen- 
fions :  For  firft,  we  may  conceive  any  terminated  Right-line  to  be  divided  into  a  number  of 
equal  parts  at  pleafure  ,  fuppofeiz  ;  then  this  number  1 2  ,  or  that  Right- line,  may  be 
efleemed'as  aRoot;  Secondly,  thefaid  12  multiplyed  by  it  felf  produceth  144  the  fecond 
Power,  which  is  equal  tothe  Ar^a  of  a  fquare  Superficies  whofe  fide  is  12  :  Thirdly, 
thefaid  fecond  Power  144  multiplyed  by  the  Root  12  produceth  the  third  Power  1728, 
which  is  equal  to  the  Solid  content  of  a  Cube,  ( to  wit,  a  Solid  in  the  form  of  a  Dye  ) 
whofe  fide  is  12.  ’  , 

But  none  of  the  reft  of  the  Algebraick  powers  can  properly  be  explain’d  by  any  Gco- 
metrical'quantity,  in  regard  there  are  but  three  dimenfions  in  Geometry ,  to  wit ,  Length, 
Breadth,  and  Dephth  (  or  Thicknefs,  ) 

XVI.  In  fearching  out  the  folution  of  a  Queftion  by  the  Algebraick  Art,  the  number 
or  line  fought  is  ufually  called  a  which  fo  long  as  it  remains  unknown  cannot  be  really, 
expreft,  annd  therefore  it  muft  be  defign’d  or  reprefented  by  fome  Symbol  or  Charader, 
at  the  will  of  the  Artift  j  alfo  the  Powers  which  may  be  imagined  to  proceed  from  the 
faid  Root  in  fuch  manner  as  hath  before  been  declared  are  likewife  to  be  reprefented  by 
Symbols  or  Charafters ;  concerning  which  there  is  much  diverfity  among  Algehraical 
Writers,  every  one  pleafing  his  fancy  in  the  choice  of  Charafters:  But  in  this  matter  I 
fhainraitate  Mt.Thomdf  Harriot  in  his  Ars  t/4naljtiea,,  and  Renates  des  Cartes  in  his 
Geometry,  but  chiefly  the  former;  whofe  method  of  exprefling  Quantities  by  alphabe¬ 
tical  Letters,  I  conceive  to  be  the  plaineft  for  Learners ,  viz.. 

To  defigH  or  reprefent  the  Root  fought,  whether  it  be  a  Number  or  a  Line  in  a  Queftion 
propofed,  we  may  aftiirae  any  Letter  of  the  Alphabet,  as  a,y,ot  CyScc,  but  for  the  better 
diftinguilhing  of  known  quantities  from  unknown ,  fome  Analyfis  are  wont  to  alfume  one 
of  the  five  Vowels,  as,  a,  or  e,  &c.  to  reprefent  the  quantity  fought  j  and  Confonants,  as, 
/',f, d,Scc.  to  reprefent  quantities  known  or  given;  Now  if  the  letter  a  be  affumed  to 
reprefent  the  Root  fought ,  then  (  according  to  Mr.  Harriot  )  the  fecond  Power,  or  the 
Square  raifed  from  that  Root,  may  be  reprefented  by  aa  ;  the  third  Power,  or  the  Cube, 
by  aaa ;  the  fourth  Power  by  aaaa ,  the  fifth  Power  by  aaaaa  j  and  after  the  fame 

manner 
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manner  any  higher  Power  of  the  Root  or  number  a  may  be  reprefented :  For  fo  many 
DiraenfioHs  or  Degrees  as  are  in  the  Power,  fo  many  times  the  Letter  which  at  firft  was 
afiumed  for  the  Root  is  to  be  repeated. 

Or  after  the  manner  of  Renates  des  Cartes  ,  if  the  letter  a  be  affumed  to  reprefent  the 
Root,  the  Square  may  be  defigned  thus,  a\  the  Cube  thus,  a'i.  the  fourth  Power  thus,  a‘^. 
the  fifth  Power  thus,  aK  And  fo  any  other  Power  may  be  expreft  by  writing  the  Index 
or  Exponent  of  the  Power  in  a  fmaH  figure  next  after ,  and  near  the  head  of  the  letter 
alfuracd  to  reprefent  the  Root.  Both  which  ways  will  be  further  illuftrated  by  the  fol¬ 
lowing  Table.  '  .  ' 

.  A  Table  Jhevping  tw&  wayes  ("  nox»  moB  in  ufe  )  to  exprefs 
Jfsnple  Powers  by  Alphabetical  Letters, 


The  Root  or  firft  Power, 

4 

The  Square  or  fccond  Power, 

4* 

The  Cube  or  third  Power, 

43 

The  fourth  Power, 

^  ^  ^ 

4^ 

The  fifth  Power, 

^  Tl  ^  ^ 

\ 

4^ 

The  fixth  Power, 

^  ^  ^  ^ 

4^ 

The  feventh  Power, 

^  ^  ^  ^  ^ 

4^ 

The  eighth  Power, 

^  ^  ^  ^  ^  ^  ^ 

4^  . 

. 

After  the  fame  manner ,  known  Quantities  and  their  Powers  may  be  reprefented  by 
Confonants ;  as,  b  may  be  put  for  any  known  number  in  a  Queftion  ,  and  then  its  Square 
may  befignified  by  bby  the  Cube  by  bbby  the  fourth  Power  by  hbbb,  the  fifth  Power  by 
UUby  the  fixth  by  bbbbU,  and  fo  forwards :  Or  the  Square  of  the  Root  b  may  be  expreft 
thus,  b\  the  Cube  thus,  bh  the  fourth  Power  thus,  b\  the  fifth  Power  thus,  bK  the  fixth 
Power  thus,  b^,  and  fo  forwards. 

XVII.  Numbers  fet  before,  that  is,  on  the  left  hand  of  quantities  expreft  by  letters 
arc  called  Numbers  prefixt  5  but  if  no  number  be  prefixt  to  the  letter,  then  i  or  unity 
muft  be  iffiagined  to  be  prefixt :  As,  in  thefe  quantities  4,  (  or  i  <«, )  2  <»,  3  f 

^bbh  (or  5^? )  the  numbers  prefixt  are  (as  you  fee)  i,  2,  3,t,f,and  y,  everyone  of 
which  numbers  (  and  the  like  fo  prefixt )  fliews  how  often  the  quantity  reprefented  by  the 
letter  or  letters  i  mmediately  following  the  number  is  taken;  (o  a  or  14  fignifics  fomc 
number  or  line  once  taken,  alfo  reprefents  the  double ,  the  half,  and  ja  two 

third  parts  of  the  number  or  line  reprefented  by  a.  In  like  manner  or  fignifies 
that  the  Cube  of  the  number  or  line  reprefented  ^by  b  is  taken  five  times. 

XVIII.  All  numbers  expreft  by  figures  and  cyphers  (  as  in  vulgar  Arithmctick  )  nor 
having  any  letter  or  letters  annexed  to  them,  are  for  diftinftion  fake  called  Abfolute  num¬ 
bers  ;  as  thefe  nurabetfs,  f ,  20, 1 05,  t,  f,  and  all  others  when  they  be  not  prefixt  or  annexe 
to  any  letter  or  letters  are  called  Abfolute  numbers. - 

XIX.  All  Algebraical  operations  are  perform’d  in  an  Arithmetical  manner,  partly  in 
the  vulgar  way  by  numbers,  and  partly  by  Alphabetical  letters,  in  all  the  parts  of  Arithme- 
tick,  to  wit ,  Addition,  Subtrad^ion,  Multiplication ,  Divifion,  and  the  Extradion  of 
Roots :  But  fince  letters  cannot  be  difpofed  like  numbers  to  perform  thofe  operations,  fomc 
Charaders  muft  of  necefiity  be  ufed  to  fignifie  fuch  operations.  The  Charaders  ufed  in  - 
this  firft  Book  are  explained  in  the  following  Sedions. 

XX.  This  Charader -4“  is  a  fign  of  A^rmation,  zKo  Addition ,  and  always  be¬ 
longs  to  the  quantity  that  follows  the  fign  •  as,  -f-  4  affirms  the  quantity  denoted  by  a  to 
be  real,  or  greater  than  nothing  •  the  like  may  be  faid  of -j-^,  and  -l-zc,  &c. 

When  no  fign  is  prefixt  before  a  quantity,  the  fign  is  always  to  be  underftood  ,  and 
muft  be  imagined  to  be  prefixt  j  fo  4  implies-|-4,  likewife  2  b  fignifies  the  fame  thing  with 
-f-  2  ^  j  the  like  of  others. 

But  when  the  fign  -j-  is  placed  between  two  quantities ,  it  imports  as  much  as  the  word 
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flHs^otmore,  and  fignifics  that  thofe  quantities  are  added  or  to  be  added  together:  As 
3+4  (  or  3  more  4  )  fignifies  the  fumra  of  3  and  4  •  or  it  hints  that  4  is  to  be  added  to  3. 
In  like  manner  a-\-l  fignifies  the  fumm  of  numbers  or  quantities  reprefented  by  a  and  I  ■ 
and  fignifies  the  fumm  of  quantities  denoted  by  a,  and  c,  ' 

XXI.  This  Charafter —  is  a  fign  oi  Negation  y  as  alfo  of  Suhtrallion  y  and  alwayes 
belongs  to  the  following  quantity;  as  for  Example ,  —5^  is  a  fiditious  number  lefsthan 
nothing  by  5  •  vU.  as  -l-f  /.  may  reprefent  five  pounds  in  money,  or  the  Edate  of  fome 
perfon  who  is  clearly  worth  five  pounds  -  fo— j/.  may  reprefent  a  Debt  of  five  pounds 
owing  by  fome  perfon  who  is  worfe  than  nothing  by  five  pounds. 

But  when  the  fign  —  is  placed  between  two  quantities ,  it  imports  as  much  as  the  word 
minus y  or  lefs  •  and  intimates  that  the  number  or  quantity  following  that  fign  is  fubtraded 
or  to  be  fubtraded  from  the  number  or  quantity  that  (lands  next  before  the  fame  fign : 
As  8-3  (or  8  Icfs  3  )  fignifies  that  3  is  fubtraded  or  to  be  fubtraded  from  8  ;  or 
8 — 3  denotes  the  excefs  of  8  above  3,  to  wit,  5. 

In  like  manner  a —  h  (or  ^  lefs  fignifies  that  the  quantity  denoted  by  b  is  fubtraded 
or  to  be  fubtraded  from  the  quantity  j  or  a—b  may  fignifie  the  excefs  of  the  quantity  a 
above  the  quantity  b. 

XXII.  This  Charader  c/d  fignifies  the  T)ifference  of  two  quantities,  to  wit,  the  excefs 
of  the  greater  above  the  lefs,  when  'tis  not  determin’d  or  known  in  which  of  thofe  quan¬ 
tities  the  excefs  lyeth  ;  {o  aznb  fignifics  the  difference  of  two  quantities  reprefented  by 
a  and  by  when  ’tis  not  known  whether  a  be  greater  or  lefs  than  b, 

XXIII.  This  Chara&er  x  is  a  fign  of  Multiflicatlon ,  and  is  put  for  the  word  intOy 
or  h  ;  vi^  when  ’tis  fet  between  two  quantities  it  fignifies  that  they  are  raultiplyed  ,  or 
to  be  multiplyed  mutually  one  by  the  other ;  As,  6x3  (  or  5  into  or  by  3  )  imports  the 
Erodud  of  the  multiplication  of  6  by  3,  to  wit,  i  8. 

In  like  manner  a  n  b  fignifies  that  the  quantity  reprefented  by  a  is  multiplied  or  to  be 
multiplied  by  the  quantity  b :  alfo  fignifies  the  Produd  made  by  the  continual  mul¬ 

tiplication  ol  the  quantities  a,  by  and  r,  one  into  another. 

But  for  the  moft  part  the  Multiplication  of  quantities  denoted  by  letters  is  fignified  bv 
the  joyning  of  letters  together,  like  letters  in  a  word  ;  as  ab  fignifies  the  Produd  of  the 
multiplication  of  the  quantity  ^  by  the  quantity  b.  Alfo  ahe  fignifies  the  Produd  of  the 

continual  multiplicauon  of  the  quantities  b  and  c  one  into  another:  All  which  will  be 
further  illullratcd  in  Chap.  4.  , 

‘  jy  •  reprefented  by  letters  are  either  Simple  or  Corapeund 

iXXV.  A  Simple  quantity  IS  defigned  or  expreffed  either  by  a  fingle  letter,  or  bv  two  or 

”®«  !5t“«)oyn«d^ogetherlfe^^^  As  .  (or-s-l)  is  a  Lple  quantity . 

likewife  24.,  3.^,  and  dtidd  are  iimple  quantities.  ^ 

XXVI.  A  Compound  quantity  confifteth  of  two  or  more  Ample  quantities  conneSed 
ot  )oy^OTetoanotherby-j~or— ;  fo  .-i-i  is  a  compound  quantity,  likewife  a—e, 
alio  and  a-i-b — c  are  compound  quantities, 

in  ?  Charaders,  to  wit,  +,  — ,  co,  and  x,  (  before  defined 

in  Sed.  20,21  22,  and  23. )  may  fometimes  have  reference  to  fuch  a  Compound  quantity 
as  followeth  the  >  fign ,  and  hath  a  Line  drawn  over  every  member  of  it.  As  for 

that  the  difference  of  the  quantities  \  and 
.  (whether  the  Excefs  ^n  ^  or  in  r)  is  added  or  to  be  added  to  the  quantity  k.. 

ki*  fk  a—.b-+-c  fiiews  that  the  Compound  quantity  is  fubtraded  or  to 

where  in  regard  of  .he  line  drawn  over  i^rrthe 

Z?  li:  ^  ‘‘’I  of  ^  as  well  as  I  from  the  quantity  4.  But 

titv  •  omitted,  then  the  fign  —  would  only  refer  to  the  next  following  Ample  quan- 

tity :  As,  fignifies  the  fubtraaionof  4  only  him 

<lifference  between  the  Ample  quantity  4,  and  the 
cerfo"f  thrq^anritft'abwelheq^^^^^^^^  multiplyed  or  to  be  multiplyed  by  the  ex. 

of  the  number'or^n^mi^fif  a  Radical  fign,  and  fignifies  that  the  Square  toot 

extraded  as  dands  next  after  the  faid  fign  V,  is  extraded,  or  to  be 

fquf  roit  rft.!  to  wit!  ;  ,’and  fignifies  the 

Like- 
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Like  wife  ^  ah  (ignifies  the  fquare  root  of  the  quantity  ab.  So  that  when  a  number  or 
quantity  immediately  follows  the  faid  radical  fign  tbe  fquare  root  of  that  number  or 
q.uanticy  is  thereby  denored. 

But  to  defign  or  reprefent  the  Root  of  a  Power  higher  than  a  Square,  forae  Algehralcd 
Writers  (  whom  in  this  matter  I  (hall  follow  )  are  wont  to  write  the  Index  of  the  Power 
within  a  Circle  next  after  the  lign  V  ;  As  for  Example,  ^(3)27  fignifies  the  Cnbick  root 
of  27,  to  wit,  3,  Like  wife,  ^(4)1(5  denotes  the  Biqiiadrate  root  of  16^  to  wit,  2  .  that 
is,  the  root  from  whence  1 6  confidered  as  the  fourth  Power  is  produced.  Again,  V(5  )243 
fignifies  the  root  from  whence  245  confider’d  as  the  fifth  Power  israifed  ,  which  Root  is  5. 
And  if  you  plcafe  you  may  write  VC  2)8 1  to  denote  the  fquare  root  of  81 ,  to  wit,  9. 

Likewife  V(3)<«  fignifies  the  Cubick  root  of  fome  number  or  quantity  reprefented 
by  a.  Alfo  fignifies  the  Biquadrate  root  of  the  Quantity  be. 

Sometimes  the  Radical  Sign  belongs  to  as  many  of  the  following  Quantities  as  have  a 
l.ine  drawn  over  them  ;  as  V-'  b  -  c:  or,  VC  ^  ^  -\-  c :  fignifies  the  Square  root  of  the 

fumm  of  the  Quantities  b  and  c.  Likewife  ^/ibb  —  c  :  imports  the  Square  root  of  the 
Remainder  when  the  quantity  c  is  fubtrafted  from  the  Square  of  the  quantity  b.  Which 
Roots,  and  fuch  like,  are  called  Vniverfal  Roots, 

Again,  d-\-^/:bb  ^  c :  fignifies  that  the  Quantity  c  is  firfl  to  be  fubtra^ed  from  the 
Square  bb^  and  then  the  Square  root  of  the  Remainder  is  to  be  added  to  the  quantity  d. 
But  that  the  Learner  may  the  better  perceive  my  meaning  in  the  three  laft  Examples  con¬ 
cerning  Unive^al_Roots,  let  b  fignifie  4  ;  i(5  ;  c,  iz  ;  and  ^  23.  Then  ^ib 

fignifies  v':4  4^  I2  ;  that  is,  ^16^  to  wit,  4.  Alfo  hb~c  \  fignifies  : 

that  is,  Vq,  to  wit,  2.  And  — c:  fignifies  z:?_i-2  ,  that  is,  25.  After  the 

fame  manner  the  Univerfal  Square  root  of  d-\->,J  \  bb  —  c  i  maybe  exprefl  thus  5 

*J',d^\-^*Jbb  —  c  :  that  is ,  5 . 

XXIX.  Four  points  fet  in  this  form  : :  are  always  in  the  middle  of  four  Geometrical 
•  Proportionals  ,  as,  for  Example,  thefe  four  numbers  2  . 4  : ;  6  .  i  z  are  Geometrical  Pro¬ 
portionals,  and  to  be  read  thus  ;  As  z  is  to  4,  fo  is  5  to  1 2  ;  or,  (  in  the  Phrafe  of  The 
Rule  of  Three)  If  2  give  4,  then  6  will  give  12. 

In  like  manner  thefe  four  Quantities ,  b,d::c,a  are  to  be  read  thus ;  As  bisto  d 
{o  c  to  4 .  that  is,  look  vyhat  proportion  b  hath  to  d^  the  fame  proportion  hath  c  to  ’ 

Alfo  thefe  four  Quantities  b^c.d — a::f.g  do  intimate  that  the  fumm  of  b  and  c 
hath  fuch  proportion  to  the  Excefs  of  d  above  a,  as  f  hath  to  g.  The  like  is  to  be  under¬ 
flood  of  others, 

XXX.  This  Charai^er  -rr'  fet  at  the  end  of  three  or  more  Quantities,  imports  that 
they  are  Continual  Proportionals  Geometrical  •  fo  by  2 . 4 .8  .  1 5 . 52-H-  it  is  fignified 
that  fuch  proportion  as  2  hath  to  4,  the  fame  hath  4  to  8,  8  to  1 5,  and  16  to  5  2.^ 

Likewife  by  thefe  a.  b.c  44-  you  are  to  underftand  that  the  quantity  a  hath  the  fame 
proportion  to  the  quantity  b,  as  b  to  c. 

XXXI.  This  Charafter  =  is  the  fign  of  an  Equation  or  Equality ,  and  imports  as 
much  as  the  word  Ritual ;  as,  84-4  —  y-j-j  fignifies  that  the  fumm  of  8  and  4  is  equal 

to  the  fumm  of  7  and  5.  Likewife  8  =  12—4  that  8  is  equal  to  i  2  ,  lefs  4  •  to  wit 
the  cxcefs  of  la  above  4.  >  4 ,  wu. 

Again,  8  x  3  =  4  x  6  denotes  the  Produdl  of  8  multiplyed  by  3  to  be  equal  to  the 
Product  of  4  into  6. 

So  alfo,  a~\~b:^  c-\^d  fignifies'that  the  fumm  of  the  quantities  a  and  ^  is  equal  to  the 
fumm  of  the  quantities  c  and  d.  This  will  be  further  explained  in  the  XI.  Chapter. 

XXXII.  This  Charadler  c“  (lands  for  the  word  Greater,  viz,,  it  fignifies  that  the 
Quanfity  which  Hands  before ,  that  is,  on  the  left  hand  of  the  faid  Charaaer  is  greater 
than  the  quantity  following  the  fame;  fo  5  c-4  muft  be  read  thus  ^  ^  is  greater  than  4. 
Likewife  a-^  bzr'c  fignifies  that  the  Compound  quantity  a-\~b  is  greater  than  the  Sim¬ 
ple  quantity  c.  And  dzra->rC  fignifies  that  the  quantity  d  is  greater  than  a-\-c, 

XXXIII.  This  Charadler  fignifies  that  the  quantity  Handing  before  the  Chara- 
acr  is  Icfs  than  the  quantity  following  the  fame  ;  as,  4— d  5-  muft  be  read  thus,  4  is  lefs 
than  j.  Likewife,  a-k-b~~Dc-{-d  fignifies  that  the  compound  quantity  is  lefs  than 
the  compound  quantity  c-{-d.  ^ 

.  XXXIV.  Qiian- 
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XXXIV.  Quantities ,  whether  they  be  Simple  or  Compound ,  which  are  exprcft 
either  wholly  by  Letters,  or  partly  by  Letters  and  partly  by  Numbers  written  upon  one 
Line,  are  called  Algebraical  Integers,  or  whole  Quantities}  as  thefe ,  a,ah,cd-)r-ff, 

4^-3,  &c.  But  thefe  quantities,  j,  written,  are  called 

Algebraical  Fraaions ,  becaufc  each  of  them  like  a  Fradion  in  Vulgar  Arithmetkk^ 
confifts  of  a  Numerator  placed  above  a  line,  and  a  Denominator  underneath. 


Chap.  II. 

I 

Addition  of  Algebraical  Integers. 

I.  A  Lgehraicd  Addition  finds  out  the  Summ  or  Aggregate  of  two  or  more  Quari- 
^  fities  expreft  either  wholly  by  Letters,  or  partly  by  Letters  and  partly  by 

i  Numbers. 

’  1 1.  The  Operations  in  Algebraick  Addition  depend  principally  upon  a  diligent  obferva- 
tion-of  three  things,  viz. 

Firfi,  You  muff  obferve  whether  the  Quantities  to  be  added  be  Like  or  Unlike. 

Like  Quantities  are  thofc  which  arc  expreft  by  the  fame  Letters  equally  repeated  in 
every  one  of  the  Quantities  •  fuch  are  thefe,  ^,54,-2^,  each  of  which  is  expreft  by 
the  Tingle  letter  a.  Alfo  thefe  are  Like  quantities ,  34^,44,  —  laa,  each  of  which  is 
expreft  by  a  double  4,  to  wit,  aa.  Likewife  thefe,  24^,  ^ are  called  Like 

quantities  becaufe  every  one  of  them  is  expreft  by  the  fame  letters,  to  wit,  ak 

Unlike  Quantities  are  thofe  which  are  expreft  by  different  Letters ,  or  elfe  by  the  fame 
letters  unequally  repeated  }  as,  for  Example,  ^  and  c  are  unlike  quantities ,  becaufe  they 
are  expreft  by  different  letters }  alfo  idh  and  24^  are  unlike  quantities,  becaufe  the  let¬ 
ter  c  is  in  the  one,  but  not  in  the  other.  Again,  a  and  aa  are  unlike  quantities,  in  regard 
the  letter  a  is  not  equally  repeated  in  both.  The  like  is  to  be  underftood  of  others. 

Secondly.,  You  muff  obferve  whether  the  Signs  (  to  wit, -1- and — )  belonging  to  like 
quantities  given  to  be  added  be  Like  or  Unlike:  As,  for  example,  thefe  quantities 
and  -4-3^  have  like  ligns,  the  fame  fign  being  prefixt  before  each  quantity.  Alfo  thefe 
quantities,  — ^24  and  — have  like  figns,  the  fame  fign  —  being  prefixt  to  each  quantity ; 
but  thefe  quantities  -+-2<«  and  — 3^  have  unlike  or  different  ligns  prefixt. 

Third] The  numbers  prefixed  before  the  letters  muff  be  diligently  obferved,  for  their 
fumm  or  difference  will  be  concern’d  in  Algebraical  Addition ,  as  will  be  raanifeft  by  the 
following  Rules. 

1 1 1.  When  two  or  more  fimple  Algebraical  Integers  (or  whole  quantities  )  propos’d 
to  be  added  or  coHedted  into  one  Summ  are  like,  and  have  like  figns ,  Firft  coUe^l  the 
numbers  prefixt  into  one  fumm ;  then  to  that  fumm  annex  the  letter  or  letters  by  which  any 
one  of  the  quantities  propos’d  is  expreft  ;  laftly ,  prefix  the  given  fign  whether  it  be 

or  — ,  fo  fliall  this  new  quantity  be  the  fumm  defired.  As , 
Add  5  **  for  Example,  if  it  be  defired  to  add  ^  to  4,  or  -+-T4  to 

c_£_  “-hi 4  ,  the  fumm  will  be  24  or  ;  for  (according  to 

Summ  24  2  4  the  Rule)  the  fumm  of  the  prefixed  numbers  i  and  i  i?  2, 

to  which  I  annex  4  and  prefix  -h  (  or  imagine  it  to  be  pre¬ 
fixed  ,  )  fo  24  or  -4-24  is  the  fumm  defired. 

In  like  manner,  if  to  — -ib  you  would  add  — the  fumm  will  be  — 3^.  For  the 
r  y  numbers  prefixt  are  2  and  i  ,  which  added  together  make  3, 

Add  <  _  y  to  which  annexing  h ,  and  prefixing  the  given  fign  — ,  there 

_ _  arifeth  —3^,  the  fumm  defired,  • 

Summ  ' — ’3  b 
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More  Examples  \  of,  the  Rule  of  x  Addition  in  the  foregoing  Seft.  IIL 


To  be  added,*  -5 

>54 

— 

'•  '■jab  • 

/  d 

34  - 

-  2  44 

-+-134^' 

The  Summ,' 

84 

—  744 

4-*2  04^  ;|t 
-  1 

To  be  added, 

C  ac 

—  “^bed  ^ 

-H  34^ 

e  2  4C 

—  bed^ 

.  4-  24’ 

*1. 

c 

—  6  bed 

4^  74'  - 

The  Summ,  >  - 

'  '6ac  . 

—  lobcd 

124' 

t  .  r 

IV.  When  two  Simple  quantities  propos’tl  to  be.  added  together-:  be  like;’  and  have 
equal  numbers  prefixt,-but  unlike  or  contrary  Signs ,  the  Sumra  willbe  o,  or  nothing- 
for  the  Affirmative  quantity  will  deftroy  or  extinguiffi  the  ’ 

Negative:  As,  for  example,  if  it  be  required  to  add  c,';or-f-r, 
to  —  the  Sumra  will  be  o  ,  to  wit ,  nothing.  For  fuppofing 
c ,  or  —  I  c  to  be  a  Debt  of  one  Crown  that  h  owe  •  and 
-h  f,  or  4- 1  c  to  be  one  Crown  in  my  purfe,,  it  is  evident  that 
one  Crown  in  ready  money  will  difeharge  or  ftrike  offi  a  Debt  of 
one  Crown;  and  fo  that  Debt  and  Credit  being  added , or  compared  together ,  theSumm 


Summ,  c 


amounts  to  o. 


I 


In  like  manner  ,  if  it  be  defired  to  aidd  —6  /.'  to  -+-*/ /.  the  Summ  will  be  o  •  for 
^  if  my  whole  Eftate  be  worffi  but  6  pounds,  and  I  owe  a  Debt  of  r  i  ^  ? 

6  pounds,  it  is  manifeft  that  my  cker  Eftate  is  worth  or  amounts  ^  ! 

.0  juft  nothing. 


»  '  ♦ 

Afore  Examples  of  the  Rule  of  addition  in  the  preceding  Sedf.  IV* 


To  be  added,  . 

—  ^abc 

-y,'jddd 

—  34 

5  abc 

—  jddd 

The  Summ, 

0 

0 

0 

V.  When  two  Simple  quantities  propos’d  to  be  added  together  be  like,  but  iheif 
Signs  unlike ,  and  the  prefixed  numbers  unequal  .between  themfelves  ;  firft  fubtrad  the 
lefler  number  prefixed  from  the  greater  ,  then  to  the  Remainder  annex  the  letter  or  letters 
by  which  either  of  the  Quantities  pfopofed  i?  exp?efl:  >  laftly,  before  the  faid  Remainder 
fet  the  Sign  which  flands  before  the  greater  number  prefixt ,  fo  lliall  this  new  Quantity  be 
the  Sum  defired.  ....  . .  ^ 


As,  for  Example,  if  it  be  defired  to  add  ~2a  to  a  u  /  S 
-1-  ?^,  the  lumm  wilf  b'e "4.  Tor  firlft  fubtrafting  2  ^ 

from  .5  the  renninder  is'  i,  fo  which  annexing  4  and  .  '  ' 

prefixing  -h  (  becauk  '-l-  belongs  to  that  Quantity  \  » 

which  hath  the  greater  number  prefixt)  there  arifeth  -I- i  ^ ,  of 
fought. 


.  /  (  '  .  .  '  V 

_ 

A  .  1  , 

f(!)r  the  i^umra 


Again,  to  add  -[-^  -ro  — 5^,  I  fubtraff  i  the  lefiferVium-  , 

ber  prefixt ,  from  the  greater ,  and  to  the  Remainder  2  an-  Add, 
nexing  b  and  prefixing  — ,  (  becaufc  —  belongs-  to  whofe  -  d.  p 
prefixt  number  3  is  greater  than  that  of  ^  or  H-  1  ^  )  I  find  ‘  Summ,  —  2^ 

—  2  b  for  the  Summ  defired.  " 

Thus  you  fee  that  this  laft  Rule  of  Addition  is  performed  by  Subtradfion,  and  may  eafily 
beunderflood  under  the  notion  of  difeharging  or  paying  off  a  Debt,  or  at  Icaft  part  of  a 
Debt  by  fo  much  ready  Money  or  Credit  ,  and  then  obferving  what  Debt  remains  unpaid, 

B  of 


lO 


Addition  in 


Book  I. 


or  what  Money  or  Credit  remains  as  an  overplus :  So  in  the  firft  of  the  two  laft  Examplcsj 
you  may  conceive  +*3^  Pounds  in  ready  Cafti,  and  — za  to  be  a  Debt 

of  two  Pounds }  then  comparing  the  faid  ready  Money  and  Debt  together ,  you  will  find 
by  Subtraction  that  ,  the  clear  Money  remaining  after  the  Debt  is  payd ,  will  be  one  Pound, 
to  wit,  I  a  or  4  which  is  the  Summ  of  the  quantities  ‘-j-  and  —  24.  Likewife 

in  the  latter  Example ,  if _ 3^  be  conceived  to  reprefent  a  Debt  of  three  Pounds,  and 

or  -j-  ih  one 'Pound  in  ready  Money  ;  'tis  evident  that  this  will  flrike  off  one 
Pound  of  that  Debt,  and  fo  the  Debt  remaining  will  be  two  Pounds,  to  wit,  — 2  which 
is  the  Summ  of  —  | ^  and  , 

More  Exawpks  of  the  Rule  of  Addition  in  the  preceding  Se^l,  V. 


Tobea^d;  ^ 

i  ^abed 

> —  ^ahed 

4 

1  f 

The  Summ,  — *44 

i  -.f.V  ■!  II'  ■ 

4-'  2  abed 

V  I.  When  three  or  tpore  firaple  Quantities  propos’d  to  be  added  be  like ,  but  have 
unlike  Signs*  Firft  ,  (by  the  Rule  in  Se^.  III.  of  this  Chaf.  )  collcft  the  Affirmative 
quantities  into  one  Summ ,  and  the  Negative  quantities  into  another  j  then  (  by  Se^,  IV. 
or  V. )  add  thofe  two  Surams  into  one ,  fo  this  laft  Summ  ffiall  be  that  which  is  fought. 

As,  for  example.  If  the  Summ  of  thefefour  Quantities,  7<«,  24,  —  34,  —  54  be 
defired  •  Firft ,  (by  Sett*  III.)  the fumm of  74  and  24  is  -t-  94  •  alfo  the  fumra  of  —  34 
and  is  —  84  j  laftly  ( by  Sett*  V. )  9^  added  to  S4  makes  4^4,  that 

is,  4 ,  which  is  the  Summ  defired. 

i  .  I 

'  More  Examples  of  the  Rule  of  Addition  in  SeCI.  VI. 


;  +54 

'~~‘‘ibc 

-+“  /^d  ^ 

To  be  added,  < 

+  3'» 

•p*  3  be 

-i-  3^^ 

:  —84 

^bc 

—  5d^ 

The  Summ, 

0 

' — ^bc 

r  4-  5« 

--4/# 

-i-4gghb 

To  be  added,  < 

)  4^ 

y  ee 

-3fff 

-^fff 

— 

s  —  ^ee  ■ 

-\rifff 

—  ggbb 

The  Summ, 

-i-  lee 

-fff 

-h  2ggbb 

VII.  When  two  or  more  Simple  quantities  given  to  be  added  be  unlike ,  write  them 
down  one  after  another  without  altering  their  Signs;  as,  if  the  number  (  or  line)  4  be  to 
be  added  to  the  number  (  or  line  )  ^ ;  I  write  4  -f-  or ,  ^  -I-  4  for  the  Summ. 

In  like  manner  the  Summ  of  theie  Qu^antities  4,  by  c,  may  be  written  thus,  4  -h  ^  -t-  f ; 
or  thus,  4 4-^4- ^  i  or  thus,  b^\-a-\-‘C, 

More  Examples  of  the  Rule  of  Addition  in  Seft.  VII. 


To  be  added,  • 

i 

-t“44 

^bb 

The  Summ, 

34-+*3d 

aa  —  bb 

To 


L 


Chap.  2. 


Algebraich^  Integers. 


1 1 


To  be  added, 
The  Summ, 


Again , 

• 

fih 

“+“  ^ddd 

-  4C 

• —  ^dd 

4d 

-j—  ab  —  ac  -t~  ad 

-1-  'yddd—^dd  —  4 

Addition  of  Compound  Algebraical  Integers, 

VIII.  The  Addition  of  Compound  whole  C^antities  may  eafily  be  difpatcht  by  the 
help  of  the  Rules  in  the  preceding  Seliions  of  this  Chaf.  as  will  appear  by  the  following 
Examples.  ^ 

Firft  then,  If  this  Compound  quantity  a-\-^b  be  to  be  added  to  their  Summ 

is  A-\-'  b  that  is  2  4-1-  j  for  4 -[-4  makes  24,  and  a^'makes  -1-3^. 

Again,  The  Summ  of  thefe  two  Compound  quantities  3 ^-^54  and  zb _ 24  is 

3^-1- 54-1-2^  — 24,  that  is,  5^ -t- 34}  for  3^ -J- 2^  makes  5^.  and  (  by  V. ) 
*-l-  54  —  24  makes  +  3<*. 

Likewifc,  The  Summ  of  thefe  two  Compound  quantities  5ee-|-  3/ _ 8  and  3^— i 

2/-t-6  will  be  found  8ee-i-/— 2;  For  ^ee  addedto  3ee  make$  8ee;"alfo-j-3/added 
to  —  2/  gives  -H/,  and  —  8  added  to  -H  6  makes  —  2. 

After  the  fame  manner,  34— S  added  to  10  —  4  makes  2  4-4-2}  (for -*-34 
added  to  —  4  makes  -1-24,  and  —  8  added  to  -J-  lo  gives  -j-  2.  ) 

Again ,  The  Summ  of  thefe  two  Compound  quantities  a-^b  and  c —  d  a~\-b-^c-d, 
which  Summ  admits  of  no  Contraction ,  in  regard  all  the  Simple  quantities  are  unlike. 


More  Examples  of  the  Addition  of  Compound  vohole  g^mtities. 


To  be  added,  ^  4  —  ^ 

44-J-24^  3 

44  — |—  4  — .  6 

The  Summ,  2  a 

2  44  3  4  — ■  P 

To  be  added,  1 

4c—  ^^1-3 

—  4c^2d  —  2 

The  Summ,  244  —  ab 

d-^i 

Tobeadded,  5 

43  —  abc  6 
-H  ^abc  —  6 

The  Summ,  —  ee  ^ 

A  -1-  labc 

C  -r-  aaa  2  bba 

To  be  added,  <  8444-4-4^4 

6aaa  —  6bba 

44  —  5’4  "h“  24 

44  -f-  4  —  17 

—  244 -j- 24-1-  12 

The  Summ,  13444 

—  24  -+-  Tp 

To  be  added, 

*  4  — 1“  y 

5^’ +  24 

^  c  —  d 

— .  2A’-j--40 

\ 

6h'‘  —  54 

The  Sumroi 

4  -f-  b  -j—  c  —  d  -|—  e  •-j"'/* 

9/;^  or,  ^hhh 

B  2 


CHAP, 


Chap.  1 1 1* 


SuhtraSioit  in  Algebraic^  Integers. 

I  A  LteMcal  S/^traliioH  takes  one  Quantity ,  whether  it  be  expreft  by  a  letter  or 
letters,  or  partly  by  letters  and  partly  by  number,  out  of,  or  from  another,  in 
fuch  manner  that  if  the  Remainder  be  added  (  according  to  the  Rules  of  Algebraick  Ad¬ 
dition  )  to  the  Quantity  fubtrafted ,  the  Summ  will  be  alwayes  equal  to  the  faid  other 

Quantity^  general  Rule  to  find  out  the  Remainder  in  all  cafes  of  Algebraical  Subtraaion 
is  this  .*  Firft  joyn  both  the  given  quantities  together ,  by  writing  one  after  the  other  j  but 
with  this  caution  ,  that  every  Sign  of  the  quantity  given  to  be  fubtracted ,  be  ever  changed 
into  the  contrary  Sign ,  viz.  *-1^  into  — -  and  —  into  -4-  ;  then  (hall  the  Summ  of  both 
quantities  fo  conneaed  be  the  Remainder  fought ,  which  is  to  be  contraaed  (  when  it  may 
be  done  )  into  the  feweft  and  fraallcft  Terms ,  by  the  Rules  of  Algebraical  Addition. 

As,  for  Example,  If  from  $a  it  be  defired  to  fubiruct  '.a,  firft  ,  I  write  down 

then  next  after  the  fame  I  write  —  34;  (where 
oblerve ,  that  according  to  the  Rule  above  given, 

1  change  -t- ,  the  Sign  belonging  to  3  a  the  quan¬ 
tity  given  to  be  fubiraaed ,  into  — , )  fo  there 
arifeth  5^  — which  being  contrafted  (by  the 
Rule  of  Addition  in  SeB.  V.  Chap.  II.)  makes 

2  a  the  Remainder  fought. 

Likewife,  If  from  3^  it  bedefired  to  fubtrad  — .  3^,  I  firft  writedown  3^,  and  next 

after  the  fame  I  write  -+-2^;  fo  2^,  that  is, 
is  the  Remainder  fought  •  where  obferve  (  as 
before)  that  1  change  the  Sign  — ,  which  belongs 
to  2^  the  quantity  propos’d,  to  be  taken  out  of  3^, 
into  the  contrary  fign  But  that  the  faid  is 
a  true  Remainder,  wc  may  prove  by  Addition  . 
for  added  to  — .2^  the  quantity  fubtraded, 


Out  of 
Subtrad 


Sa 

3^ 


Remainder, 
Remainder  7 
contraded,  J  ^ 


54-34 


Out  of 
Subtrad 

Remainder, 
Remainder  7 
contraded, i 


3^ 
—  2^ 


3^4-2^ 

5^ 


makes  which  is  the  Quantity  out  of  which  the  faid  —  was  fubtraded. 

Moreover,  If  4  be  to  be  fubtraded  from  4,  the  Remainder  will  be  a  —  4,  that  is,  o 
or  nothing.  And  if  from  ib  there  be  fubtraded  -  4^,  the  Remainder  will  be  2^  4^, 

that  is,  6b, 

Likewife  ,  If  from  — zm  it  be  required  to  fubtrad  — the  Remainder  will  be 
found  —  27»-t“7»,  that  is,  —  m.  In  every  one  of  which  Exarnples  you  may  obferve 
that  the  fign  of  the  Quantity  propos’d  to  be  fubtraded  is  changed  into  the  contrary  fign. 

Again,  If  from  2  k,  it  be  defired  to  fubtrad  24^,  the  Remainder  will  be  2  — 24^, 

'  which ,  becaufa  it  confifts  of  unlike  Quantities, 

cannot  be  contraded  into  fewer  or  lelTer  Terms, 

^ _  by  any  of  the  Rules  of  Algebraical  Addition. 

But  according  to  the  definition  of  Subtradion, 
the  faid  2^c — 24^  is  a  true  Remainder,  for  if  ic 


Out  of 
Subtrad 

Remainder,  2  be  —  lab 


be  added  to  tab  the  quantity  fubtraded,  the  Summ  is  ibc^  which  is  the  quantity  out  of 
which  the  faid  tab  was  fubtraded. 

More  Examples  of  Subtraaion  in  Simple  Algebraick,  Integers, 

Out  of 
Subftrad 
Remainder, 


tb 

-t-  3c 

—  2» 

b  . 

-  6 

—  n 

lb  —  b 

4*  3  c  c 

— .  2»-+-» 

b 

+  4C 

—  « 

Again, 


Chap.  3. 

Algebrarc}\^  Integers 

• 

•3 

Out  of 
Subtract 

3^ 

SO 

Again , 

—  ^d 

—  lod 

—  4 

^  •+•  4 

Remainder, 
Remainder  ? 
contracted,  S 

34  — 

—  70 

so 

—  8^iH-  icd 

id 

1  -/ 

1 

1  1 

1 

Out  of 
Subtract 

—  bed 

—  bed 

—  4^ 

-+-  grs 

-+-  ^abc 
—  obc 

Remainder, 
Remainder  7 
contracted,  J 

—  bed  bed 

►  0 

—  ^rs  — 

—  1 3  r  J 

-t-  ^abc  ~)r  obc 
"H  fabc 

From 

d 

—  lb 

H-  4* 

Subtract 

e 

—  3^ 

—  34 

Remainder, 

d  —  e 

- —  2^-t-  34 

H”  4^  3^ 

From 

Zbbd 

7  abed 

Subtract 

7hbh 

— 

744 

Remainder, 

tbbd  —  ybbb 

-+“  3abcd  -H  744 

Nor  will  the  Operation  be  othcrwife  in  the  Subtra£lion  of  Compound  Algebraick  Inte» 
gers ;  as  for  Example ,  if  from  this  Compound  quantity  it  be  defired  to 

lubtraft  Firlf  1  write  down  34 


From 

Subtract 


3  a 

A- 


2^ 

3^ 


S'f 


Remainder, 
Remainder  7 

contracted,  5 


2^ 

b 


a—.  3b 


2^,  then  next  after  the  fame  I  write 
—  a  —  {bj  where  obfervc,  that  the  fign  -+- 
which  belongs  to  and  alfo  to  3^,  in  the 
Quantity  propos’d  to  be  fubtra^led,  is 
changed  into  the  contrary  fign  —  (  ac¬ 
cording  to  the  Ruk  of  Subtraction  before 
given ;  )  (b  the  Remainder  fought  is  la-k-ib^a  —  3^,  that  is,  24  —  ^,  (by  Sect.  V. 
chap.  11.) 

Again,  If  from  2^-+-^,  it  be  defired  to  fubtraft  j/*— the  Remainder  will  be 
2a-+-  b  —  ’)a  ~^  6b ,  that  is  ,  7b  — ■  3  rf, 
for  (  according  to  the  Rule  of  Algebraical 
Subtraction  )  1  joyn  together  the  two  given 
Quantities,  changing  only  the  Signs  of 
—  tb  (the  quantity  to  be  fubtra- 
Cted  )  into  the  contrary  Signs ,  fo  there 
arifeth  2a-\~b  ~  6b y  which  con- 


Out  of 
Subtract: 


20, 

SO 


b 

6b 


Remainder,  2a-i-b  —  $a-f‘6b 
Remainder  7  , 

contracted, f 


From 

Subtract 


a  b 
c—d 


traCted  (  by  the  Rules  of  Addition  in  Se^.  III.  and  V.  of  Chap.  II.  )  make  Tb  —  3^ 
which  is  the  Remainder  fought,  as  will  eafily  appear  by  the  Proof. 

Likewife,  to  fubtraCt  c  —  d  from  a->rby\  change  the  Signs  of  —  d  into  the  coni 
trary  Signs  •  vi^.,  inftead  of  c  —  dy  I  take 
• — c-^dy  which  added  to  a-i-b  makes 

a-\-  b  —  c-t-  d  y  which  bccaufc  it  confifts  _ _ 

altogether  of  unlike  Qiianiities,  cannot  be  con-  Remainder^  a-f-b _ e*\-d 

traCted  into  fewer  Terms ,»  and  therefore  the  ,  *  * 

faid  ^  -h  ^  —  c  is  the  Remainder  fought ,  to  wit ,  that  which  arifeth  by  fubtraCtiitg 
€  —  d  from  a-\-b. 

After  the  fame  manner,  36  fubtraCted  from  leaves  344-!-; 

-t-  24  —  cd—  that  is,  '^ao-kr  he  — cd  —^12, 


'Mrd 


H 


SubtraBion  in 


Book  L 


Il<fore  Examples  of  SnbtraUion  in  Compound  Algebraick^  Integers. 


Out  of 
Subtraa 

a  H"  b 
a>—b 

SC —  8 

c-t-  5 

Remainder, 
Remainder  7 
contrafted,^ 

a^b-^A-i^b 

lb 

3c  —  8  —  c  —  5 

2^  —  13 

Out  of 
Subtraa 

- 4^ 

^A  —  ^b 

ipe 

—  3eH“7 

Remainder, 
Remainder  ? 

contraded,^ 

5^  —  4^  —  -1-  3  ^ 

2  A  b 

ipe-t-  —  7 

32e  — 7 

Out  of 
Subtrad 

AA  2  ba  Ht-  bb 

—  zed^^-"  6 
cd —  2 

Remainder, 
Remainder  7 
contraded,  J 

’  AA  ”+~  2  ha  -t"  bb  —  4^4 

AA  —  iba  -H  bb 

icd  ~1”  6  —  cd~t~t 

—  3^^'^  8 

Out  of 
Subtrad 

54’”+-  27 
““  8  -H 

344  -4"  6 
—  sdd 

Remainder, 
Remainder  7 
contraded,  5 

543-1-27-1-  8—34^ 

2;*^  ri-  3  5 

1  3  44  -1-  6  -f-  3  dd 

From 

Subtrad 

A  •+"  b 

c  —  d 

AA  bb 

—  cc  -f-  dd 

Remainder, 

A  -+~  b  — c  -H-  d 

a  A  —  bb-\-  cc  —  dd 

1 1 1.  The  rcafon  of  changing  the  figns  of  the  Quantity  to  be  fubtrafted  into  their 
contraries ,  to  wit  -t-  into  — ,  and  —  into  (  according  to  the  Rule  before  given  ) 
will  be  manifeft  from  a  ferious  confideration  of  the  definition  of  Subtraction,  which  requires 
that  the  Sumra  of  the  quantity  fubtrafted  and  the  Remainder  be  equal  to  the  quantity  from 
which  the  fubtraftion  is  made :  for  firft,  (  according  to  the  faid  Rule  )  the  Remainder 
is  alwayes  compos'd  of  both  the  quantities  propos’d  for  Subtraction  ,  with  this  caution 
that  the  figns  -(-*  and  —  in  the  quantity  to  be  fubtraded  be  changed  into  the  contrary  figns  * 
Secondly,  (according  to  Algebraical  Addition)  the  quantity  to  be  fubtraaed  with  its 
own  figns  being  added  to  it  fclf  with  contrary  figns,  will  deftroy  or  extinguifii  it  felf , 
therefore  the  Summ  of  the  Remainder  and  the  C^antity  to  be  Subtracted  wiH  neceflTarily 
be  equal  to  the  Quantity  from  which  the  Subtraction  was  made ;  And  therefore  the  cer¬ 
tainty  of  the  faid  Rule  of  Algebraical  Subtraction,  and  the  reafon  of  changing  the  figns  of 

the  quantity  to  be  fubtraCted  into  their  contraries ,  to  wit,  -|-  into _ ,  and _ into  is 

manifeft:  So  if  from  a-f- b  there  be  fubtraaed  a  —  b,  the  Remainder  (according  to 
the  Rule  of  Algebraical  Subtradion  before  given  )  will  ht  a^b  —  b  to  which  if 
^  quantity  fubtraaed)  be  added,  it  is  evident  that  a  —  ^*will  deftroy 

■  ^  fo  ihcSuffira  will  be  to  wit,  the  quantity  from  which  a _ b 

was  fubtrafted* 


CHAP. 


.*>  . 


•  V'V '4**  ^ 


Chap.  4. 


Algebraic^  Integers. 


C  H  A  P.  I  V. 

MHltiplicdtiott  in  Algebraic^  Integers* 

I 

I.  4  Lgehrakal  AfultiflicatioH  doth  by  two  Quantities  j  whether  they  te  expreft  hf 
letters  wholly,  or  partly  by  letters  and  partly  by  numbers,  find  out  a  third 
Quantity ,  which  is  called  the  Produft ,  the  Faft ,  or  the  Reftanglc;  ‘ 

,  The  ^amities  given  to  be  multi  ply  cd  one  by  the  other  are  called  Factors  •  or  (  as  in 
vulgar  Arithmetick  )  either  of  them  may  be  called  the  Multiplicand ,  and  the  other  the 

Multiplicator  or  Multiplyer.  - ,  — 

1 1.  When  two  Simple  (  or  firtgle  )  Quantities  etpreft  by  letters ,  whether  like  or 
unlike,  be  to  be  multiplyed  by  one  another ,  and  have  no  numbers  prefixt  to  them ,  joyn 
the  letters  of  both  Quantities  together,  like  letters  in  a  word ,  it  matters  not  in  what  order 
they  be  written  j  then  the  new  Quantity  reprefented  by  the  letters  fo  fet  together  is  the 
Prod  lift  fought. 

As,  for  example ,  If  the  number  or  line  a  be  to  be  multiplyed  by  it  fclf,  to  wit,  by  ‘ 
a ,  I  write  aa  for  the  Prodndl: :  fo  alfo  to  multiply  4  by  ^  ,  I  write  ah  or  ha  for  the 
Produff  ;  in  like  manner  if.l  would  multiply  ahe  by  he,  I  write  ahchc,  or  ahhcc,  or 
acebh,  &c.  for  the  Produff. 

And  if  4,  h,  and  c  beto  be  multiplyed  one  into  another,  firfl:  4  multiplyed  by  ^  pro- 
diiccth  ah ,  then  ah  multiplyed  by  c  produceth  ahe,  or  ha^,  or  hea,  to  wit,  the  Produft 
made  by  the  continual  Multiplication  of  the  three  Quantities  4,  h^  and  c. 

Again ,  if  aa  be  to  be  multiplyed  by  ha ,  the  Produff  will  be  aaah  ;  which  may  alfd 
be  written  thus,  a^h  •  where  the  Learner  nauft  diligently  note  that  the  figure  3  which 
ftands  next  after  but  a  little  higher  than  a ,  muft  not  be  taken  as  a  number  prefixt  to  h ,  but 
as  an  Index  to  fhew  the  number  of  Diraenlions  in  4’,  or  aaa,  (as  before  hath  been  faid 
in  5^f?.  XVI,  and  XVII,  Chap.  I.) 

Likewife ,  if  aaa  be  to  be  multiplyed  by  aaa ,  or  a^  by  4? ,  the  Produft  will  be 
444444,  or  4^ ,  in  which  latter  way  of  exprefling  the  PrOduft ,  the  Index  6  ftanding  at 
the  head  of  4  istheSummof  3  and  3  the  Indices  of  the  Quantities  4?  and  4^  propos’d  to 
to  be  multiplyed. 

So  the  Produff  made  by  the  multiplication  of  by  hhh  or  h^  by  h^  will  hthbbUhhy 
<yt  b"^  (^7  being  the  fumm  of  the  Indices  4  and  3 . ) 

Likewife  if  thefe  three  Quantities  be  to  be  multiplyed  continually ,  to  wit,  aaaaa ,  hhhh 
and  ccc ,  the  Produft  may  be  expreft  thus,  aaaaahhhhccc  j  Or  compendioufly  thus,  4’^“^^^ : 
and  fo  of  others. 

More  examples  of  MuUipUcathn  in  jimpk  Algehraich^lnUgersy 
according  iff  the  preceding  Se^.  II, 


Multiplicand, 

b 

d 

ac 

ccc 

Multiplicator, 

c 

d 

d 

cc 

Produft, 

he 

dd 

acd 

ccccc 

Multiplicand, 

aahe 

def 

aabbcc 

Multiplicator, 

hca 

ahe 

aabhcc 

Produft, 

aaahbcc 

ahedef 

a^h^C^ 

-  • 

III.  If  two  Ample  Quantities,  whether  like  or  unlike,  having  numbers  pfefixt  before 
them,  be  to  be  multiplyed  one  by  the  other  •  firfl:  multiply  the  numbers  prefixt ,  one 
into  the  other ,  then  to  this  Produft;  annex  the  letters  of  both  Q^iantitres,  by  fettingthem- 

immedfate- 
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I  _  -  I  —  ■ 

immediately  one  after  another,  (as  before  in  SeBAl.)  fo  this  new  Quantity  (hall  be  the 
Product  fought. 

As,  for  Example,  if  it  be  defired*  to  multiply  24  by  firfl:  I  multiply  2  by 

'  and  the  Product  is  6  •  to  which  annexing  4^,  (to  wit, 

Multiply  24  ^  . .  the  letters  found  in  both  Quantities  given  to  be  multi- 

by  '.A  '"'  .  plyed  )  there  arifeth  Cub  the  Product  fought .  which 

Produft,  6ab  Ihevvs  that  fix  times  the  Prod of  the  Multiplication 

•  .  -  of  any  two  numbers,  or  right-lines,  a  and  is  equal 

to  the  Produfl  made  by.th^  Multiplication  of  the  double  of  a  by  the  triple  of  b. 

In  like  manner,  .it  ib  ^e  multiplyed  by  c  the  Pro’duft  will  be  ibc  ^  or  for  2 

.^5  •  which  is  prefixt  to  b  in  the  Multiplicand,  being 

Multiply  _  ■;  *  multiplyed  by  1  which  is  fuppos’d  to  be  prefixt  to 

f  the  Multiplyer  c,  makes  2  ,  to  which  annexing 

.  Produ6t,  2bc  j  ■ there  is  found  ibc  for  the  Produd  fought, 

.  -r  .  r  l:  -  j  ■;  . 

■  :  '  ■  '  ■  :/ 

More  Examples,of  MultipHcatiofi  in  simple  Algebraick^  Integers 

according  to  Sed.  III. 


Multiply . 
by 

1 

24  ’ 

1  2  4C 

' 

Produd,  ^ 

^ab 

^iCacd 

U 

Multiply 

.  / 

say 

1 6aab 

.  by. 

“^bbb  * 

b\ 

4 

Produd,  , 

i  ^aaabbb" 

6/^aab  ■  • 

:]  ' 

f 

I V.  The  Multiplication  of  Compound  Quantities  depends  upon  the  precedent  Rules 
of  multiplying  Simple  Quantities  •  for  when  a  Compound  quantity  is  to  be  multiplyed 
by  a  Simple  (or  fingle)  quantity,  every  member  of  that  muft  be  multiplyed  by  this ;  alfo, 
when  two  Compound  quantities  are  to  be'mutually  multiplyed ,  every  member  of  the  one 
mud  be  multiplyed  into  every  membef.of  the  other.'  It  matters  not  whether  you  begin 
to  multiply  at  the  right'hand  or  the  left,  nor  in  what  order  the  particular  Produds  befet; 

(  for  Quantities  expreft  by  Letters,  retain  their  peculiar  and  unaltered  values  wherefoever 
they  Rand  ; )  but  due  regard  muft  be  had  to  the  Signs  and  — ,  one  of  which  alwayes 
belongs  to  every  particular  Produd ,  and  may  be  difeovered  by  this  Rule ,  vi  -.,  mulii- 

plyed  by  H-,  or  —  by  — ,  makes  -+-  in  the  Produd  ;  but  -t-  multiplyed  by  — ,  or  _ 

by  -t- ,  makes  —  in  the  Produd  •  laRly ,  all  the  particular  Produds  added  together 
(  according  to  the  Rules  in  the  preceding  Chap.  2.)  make  the  total  Produd  fought:  Aflv 
which  will  be  made  manifefl:  by  the  following  Examples. 

Firft ,  if  a  Compound  quantity ,  as  4  -h  ,  be  to  be  multiplyed  by  a  Simple  quantity, 

as  c ,  I  begin  at  the  left  hand  ,  and  multiplying  -f-  4 
Multiply  a-{-b  by  -4- c  the  Produd  is  H-4c,  (for  multiplyed 

^ _ by  -H  gives-*-  •)  likewife  -i-b  multiplyed  by  -]-c 

Produd,  ac-i-  be  produceth  be ;  which  two  Produds  added  toge¬ 
ther  make  ac-hbcy  which  is  the  Produd  of  the 
multiplication  of  4-|-^  by  c. 

So  if  4  —  ^  be  to  be  multiplyed  by  c ,  the  Produd  will  be  ac  —  be.  For  4 

multiplyed  by  -i-  c  produceth  -i-  ac  •  and 
Multiply  4  —  b  — b  multiplyed  by -f- c  produceth  — -be; 

l^y  ^ _  ( for  according  to  the  Rule,  —  multiplyed  ' 

Produd ,  ac  —  be  by  -4-  gives  )  Therefore  -l-  4f  —  be 

'  or  ac — be  is  the  produd  fought. 


After 
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After  the  fame  manner  ,  if  it  be  defired  to  Multiply  a  b 

multiply  by  the  Product  will  by  c-\-d 

be  found  ac  be  -{-  ad  bd.  For,  firft  a\-b  * - - - - 

being  multiplyed  by  r ,  (  as  in  the  firft  Example)  ,  n;.-  AC-\-bc 

produceth -+- ;  likewife  a.\~b  again  -At- ad -r-  bd _ 

multiplyed  by  d ,  prodiiceth  -h  ad  bd ;  then  Produft,  -i-  ac  H-  bv^adA^  bd 
adding  thofe  Produifs  together  ,  the  Summ  is 

ac-fbe-^ad'^bd^  which  is  the  required  Produd  oi  a  A- b  multiplycd  by  c 

Again,  if  a  —  b  be  multiplyed  by  c  —  d  the  Produft  will  be  ac  -  be  — ad~rld: 
Fornrft,  a  —  b  multiplyed  by  c  produceth 
ac  —  bc^  (as  in  the  lafl:  Example  but  oncj)  Multiply  a  —  b 

then  4  —  b  again  multiplyed  .  by  —  pro-  ^y  c  —  d 

duceth-^^+M;  (for,  according  to  the  Rule,  Prodna,  'l^(.7Z'l4TTr~ 
-\-a  multiplyed  by  — d  produceth  — ad,  a~r- ca 

and  -  ^  by  -  di  produceth  -I7  bd. )  Laftly  ,  thofe  .particular  Produas  added  together 
make  ac  —  be  —  ad-i-bd,  which  is  the  Produd  of  a—b  multiplyed  by  c _ d 

Likewife,  a -^b  be  multiplyed  by  a  —  X4  1  •  1  ' 
the  Produd  will  be  aa  —  bb:  FoF  firft,  a-i-b  Multiply  a^^b 
multiplyed  by  produceth  aa^\^ba  -  then  a-hb  ^ ^ 

multiplyed  by  —  ^  produceth  -ba-bb-  laftly,  ”  aa-t^  ' 

the  faid  Produds  aa  -j-  ba  and  —  ba  —  bb  added  _ 

together  make  bb;  (  for  A^-ba  and  — ba  «  - - - - - — • — 

by  Addition  do  quire  vanifli ; )  Therefore  is 

the  Produd  of  aA^-b  multiplyed  by  a  —  b. 

.Moreover,  If  aa  —  ab-\-bb  be  multiplyed  by  aJ^b,  the  Produd  will  be  only  aaa 

bbb ;  for  the  reft  of  the  particular  Produds  will  vanifli  by  Addition. 

And  if  be  multiplycd  by  itfelf,  to  wit,  hy  a -^b,  the  ProdJd  will  be  aa-^ 

'iab-\-bb ,  which  is  the  Square  of  aA^  b. 

Likewife  the  Square  of  —  b  will  be  found  aa  —  ^ab-\-  bb. 

Nor  will  the  Operation  be  otherwife  when  Numbers  are  prefixed  to  compound  Quan¬ 
tities  propofed  to  be  multiplyed ,  refped* '  " 

being  had  to  the  third  of  this  Chap.  Multiply  34  _ 2^ 

•as,  for  Example,  to  multiply  34  — 2^  ,  ^  ,by, 

by  3<*  —  2tf;  Firft  34  —  ze  multiplyed  ^’  r  - - — — - — - - 

by  34  produceth  paa — 6ae,  and  34 —  ,  ^  •F-^44  —  6aff  * 

2e  again  multiplycd  by  — '  2 e- produceth  "  '  ‘ 

—  64e-h4^e  5  which  particular  Produds  Produd  ,  j  2 ac 

added  together  make  944 — izac^^^ee,  • 

which  is  the  Square  of  34 —  ze. 

When  Abfolute  numbers  are  members  of  Quantities  to  be  multiplyed  i  the  Rules  of 
Multiplication  in  Vulgar  Arithmetick  and  thofe  before  given  muft  be  mixtly  obferved .  as 

If  it  be  delired  to  multiply . 34 -t-'  ’  ’ 

by  the  Abfolute  number  y 

The  Produd  will  be  .  .  .  .  .  1;  .  .  I!  /  ;  .  iy4^-.3o 

For  five  times  34  makes  i5’4,  and  five  times  6  makes  30. 

Likewife,  if  244—3  be  multiplyed  by  4 ,  the  Produd  will  be  2444— 1244 
• —  34  -h  I S  ,  and  the  work  will  Hand  as  here  you  fee  • 

Multiplicand,  1  244 -—3  ■  ,  . 

Multiplicator,  ‘  4 — 6  ,  .  . 

“-12^^  *4-  I  8_ 

Produd,  '  iaaa — 1244  —  54-+-18 

For  further  illuftration  of  the  Multiplication  of  Algcbraick  Integers^  the  Learner 
may  perufe  the  following  Examples  •  in  everyone  of  which,  as  alfo  in  thofe  afore-going, 

I  begin  to  multiply  at  the  left  hand ,  becaufe  in  Algebraical  Multiplication  it  being  a  thing 

C  indifferent 


8 


MHltiplication  in 
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indifferent  to  begin  the  work  either  at  the  right  hand  or  the  left,  it  will  beeaficr  to  write 
forward  than  backward.  And  as  to  the  placing  of  the  particular  Produfts,  there  is  no 
neceffity  of  obferving  any  Order  therein ;  for  whether  they  be  written  upon  one ,  two ,  or 
more  Lines ,  they  retain  the  fame  values  ,  and  muft  by  Algebraical  Addition  be  col¬ 
lected  into  one  Summ  to  make  the  total  ProduCt :  And  therefore  you  may  either  write 
the  particular  Produds  all  upon  one  line  when  there  is  room  ,  or  elfe  upon  fo  many  feveral 
lines  as  there  be  particular  Multiplyers ,  fetdng  like  Produds  (  when  they  happen  )  under 
one  another  to  facilitate  their  Addition  •  or  otherwife ,  as  you  Iball  find  it  moft  convenient. 


More  Exar//ples  of  Multiplication  in  Compound  Algehraick^  Integers^ 

according  to  Sed.  IV. 


Multiplicand , 

a~\-  e 

Multiplicator, 

d 

f 

6 

Produd, 

da  -+"  de 

30X— 48 

Multiplicand, 

Multiplicator, 


,  Produd, 
Produd  7 
contradedji 


54  -i-  %C 

ih  3 

34 —  2tr 

4^  —  6 

\ 

•+•1544  -+-  ^ca 

8 bb  ~i-  \  2b 

—  iec4  —  6cc 

—  tib  —  18 

1 544 -1-9^^^ —  I  ^ca  —  6cc 

^bb  -j-”  izb  —  12  b  — >18 

1 5"  44  —  ca  —  6cc 

CO 

1 

OQ 

•  ^  r.  I* 


Multiplicand, 

Multiplicator, 


fi,  Produd 
Trodud  ? 

•  '\ontraded,S 


.  Multiplicand, 


3  dd  — t—  ^dc  <-P"  cc 
^dd—rce 


3 


gdddd  1 2  ddde  j  ddee 
—  ^ddee  —  /\deee  —  eeee  ■ 


j  ’ 


^dddd  1 2  ddde  3  ddee  3  ddee  —  ^^deee  —  eeee 
^d^~\^iid}e — 


i 


Produd, 


Multiplicand, 

Multiplicator, 


4-+"  e 

4  -t-  e 

4  — e 

- 

44  —J—  ae 

aa  >{-<  ae 

-i-.ee  .  .  , 

V 

1 

1 

1 

,  44-j- 24tf 

1 

_ 

I 

aa  — •  54  *4^  6 


^aaaaa “laaa  — j—  aa 

—  2  oaaaa  —  i  ^^aaa  -+-  1  oaa  — 

%  '-\-2/^aaa'-{-i^aa — 124-j-^ 


Produd ,  444444  —  1 74444  -j—  7444  *-)-•  2  944  — '  1 74  -]-*  6 


,  7 


Again^ 
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Multiplicand, 

Multiplicator, 


Again , 

1,  2aa~t~  ^l>a — l>c 

r,  3^4  —  2^4  —  cC 


6af{aa^  ^haaa-^  ^hcaa 

— .  ^baaa,  —  6byaa  -4-  2  bbca 

—  2ccaa  —  “^bcca  -|—  bccc 


V,  Sometimes  when  Compound  quantities  be  to  be  multiplyed  one  by  the  other,  it  will 


be  very  commodious  to  omit  the  Operation  ,  and  to  fet  only  the  word  into ,  or  x  ( the 
fign  of  Multiplication  )  between  the  Quantities  to  be  multiplyed ,  to  fignifie  the  Produd 
ot  their  Multiplication :  But  in  fuch  cafe ,  to  avoid  miftake,  it  will  be  convenient  to  draw 
a  Line  over  each  Compound  quantity ,  to  ftiew  that  every  member  of,  the  one  is  to  be 
multiplyed  by  every  member  ot  the  other.  ’ 

As  to  multiply  n^aaa,  -j-  34^  —  2^  -+-  i  by  -r  -t-  6 ,  I  write 


4444 -j-  344  —  20, -j-"  I  into  00  —  54  -f- 6 


Or,  ^ooa'\- loo'^io \  x  00  —  5^-]-6 


But  that  -i-  multiplyed  by  or  ■ —  by  makes  ~ .  alfo,  that  ^multiplyed 


by  —  makes  in  the  Multiplication  of  Compound  quantities ,  I  fliall  hereafter  make 
manifeft  in  the  laft  SeUion  of  Cho^.  X  I. 


Chap.  V. 


/ 


Dwifion  in  Algebraic\  Integers. 


I.  A  Lgehrakal  Bivifion  doth  by  two  Quantities ,  (  whether  they  be  expreft  wholly 
/A  by  letters ,  or  partly  by  letters  and  partly  by  numbers,)  whereof  one  is  called 
the  Dividend,  and  the  other  the  Divifor ,  find  out  a  third  called  the  Quotient .  to  Wit  fuch 
a  Quantity  ,  that  if  it  be  multiplyed  by  the  Divifof ,  the  Produd  will  b’e  equal  to  the 


II.  The  nature  of  Divifion  is  to  rcfolve  dr  undo  that  which  iscompofedor  done 


by  Multiplication ;  For  the  Dividend  alwayes  reprefents  the  Fad  or  Produd  in  Multipli¬ 
cation  ,  the  Divifor  one  of  the  two  Fadors  or  Multiplyers ,  and  the  Quotient  the  other. 
As ,  it  1 2  be  to  be  divided  by  2 ,  the  Dividend  1 2  reprefents  the  Fad  or  Produd  made 
by  the  multiplication  of  two  numbers ,  one  of  which  is  the  Divifor  2  ,  and  the  other  is 
the  Quotient  fought ,  to  wit ,  6, 

1 1 1.  Every  Fradion  is  equal  to  the  Quotient  of  the  Numerator  divided  by  the  De- 
noniinator  :  So  J  is  the  Quotient  of  3  divided  by  4  .  for,  according  to  the  Proof  of 
Divifion  If  the  Qiiotient  \  be  multiplyed  by  the  Divifor  4 ,  the  Produd  will  be  equal 
to  the  Dividend  3.  Uupon  this  ground,  Divifion  in  Algebraick  Integers,  whether 
Simple  or  Compound  is  moft  commonly  performed  j  viz,,  by  fetting  the  Dividend  as  the 
Numerator  of  a  Fradion,  and  the  Divifor  as  a  Denominator .  for  this  Fradion  is  equal 
to  the  Quotient  fought.  ^ 

Asi  for  Example,  to  divide  the  Quantity  a  by  b^  *1  write  ,  which  fignifies  that 

that  a  is  divided  by  ^ X  Quotient  of  the  quantity  a  divided  by  the 

Quantity  b. 


C  2 


Irf 
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In  like  manner,  if  h  be  propos’d  to  be  divided  by  ac,  I  write  “  to  reprefent  the  Quo- 
tient ;  alfo,  if  ac  be  to  be  divided  by  ^ ,  I  write  -j  to  fignific  the  Quotient.  ^ 

Again,  If  lab  be  given  to  be  divided  by  3^^/,  the  Quotient  will  be  j  and  if  a, 

be  to  be  divided  by  5,  I  write  for  the  Quotient  y  .  alfo,  to  divide  i  by  rf,  I  write 

to  fignifie  the  Quotient.  '  \  ^ 

So  alfo.  If  be  given  to  be  divided  by  c,''the  Quotient  may  be  reprefented  by 

a  -1—  b  .  . 

—  .  and  if  34  be  to  be  divided  by  ib  —  the  Quotient  is 

Mon  Exaff^ples  of  Vivijion  in  Algebraick^  Integers  ^  according  to 
v  i  the  foregoing  Se^.  Ill* 


Dividend, 
Divifor, . 

Quotient, 

Dividend, 

Divifor, 

•  .ri 

'  J 

Quotiefif, 


bb'  ■ 

ide 

^abc 

A^b 

4 

fl 

idd 

idi 

bb 

zde 

^abc 

A^'b 

4 

I-  k 

idd 

2  3 

1 

44  -P  bb 

lab  —  ^bd 

f 

c 

r 

d  -j""  c 

4  “1^  b  — —  c 

44  -j—  bb  ' 

zab  —  ibd 

444 

c 

d-t-  e 

a-\r  b  —  c 

Dividend, 

Divifor, 

2CC-I-  ^dd 

3 

Quotient, 

—  ,  or  f44 

3 

I  V.  When  the  Dividend  is  equal' to  the  Divifor  >  the  Quotient  is  i  ♦  for  every 
i  -  Quantity  ^contains  it  felf  once ,  and  therefore  being  divided  by  it  felf  gives  i  in  the  Quo- 
\tjent  ?  As  to  divide  4  by  4  the  Quotient  is  i  j  likewife,  4  divided  by  a  gives  i  for  the 
Quotient-  alfo,  if  be  divided  by  4-+-^  the  (^orient  is  i  ;  and  if  ^a^icd 

be  divided  by  ^a-'ricd  the  Quotient  is  i.  The  like  is  to  be  underftood  of  others. 

V.  When  the  Quotient  is-expreffedFraftion-wife,  (according  to  ->y^^f,III.)  if  the 
fame  letter  or  letters  be  found  equally  repeated  in  every  member  of  the  Numerator  and 
Denominator, call:  away  thofe  letters,  fo  the  remaining  Qu^antities  (hall  fignifie  the  Quotient. 
As,,  for  Example,  If  ab  be  to  be  divided  by  4,  the  Quotient  exprefl;  Fra£lion-wife 

will  be  — !  But  becaufe  the  letter  4  is  found  in  the  Numerator  and  Denominator,  I  call: 

away  4  out  of  both,  fo  b  only  is  left,  which  is  the  Quotient  of  4^  divided  by  4. 

Likewife,  If  44  be  divided  by  a  the  Quotient  is^,  that  is,  4*  (by  calling  away 

4  out  ofihe  Numerator  and  Denominator.  ) 

Again,  If  444  be  to  be  divided  by  44,  the  Quotient  will  be  — ,  that  is,  a  -  by  calling 

44 

away  44  out  of  the  Numerator  and  Denominator.  And  if  abc  be  to  be  divided  by  aby  the 

Quotient  expreft  Fra£lion-wife  will  be  ^  that  is ,  c ,  after  ab  is  call  out  of  the 

ab 

Numerator  and  Denominator. 

‘  After  the  fame  manner ,  If  4^  be  propos’d  to  be  divided  by  45,  (  that  is,  44444  by  aaa  ) 
the  Quotient  will  be  4%  or  44,  by  expunging  43  (or  444)  out  of  the  Dividend  and  Divifor^ 

1  This 


1 
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This  Contradion  of  Divifion  is  like  to  the  reducing  of  a  Fraction  expreft  by  large 
numbers  to  more  fimple  Terms,  by  dividing  the  Numerator  and  alfothe  Denominator 
by  a  coKHnon  Divifor. 

Again ,  If  ac  be  to  be  divided  by  —  <*/,  the  Quotient  expreft  Fraflion-wife 
according  to  the  preceding  SeUAW.  will  ftand  thus, 


Ab 


^  v.’here  becaufe  the  letter  a  is  found  in 


ad  —  af 

every  member  of  the  Numerator  and  Denominator, 
it  may  be  quite  ftruck  out ,  and  then  the  new  Qjw- 

tient  will  be  ,•  which  Fra^ion  is  equal  to  the 
former,  and  expreft  by  more  fimple  Terms. 


Dividend, 

Divifor, 


Qu^otient, 

.{ 


ab  -+"  ac 
ad — '  a f 
ab  t  —  ac 


Quotient 
contrafled 


ad 

,b 


af 
■  c 


d-f 


ab 


Likewife  ,  If  ab-^a  be  divided  by  4,  the  Quotient  (according  to  .Jea.  III.)  will  be 


—  ,  that  is,  b 
b 


I }  for  by  calling  away  d\  there  will  remain 


that  is, 

i-  .  - 


^  I  j  ( for  —  is  but  ^ ;  and  “  is  I  ; )  'but  that  I'is  the  true  Quotient  it  will 

appear  by  the  proof  of  Divifion,  for -f- 1  ^multiplyed  by  the  Divifor  a  will  pro¬ 
duce  the  Dividend  ab  a. 

So  alfo  to  divide  o^bc^ib  by  zbb-i^b,  1  write  for  the  Quotient;  where 

f  j  1  ^  I  I  *  " 

obferve ,  that  although  the  letter  b  be  call  out  of  every  member  of  the  given  Dividend 
and  Divifor ,  yet  the  number  prefixt  to  the  letter  caft  out  miift  Hand  Itill  in  the  new 
Quotient.  >  .  v  ’  -  ' 

But  note  diligently ,  That  in  this  kind  of  Divifion  of  Compound  Algebraick  Integers, 
z  letter  cannot  be  cancell’d  or  caft  away,  unlefs  it  be  found  in  every  member  of  the  Dividend 

and  Divifor;  and  therefore  this  Quotient  cannot  be  contraaed  by  calling  away 


any  letter. 


/ 


Adore  Examples  of  ContraBions  in  Algebraic^,  Divifion^  according 

to  the  preceding  Se(3:.  V. 


Dividend, 

Divifor, 

aab 

ddef 

abe  • 
b  ' 

t 

,  . 

Quotient, 

^  aab 

ddef  , 

abc 

47 

aa 

b  ' 

Quotient  > 
contraaed,  S 

b 

dd  :  ,  - 

ac 

a^ 

Dividend, 

Divifor, 

Quotient, 

Quotient 
contraaed 


ab^  ac-d^  A 

^  z  ab  —  24 

a 

-  34  t .  .  . 

ab-^  ac>-^  a 

ab-^za 

a 

8a  '  ' 

hA-c—i 

h  —  ^ 

-  ,  or,Y«»  — 3- 

3 

Dividend, 

Divifor, 

2abd  -i-  ^bd 
^bb  b 

2^45 -j-*  C44  — •  3^ 
baa  — daa  A- aa  ■  -  ■ 

Quotient, 

zad  -4-  ^d 

3b  — .1 

2ba-k-c  —  3 
\  b  d-A"  s.  • ;  ^ 

<¥  \ 


VI.  If 


I 


22 
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VI.  If  an  Algebraick  Integer  ,  whether  Simple  or  Compound,  be  to  be  divided  by 
a  fimple  Quantity ,  and  there  be  fuch  numbers  prefixt  to  the  letters  in  the  Dividend  and 
Divifor  as  may  all  be  feverally  divided  by  fome  number  as  a  common  Divifor  without 
leaving  a  Remainder ,  fet  the  Quotients  arifing  by  the  Divifion  of  thofe  numbers  by  their 
common  Divifor  ,  before  the  letters  refpcftively ,  inftead  of  the  numbers  that  were  firft 
prefixt:  As ,  for  Example ,  if  8^  be  to  be  divided  by  6b Firft,  the  Quotient  expreft 

Fraiftion-wife  (according  to  SeUion  UI.  of  this  Chap.)  will  be  then  dividing  the 

prefixed  numbers  8  and  6  by  their  common  Divifor  2  ,  I  fet  the  Quotients  4  and  3 

inflead  of  8  and  6  before  a  and  b ;  fo  the  Quotient  fought  is 

In  like  manner,  Cabc  —  divided  by  pfbc  gives  the  Quotient  ^ 


5/  ' 

For  firft ,  the  Dividend  and  Divifor  being  fet  Fravtion- 
wife  will  ftand  thus,  \  .  then,  (according  to 

V.)  be  is  to  becaftout  of  the  Numerator  and  De¬ 
nominator  .  laftly ,  the  prefixed  numbers  6,  3 ,  and  9 
being  divided  by  their  common  Divifor  3 ,  give  2,  i , 
and  3 ,  which  being  fet  before  the  remaining  letters 

4,  J  and/ refpeftively, give  the  contradled  Qiaotient  or  ^ 


Dividend, 

Divifor, 

Quotient, 

Quotient  7 
con  trailed,  ^ 


6abc  — •  3 

^fbe 

6abc  —  idbc 
gfbc 

24  —  ‘ 

5f 


Sf 


3f 


Mon  Examples  of  ContraBions  in  Divifion^  according  to  Seft.  V.  and  VL 


'  '  Dividend, 

^cd 

■  2  jab 

I  6qh 

Divifor,' 

^ad 

^gh 

Quotient, 

4{cd 

2C 

2  jab 

^ad 

1 6gh 

Ugh 

r  Quotient  7 

contraded,^ 

zd^ 

3h 

d 

2 

’Dividend, 
Divifor,  ^ 

■ 

Quotient, 

♦  * 

Quotient  7 
contraded,^ 


1 Saada ' 

^ob^c'^dd 

6aa 

$bbccd 

I  Saaaa 

^obh^dd  • 

6aa 

sbbeed 

344 

6b^ccd 

Dividend,  2  Ubc  -1- 1 6bbd 
Divifor,  ,  zobb 


Quotient, 

Quotient  7 
contrafted,  J 


z%bbc  -f~  \6bbd 
zobb 
-  7rH-’ 


or  2 

j  >  i 


VII.  If  every  member  of  a  Compound  quantity  be  multiplyed  by  one  and  the  fame 
Simple  quantity.  It  is  evident  from  the  nature  of  Multiplication  andDiViTion,  that  if  the 
Produa  of  that  Multiplication  be  divided  by  the  faid  Compound  quantity,  the  Quotient 
will  be  the  Simple  quantity.  .  ^ 

As,  for  Example,  If  ^4-c  be  multiplyed  by  a  the  Produd  will  be  ba-\-ca 
and  therefore  ba^ca  divided  by  the  Fador  will  give  the  other  Fador  4.  And’ 

for 
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for  the  fame  reafon,  7l>ca-{- a,  that  is  2ka-^i  a,  divided  by  2^c  1  will  give  the 

Quotient  a.  '  '  \ 

Likewife,  If  6a^-sa —  a  (  that  is,  lo^  )  be  divided  by  d  -j-  5  —  i  ( that  is,  10,) 
the  Quotient  will  be  4.  • 

Again,  If  2ifa-^2ca-^2da  be  divided  by  h-^c-hd,  the  Quotient  will  be  2a i 
and  if  2  l^aa  -I-  caa  —  daa  —  aa  be  divided  by  2^  -j-  c  —  d  —  i ,  the  Quotient  will  be  aa. 


More  Examples  of  Contra&ions  in  Divijion ,  according  to 

the  preceding  Seft.  VII. 


Dividend , 
Divifor, 

ida^  ‘^c  a 

2d  -j-  3c 

23^-+- 18^ -+-  \y 
•  2  3  -4-  1 8  1 

Quotient, 

a 

r'..-  '  h-  i. 

\ 

Dividend, 

2  baa  —  ^caa 

■  '  ‘i  •  ; 

2af —  2bf  -4-  2cf —  6f 

Divifor, 

2b  —  gc 

>  a  —  b  c\  —  3 

Quotient, 

V 1 1 L  When  the  Dividend  and  Divifor  arc  Compound  whole  Quantities ,  the 
precedent  Rules  of  Algebraical  Divifion  will  not  alwayes  give  the  Quotient  in  the  Icaft 
Terms  ;  but  the  fimplefi:  Quotient  may  be  found  out  by  one  of  thefe  twowayes,  viz. 

1.  When  the  Dividend  and  Divifor  arc  Algebraick  Integers ,  and  there  is  a  pollibility  of 

exprefling  the  Quotient  by  an  Algebraical  integer  ,  it  may  be  found  out  by  the  general 
method  of  Divifion  handled  in  the  next  following  SeBion,  which  way  is  like’ that  of  di¬ 
viding  whole  numbers  in  vulgar  Arithmetickj  but  if  the  Learner  find  it  difficult ,  he  may 
wave  it  until  he  hath  proceeded  as  far  as  the  8.  Chapter  of  the  2.  Booh:  ^  ^ 

2.  The  Quotient ,  whether  it  happen  to  be  an  Algebraick  Integer ,  or  a  Fraftion  ^  may 

be  found  out  in  its  leaft  Terms  by  the  method  hereafter  delivered  in  SeB.  7.  Chap.  8.'  of 
the  Second  Book  ;  where  the  manner  of  finding  out  all  the  Aliqmt  parts  or  juft  Divifors, 
every  one  of  which  will  divide  the  Dividend  and  Divifor  propos’d  without  any  Remainder 
is  exhibited.  ^ 

I X.  In  this  SeBion  a  general  method  of  Divifion  in  Algebraical  Integers  is  handled.' 
As  to  the  order  of  the  work  ,'it  agrees  With  that  form  of  Divifion  in  whole  numbers  which 
I  have  explained  in  Mr.  Wingate's  Arithmetic^  ,  but  the  work  it  felf  depends  upon  the 
preceding  Rules  of  Algebraical  ,  Multiplication  y  zxiA  SubtraBiony  asalfo  upon 

this  Rule  for  difeovering  the  doe  Sign  ■  belonging  to  every  particular  C^otient ,  viz. 
^  divided  by  or  —  by  — ,  gives  in  the  Quotient ;  but  -}-  divided  by  — , 
or  —  by  -4-,  gives  —  in  the  Quotient.  Whether  the  Operation  be  begun  at  the 
right  hand  or  the  left,  it  mattetsnot  j  but  bccaufe  ’tis  cafierto  W^rite  forwards  than  back¬ 
wards,  I  fliall  (  as  in  Vulgar  Arithmetick  )  begin  to  Divide  at  the  left  hand  ,  and  proceed 
towards  the  right.  ,  *  >  \ 

Example  i.  Let  it  be  required  to  divide  ac  ad  ■+•  be bd  hy  c  d. 

Having  placed  tlie  Dividend  and  Divifor  in  fuch  order  as  you  fee  in  the  next  Page ,  firft 
I  divide  -+-  ac  by  -4-  c ,  according  to  SeB.  5'.  of  this  Chap.  )  and  there  arifeth  -4-  4  , 
(_l_  a,  bccaufe  divided  by  -4-  gives  -4- ,)  therefore  I  write  -a- a  at  a  in  the  Quotient  - 1 
then  multiplying  the  whole  Divifor  c  d  by  the  faid  Quotient  a  y  i  write  the  Produ5t 
ac  -4-  ad  under  the  two  firft  members  of  the  Dividend  towards  the  left  hand  ,  to  wit , 
under  ac-k-ad'Sy  that  done ,  drawing  a  line  under  the  faid  Produd:  ac  -\-*ady  I  fubtrad ■ 
the  fame  from  ac  -4-  adl'  ( the  two  firft  members  of  the  Dividend  )  and  there  remains'  0 , 
which  I  fet  under  the  line,  as  you  may  fee  in. the  Page  following. 


Divifor. 


/ 


( 


/ 
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Divifion  in 


Divifor..  Dividend.  Quotienr. 

c-4-^  )  ac-^  ad-Jh 

AC  —1“  Ad  * 

»  •  ^  I 

o  ..  o  be  -^bd 

\^^hc+bd 


o  o 

Then  there  remains  to  be  divided  -4-  be  4-  bd  which  I  bring  down  to  the  Remainder  o ; 
and  renew  the  work ,  I  divide  -\-bc  by  and  there  arifeth  which  I  write 

in  the  Quotient  next  after  then  multiplying  the  whole  Divifor  c^\^d  by  the  faid 
Quotient  b\  theProduais  bc^\-bd,  which  being  fubferibed  ,  and  fubtraaed  from  that 
which  remained  to  be  divided,  there  remains  o.  So  the  Divifion  is  finifhed,  and  the  Quotient 
is  found  a-^b  but  that  it  is  a  true  Quotient  the  Proof  will  make  manifeft  ;  for  4  ^ 

muliiplyed  by  the  Divifor  ^4^  d  produceth  the  Dividend  ac-\-*  ad>-\-^  bc^\-bd. 


a  b')Aa  —  bb  A 
AA  — Ab 

‘  ^  bb  —  Ab 

—  bb  —  Ab 

0/0 


JSxAjnple  2.  In  like  manner ,  if  —  bb  be  to  be  divided  by  a  b  the  Quotient 
will  be  found  a  —  b;  For  firft  ,  aa  divided  by  a  gives  a  in  the  Quotient,  by  which 
•  multiplying  the  whole  Divifor  the  Produa  is 

aA-\-Ab,  which  fubtraaed  from  the  Dividend  aa  —  bby 
there  remains  to  be  divided  — bb  —  Ab.  Now  I 
renew  the  work  ,  and  divide  —  bb  by  its  correfpon- 
dent  Divifor  -j-  L  (  not  by  a  ,  becaule  the  Quo¬ 
tient  will  be  a  Fraaion ,  which  is  to  be  avoided  when 
there  is  a  poflibility)  and  there  arifeth  — b  to  be 
written  next  after  a  in  the  Quotient ,  I  fay  —  by  not 
for  According  to  the  Rule  before  given ,  —  divi¬ 
ded  by  4-  gives  — -  in  the  Qjiotient  ;..ihen  multiplying  the  whole  Divifor  4  4“^  by  —b 
(  laft  fet  in  the  Quotient  )  the  Produa  is  —  Ab  -j- bb ,  or  —  bb  —  Ab,  which  fub¬ 
traaed  from  —  bb  —  Ab  that  remained.  «o  be  divided ,  there  remainsj  o  .  fo  the  Divifion 
is  finilh’d  and  the  Quotient  is  found  a  to  wit,  fuch  a  Quantity  that  if  k  be  raultiplyed 
by  the  Divifor  AA-b,  it  will  produc^the  Divi^lend  aa  —  bb.  ^  .  fj 

:  i  f  fj;  vv.,>t  ioa-:v\V.  ^ .  t  I’r  ji;  .  M  ia  \  ,\v/  .  :.!,u  n  I  ■■ 

Mxmp.U  Again;,  /  Ifrit  benefited  to  .divide  4444- by  ba bb ,  thc^ 
Q^tient  will  be  found  AA-b,  and  the  work  will  ftand  thus : 


.■-s'fl-c  -  •  -  ’  AA bA~T^  bb'i\AAAA~‘ vbv  •••••» 

!  •  •  ^  /X/fA  - 


I  >  I 


i.l 


,  vf.'h.ir'’ 
it’’ 


AAA  bAA  I  ■  bbA 

.L|_  bbb-\-^  bAA  -^bba 

s  4-*  bbb  *-l-  bAA  —  bbA 


■1  u. 


_  o 


.  ■  ■  "I 


In  which  Example  i  firfl  ( as  before  )  I  begin  at  the  firft  Term  of  the  Dividend  towards 
the  left  hand  ,  and  dividing  by  AA  ,  (  not  by  —  ba  nor  by  bb,  becaufc  each  of 
thefc  will  give  a  Fraaion  in  the  Quotient }  there  arifeth  a ,  which  I  fee  in  the  Quotient ; 
then  multiplying  the  whole  Divifor  aa  —  ba^\-bb  by  the  faid  Quotient  a,  the  Produa 
is  aaa  —  ba^t,  bba ,  which  I  fubtraa  from  the  Dividend  aaa  -4-  bbb  •  fo  there  remains 
to  be  yet  divided  hbb  -\~baa  —  bba.  '  - 

'  Now  1  renew  tfeework,  and  divide  -H  bbb  by  its  correfpondent  Divifor  -^'bb  ,  (not 
by  H-  aa  y  nor  by  -^ba,  becaufe  each  of  thefe  gives  a  Fraaion)  and  there  arifeth  -4- if, 
which  I  write  next  after  a  in  the  Quotient ;  then  multiplying  the  whole  Divifor  oa-r^bA 
-h  bb  by  the  faid  Quotient  b ,  the  Produd  is  bbb  4^  baa  —  bba ,  which  I  fet  under, 
and  fubtraa  from  the  Quantity  that  remained  to  be  divided,  fo  there  remains  o,  and  the 
Quotient  fought  is  a-\-b:  But  that  it  is  a  true  Quotient  the  proof  windifeovetj  for 
ifi  the  Divifor  aa  —  ba~\~bb  be  multiplyed  by  the  Quotieht  A-\~b,  it  will  produce  the 
Dividend  aaa  a-  bbb. 
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Example  4.  In  like  manner,  if  aaa—^bbh  be  divided  by  aa^ba^-*hb  the 
Quotient  will  ht  a— ^b,  and  the  work  will ftand  thus  ;  ^  ’ 


Divifor. 

’  ^  44  ba  bb  ^ 


Quotient. 


^4  —  b 


o  o  o 


bxamfle  j,  ^  Again,  If  9  —  ^d^ce—eeee  be  to  be  divided  by  ^dd 

■  eey  the  Quotient  will  be  found  3  dd  -t-  ^de  -t-  ee ,  as  will  be  manifeft  by  the  fubfequent 


In  which^Example,  firfl  I  divide  ^dddd  by  ^ddj  and  it  gives  ^dd^  which  I  Write  in 


the  Quotient;  then  multiplying  the  whole  Divifor  sdd  —  ee  by  the  faid  Quotient  sdd, 
the  Produd  is  ^dddd—  ^ddei,  which  I  write  under  the  two  firft  members  of  the  Divi¬ 
dend,  and  fubtrad  the  fame  from  the  faid  two  members ,  fo  there  remains  -j-  itddde  -+- 
Sddee;  to  which  I  bring  down  —^deee  (the  next  member  of  the  Dividend  )  and  it 
makes  4"  iiddde~y  -^ddee — >  ^deee  which  comes  now  to  be  divided  .  therefore  I  renew 
^e  vvork,  and  dividing  -^iiddde  by  >4-  Udy  it  gives  -+-4^^,  which  I  fet  in  the 
Quotient  next  after  '^dd,  then  multiplying  the  whole  Divifor  ^dd—^ee  by  the  faid 
Quotient  4^^,  the  Produd  is  -i-^iddde  —  ^deee,  which  I  write  under  -f—  i%ddde 
-4-  ^ddee  —  ^deee  (  the  Quantity  laft  fet  apart  to  'be  divided  •  )  and  having  drawn  a  line 
under  the  faid  Produd  I  fubirad  it  from  the  faid  particular  Dividend ,  fo  there  remains 
H-  ^ddee  which  I  write  underneath  the  line  ;  that  done,  to  the  faid  Remainder  7ddee 
1  bring  down  —  eeecy^  (the  laft  member  of  the  total  Dividend)  and  it  makes  ^iddee-^eeee 
which  is  yet  to  be  divided;  Therefore  I  renew  the  work,  and  dividing  -H  :^ddee  by 
■A-ydy  it  gives  -[-fg  which  I  fet  in  the  Quotient  next  aftef  -4-4^^.  (  or  I  might  here 
divide  3  ddeff  by  —  eg  in  regard  it  will  give  an  Algebraical  Integer  in  the  Quotient, 
as  I  lhall  fhew  in  the  next  Example:)  then  multiplying  the  Divifor  ^dd  —  ee  by  -4~eg 
(laft  fet  in  the  Quotient,)  and  fubtrading  the  Produd  ^A^'^ddee — eeee  from  the  Quan¬ 
tity  that  remained  to  be  divided,  there  now  remains  o.  So  the  Divifion  is  finilhed 
without  any  Quantity  remaining,  and  the  entire  Quotient  is  -4-  ^dd-A'4de-{->ge. 

Note.  By  this  General  Method  of  Divifion  the  Quotient  rliay  oftentimes  be  found  out 
and  expreft  various  wayes,  both  as  to  the  Order  and  Multitude  oi  members  in  the  QUotienf 
but  yet  the  entire  Qiiotient  in  each  form  will  have  one  and  the  fame  value,  as  will  appear 
by  the  following  manner  of  Dividing  the  two  quantities  propos’d  in  the  laft  Example. 

ct  it  therefore  be  again  proposd  to  divide  9 dddd  12 ddde—^  Adeee  —  eeee  by 
^dd  ^  ee.  ^ 

Firft ,  I  work  as  before  in  the  laft  Example  to  find  out  the  two  firft  members  in  the 
Quoiient,  towit,  -^dd-^^de  ,  and  then  there  remains 'to  be  divided  -\-^ddee — eeee 
which  yOu  fee  ftands  at  this  mark  in  the  following  Operation ;  Now  becaufe  -^^ddee 
divided  by  ^ee  gives  an  Algebrajck  Integer  for  the  Quotient ,  towit,  —3^^,  there- 
tore  I  write  —  Ud  in  the  Quotient;  then  multiplying  the  Whole  Divifor  ^dd _ ee  by 

—  3dd  (  laft  fet  in  the  Quotient)  I  fubtrad  the  Produd  -d-  ^ddee  —  ^dddd  from  -j-  Udec 

—  eeee  which  remained  to  be  divided  j  fo  there  remains^o  be  yet  divided  -eeee  -h-  9dddd,’ 


I 


D 


‘ 


Book  I. 


' 


Dwi[ton  in 


idd  —  ee 


C  ' 

"N  gddU -|-  I  xddde  ■—  /i^deee  —  (eee  (  ^dd ^de 
'  gdddd —  -^ddee  _  (  —  ^dd ee -\- “^dd 


^12  ddde  -1^  3  ddee  — i  ^deee  .  ,  .v^ 

^Y^iiddde  ,  — ^deee  '  ‘ 


'  %  •"i"'  2>dde€  —r  eeee 

\  _  »-j-  I  ddee  —  gdddd 


'  — eeee‘-\-  ^dddd 

• —  eeee  3  ddee 


gdddd  —  3  ddee 
9dddd  — •  2  ddee 


o 


o 


Then  I  divide  ^  eeee  (  which  ftands  immediately  under  the  third  black  line  )  by  its 


correfpondent  Divifor  —ee,{  for  it  cannot  be  divided  by  ^dd  fo  as  to  give  an  Integer 
in  the  Quotient , )  and  there  arifeth  -+-  ee ,  which  I  fet  in  the  Quotient  •  then  multi¬ 
plying  the  whole  Divifor  ^dd-^  ee  by  the  faid  Quotient  the  Product  is  — eeee 
which  fubtraded  from  — eeee^  ^dddd  (to  wit,  the  quantity  that  remained  to  be 
divided  )  there  remains  to  be  yet  'divided  -j-  ^dddd  —  ^ddee ,  (  which  ftands  imme¬ 
diately  under  the  laft  black  line  but  one ; )  Therefore  I  divide  by  -\-'^dd  and 

it  gives  ^  ^dd  to  be  fet  in  the  Quotient ,  then  multiplying  the  whole  Divifor  ^dd — ee 
by  the  faid  it  makes  -h  9dddd  —  ^ddee ,  which  fubtra^led  from  -+- ^dddd — 

^ddee  (  the  quantity  that  remained  to  be  divided)  leaves  o  ♦  fo  the  Divifion  is  finiflied 
without  any  quantity  remaining ,  and' the  Quotient  is  found  ^dd-\-‘4de — ^dd*r^-^ee-4-‘ 
^dd,  that  is ,  ^dd 4de ee :  So  that  the  Quotient  found  out  by  the  latter  Operation, 
after  it  is  contrafted  by  Algebraical  Addition  ,  is  the  fame  found  out  by  the  former  way 
of  dividing  the  Quantities  given  in  ‘  the  fifth  Example. 

Example  6.  'Again  ,  If  yyyyyy  —  2yyyy  —  12 ^y  —  64  be  divided  by  j^jr— .  i5, 
the  Quotient  will  be  found  yyyy-h  ••he  work  will  ftand  thus: 


Divifor.  Dividend.  Quotient, 


Quotient, 


'i  ;/  —  >  .<5  Xmm  —  - 1  ny  --  64  r  my + -i-  4 

1/  yyyyyy - .T^VTVV  ^ 


jfyyyyy^l6yyyj/ 


-V'^jjn  —124;/; 
-V'^yyjy‘  — 


+  477 --<^4 
+  477— <^4' 


o  o 


If  the  Powers  of  the  Root  y  in  the  laft  Example  be  expreffed  according  to  Cartefius 
his  way,  the  work  will  ftand  thus:  b  j. 


-J-  8/'^ — **477 
-1-  •  8^*  —  12  %yy 


+  477—^4 

4*  477— '^4 


o  •  o  t 


But 


t 


'  r*- 
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V 


But  CartefiHi  in  dividing  the  Qjaantities  propos’d  in  the  lafl  Example  works  backwards, 
viz.,  from  the  right  hand  of  the  Dividend  towards  the  left ,  as  you  here  fee  in  the  following 
Operation.  ^  .  •  iyiG  .•  r/iQ 

+  4;/— J^4  ^  ' 


4“  ^  '~z}  ^  ^7/  ”  ‘ 


r6y*^y^- 


o 


More  Examples  are  here  adde'd  fir  the  filler  exerctfe  and  illuUration  of 
Divipon  in  Compound  Algebraic^  Intgers^  according  to  the  general  method 
in  Sc^J.  IX.  of  this  Chapter. — -  -  -  - 

.'V 

DivirprJ‘^‘*  '  ..Dividend,  ;  ‘4  -^  .Quotient:-, 

2c-Lig^‘  fca^^da-r^'Sbc  f  \a — 4b'~~~ 


Divifor.  .  ,  "  Dividend.  "  "  Quotient. 

a  ——  y  ^  ^dab  "  "!■"  3  abb  bbh  ^  an  — .  2  ab  •“h*  bb 

^  daa- —  aab  " 


—  zaab  -}-<  3  abb 
2  aab  .-j-.  2  abb 

I'.'JJ  \ylTtZ^.~frmTfr~ip  'oi  •  ' 

'-’Cl  Liu:  zzV  ^  -i  i’- •/ 

:  :;^  ‘  aril  "T  1,.  .[[j  ;:.  . -,i^  ' J 

-  V'-I  [.  sd  01  'j{]  '"'1  s  ’ Qj  noiffn'J  >.  .-!  vlnt' 


•  t  -!.-  <'.4  ^  . 

'■■■  ■  -I-.-  -  -  ?  i~fri  •*•■  ■  ' ' 


■  ,;.  =  "v3f!.  ;a 


Divifor., 


» r '  • 


vrm  r;,V7  ''i  ^  i--  '■ 

r  ‘7-''3;,fliriiOri . 


.■  VI*  ■•  .  ...  ja  :  iK'\"Tnr;.ii  gjr""-T-'>K‘rY0:)r  '  j  i.-v  r' 

•Cl  .c  ej;  -i  .1  Si;  1>  i  3f}l  lO  •rybni;;;ii3-x  vr': 

•  .  tV  f.i'3  u:  kin;  sj  ilc’i  siii  ::u.v  •orf35goj  ■•  >■'•  :•:■■?  ;ii!:  ' 


jonp  o 

_ s _ 

—  •i'V.TT 


H-*  ;  'i-i- -4-  —  "inhi:  —  $.v7.k  ;  ■ ;  r 

C  ab^bb,  that  is,  aa^ai 

aaaA-aab 


'KC 


.—  abb  —  aat 
—  M  —  - 


<: '  i ' 


•  ^'aab  .-“j^  bbb 
—  aab  —  abb 


\  ci  J 


bbb  -4-  abb 
-j-*  bbb  -+~  abb 


D 


Againj^ 


■  •  -U 


I 
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•  _  ,  j  ’.  =  !.  Again,'  w'-iobnid  -ijjrno/i.^' 

Divifor.  Dividend.  Quotient.  .noi  x  , 

. —  aa  ^  aah^  -}-  a'^h —  za*  4^  Hh  aah  -4-  4^ 

‘  I  '•■  '  ^  aab  5  —  a^bh  S  ^ 


-j-  ai^b  -h 
^a^b  • 


-  aK 


a^bb  —  o' 
A^bb  —  A^b  - 


-4^  +  4^^ 
— '  4^  a‘^b 


.  •  ■■!  *:.' 


«  X  4.  •  ^  ^ 


Divifor. 


Dividend. 


•  ;/'  Quotient.  • 

^ab  —  \aA  )  944^3  i.j_  ^\a‘^b  —  4^  (  f  4^^ -t-  ~aab  -j- 

^aab^  r—  743^^  (  V.; .  'viz>.  fabb  -{- -t-  24^ 


+  tt4^^ 

o  .-[-.  J4^^^  —  4  ^ 


710 :. 


.  I-*  4a. 


\,\u  • 

i 

If  Algebraical  Divifion  according  to  thl$  general  Method  will  not  work  ofF  juft 
without  a  Remainder,  then  you  m^y ’wfit^'* the  Dividend  and  Divifor  fra(^ion-wife , 
according  to  Seci.  111.  of  this  Of  fotfr^tinles  the  Quotient  may  be  expreft  partly 

by  Integers,  and  partly  by  a  Fra^lion  joAs  if  bJi*^  bd-~\-cc  be  to  be  divided  by^-t-i 

the  Quotient  may  be  expreft  either  thus  ^  .  or  elfe  thus ,  b  4-  ^ 

which  latter  Quotient  is  foUnd^o^^  ^l;^y  the  faid  g^enefal  Mhhod*  for  after 

you  have  thereby  idifeovered  as yiuahy  Jhtegets  aVeaparife in  che Qjaotient ,  youmayfet 
the  remainder  of  the  Dividend  as  a  NumefaWf  ovel:^ the  Divifor  as  a  Denominator,  fo 
this  Fraction  together  with  the  f^id  .^nt^er^pr  Integers'  /hall  be  equal  to  the  Quotient 
fought  •  as  in  this  following  Exam^e.^  ^  ...., 


Divifor. 

4 — b^  '^  laac 


Dividend. 


Quotient. 


3444 


zahe  —  3 aab  -+-  2 cc  1  zac  344 H - ^ 

I  '  AA  ^  .\.\>  /  A  .  4~ 


«  liii:  ^  --  f ^ 

_ _ _  V\-.  h  .  S«T,^ 


4^- 
4\?i  -- 


^:v\. 0.4+1^^  . 

44%  --  4%%  - 


vi4%  444  |- 

44%  4  y4  •-! 


o 


'1 


a 


CHAP. 


Ghap.  6. 


The  Arithmetick^  of  Algcbraick^  FraSiionr. 


29 


Chap.  VI.' 

Containing  the  Arithmetich^  of  Algebraical  FraSHom. 


ar 

as 


of  the  rije  of  Algebraick^F  rations ,  and  the  manner  of  exprejfing  Integers 

and  mixed  quantities  Fra^ion-wifi, 

r 

I.“T^Hc  Operations  about  Algebraick  Fraftions  "are  wrought  like  thofe  of  vulg 
1  Fraftions,  by  the  help  of  the  Rules  of  Algebraick  Integers  before  delivered , 
will  appear  by  the  following  Rules  of  this 

II.  From  the  manner  of  dividing  quantities  according  to  SeSi.  5.  of  the  preceding 
Chap.  5^.  Algebraick  Fractions  arife ;  as ,  If  ^  be  to  be  divided  by  b ,  the  Quotient 

is  reprefented  by  the  Fraaion  Likewife  ?  which  imports  as  much  as  the 

Quotient  of  a^h  divided  by  c  — ^i;  alfo  >  and  fuch  like,  are  called 

Algebraical  Fraaions.  •  ..v 

III.  If  the  Numerator  be  equal  to  the  Denominator  ,  that  Fraaion  (  or  Quotient 
exprefl:  fraaion-wife  )  is  equal  to  1 ,  (to  wit ,  Unity  j )  as  before  hath  been  faid  in 

Sed.  4.  Chap.  5-.  , 

f.  aa  f.  •  ahe  — f—  dd  

So  =  1.  And  — - jy  =1. 

aa  .1 

I V.  When  an  Algebraick  Integer  is  to  be  exprefl:  fraaion-wife,  make  it  a  Nume¬ 
rator,  and  fet  i  for  the  Denominator  5  as  if  ihefc  quantities  ab  and  aa  —  bb  be  to  be 
fet  in  the  form  of  Fraaions  they  will  iland  thus  5 

-  ■  And 

I  '  1 

« 

V.  If  an  Algebraick  Integer’,  as  4,  be  to  be  fet  in  the  form'  of  a  Fraaion  that 
fiuU  have  for  its 'Denominator  fome  Algebraical  Integer  preferibed,  as  multiply  a 
by  the  Denominator  dy  and  write  the  Produa  a'd  as  a  Numerator  over  theDenomina- 

tor  dy  thus,  -^5  which  Fraftion  is  equal  to  the  Integer  a  firft  propofed,  and  hath 

for  its  Denominator  the  preferibed  quantity  d. 

Likewife  the  quantity  a  reduced  to  the  form  of  a  Fraaion  whofe.  Denominator  is 

preferibed  c  will  ftand  thus , 

Moreover,  U  a be  to  be  reduced  to  the  Form  of  a  Fradion  that  (hall  have 

■  i  -  a  . 

d  for  a  Denominator  j  let  4  be  muliiplyed  by  the  Denominator  d,  and  to  theProdud 
ad  add  the  Numerator  aa ;  then  fet  that'  Sumra to  wit ,  ad-Oraa  over  the  Deno¬ 
minator  dy  fo  there  will  be  f  ^1.  for  the  Fraaion  defired.  More  Examples  of 

d 

this  Rule  arc  thefe  following.  - 


-  ,\ 

C 

aa  -I-  ab 
a  “I—  b 

! 

! 

i 

— 

^  f  •  w 

dt 

/ 

\ 

1 

bb 

c 


ab  —  ac  -1-  dd  i 

- -j - ' -  m  a 


b 


dd 

b^t 


Horp 


> 
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Hqw  to  reduce  Algebraick^  Fra&ions  to  others  of  the  fame  value 

in  more  fimple  Terms, 

VI.  ’when  the  fame  letter  cr  letters  be  found  in  the  Numerator  and  Denominator, 
let  them  be  caft  out  of  both ;  and  if  the  numbers  prefixt  can  be  abbreviated  by  forae 
common  Divifor  fet  the  Qimtients  in  the  places  of  thofe  numbers  prefixt ,  fo  (hall  the  new 

Fraftion  be  of  the  fame  value  with  that  firft  propofed :  So  this  Fra6fion  will"  be  re- 

duced  to  ;  and  this  will  be  reduced  to  This  Rule  hath 

already  been  explained  in  SeU,  5.  and  6,  of  Chap.  5.  and  may  befurther  illuftrated  by 
thefc  following  Examples.  .sa-y  l 


^  ail 

'  liadd  ^dd  ’ 

1  ac 

fo  ~  /'  I 

^abc  be  :  ^  • 

,  i 

f  bed 

:  '  i  -!  •  i.il 

\  ■  ■  ’ 

7,6  aa  _  9^ 

•  ■ 

\.6d^ 

.  .  

'  '  j 

VII.  The  fearching  out  of  the  greateft  common  Divifor,  for  reducing  an  Algebraicic 
Fraftion  to  the  fmalleft  Terms ,  after  the  manner  itfed  in  Vulgar  Arithmetick  ,  is  for  the 
mofi  part  a  tedious  and  intricate  work  ,  efpecially  when  the  Numerator  and  Denomi¬ 
nator  are  Compound  -quantities  confifting  of  many  members  j  and  therefore  inftfead  of 
that  way  of  finding  out  a  Common  meafure  (  or  Divifor,)  I  fliall  by  a  clear  Method 
in  Chap.  8.  of  the  Second  Book^^  Ihcw  how  to  find  out  ail.fiach  Divifors  as  will  divide  the 
Numeratot  and  Denominator  precifely  without  leavinga  Remainder.  But  in  the  mean  time 
I  Ihall  recommend  to  the  Learners  exercife  the  following  Examples  of  Fraftions  abbre- 
viatedpby  Divifion,  acpording  to  the  .general  method  Chap,  5.  of  this  Book  . 

vVhick  ^xampks ,  tQgethejf  with  the  Rulq;  above-deliver^  in  the  6,  T 
helps .fo.rrduc^  Algebraical  Fradions  to.lowd  terms  j.  when  there  is  a 


ect.  will  oe  great 
poflibility^^  ^  ‘ 


-r  J  *  .♦  \j  . 


hnn  .bj-Crrotiq  flih  sa;  •  1 


.  wj.i.-qu  j'.j  u  evv  .ti  -Ur  •  i  r,  f.Olj.-;  .  :.ji  if! 

Examples  of  Eraldions  reduced  to  their  fmallefi  Terms, 


■ii  { li  1  jj 


>  c 


’  'si.7  n-j?  .  .  1  i:  ;0  ci 

aa  ab  _  ^ 

4-+-  b 

aa  —  ab' 

— — =  a, 

.a — ~b  ■>  vi 

>*  1--. 

- - - rr  aa 

iq  jVi  *10.;...:.;::.  :i  1  i)’‘l 

aaA-^  iba~\^bb  -»  / 

- - - -  —aAr-,t, 

u  -4-  b  •  .  . 

-.1  ■  f  1  1  '  ;  *1  X  ;  '  -  1  i . . .  ,  1  ' 

4  ' 

^  ?ni '7T?v-r-rnr-"T^"5iV  f  ^  i-.in 

,  y  >  •  *  *4  X  i 

aa -—.^iba  bb  _  ^  ,  , 

^  • — - —  —  a  b, 

a—b  t 

—  lu 

/  ;  .  -  fo  : 

aa  —  bb  , 

.  —  a  —  b. 

.  aa  —  bb  _  '  i 

r  .V’ 

_  ‘  --  A  __ 

aa—^bb'  ■  .  i 

- ; — —  =r  aa  —  bb 

aa  -  -  bb 

.  .  .  .  .  L.  •  J  .  V.X  - 

- j—  r=z  a  ^h, 

a  —  b 

■\  .  ' 

aaaa  —bbbb  , ,  -  ^ 

1  “  hhh  1  J 

au  —  bb 

!  J  ■ 


'  ■  -  x  •  i 

U  fo! 

■ij  hh':  V:‘> 

''Oj.'.r.  !- 
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3* 


aaa-^^yyy _ 


Ada  —  bbb 
a  —  b 


rr:  aa  -4-  bd  -+-  bb 


ddd 


abb 


dd-\-ab 


~  a  —  b 


add « —  bbb 
Ad-\-bd  bb 


==  4  —  b. 


ddd 


—  abb 


Ad 


'' — ab 


-d^b. 


dddd  —  bbbb 


ddd  ddb  -i“  abb  —  '\‘b» 


More  Examples  of  Fra&ions  abbreviated. 

r 

the  common  Divifor  a^b) 

dd^\-bd  d  ''  ,  ' 


^ - -  •=.  (  By  the  common  Divifor —  ^  ) 

ac—^  be  c 


(  By  the  common  Divifor  c  —  ds') 


■  f 


add  abb 
aa-f-z^b-^bb 


ad 


—~ab  1 


d-\^b 


(  By  ) 


Odd bbb  ^  dd  -j—  hd  bb 
Ad-~*  bb 


d-Arb 

4^ - 


(  By  a-4-b.  ) 


ab 


dad  —  aab  •4—  abb  —  bbb. 


aa 


a 


(  By  4-  b,  ) 


‘  . .  ^ - - - - —  -•- *  ■ 

n  ‘ 

How  to  find  out  the  fmalleft  quantity  that  can  be  divided  by  two  or  more 
given  quantities  feverally  without  a  Remainder, 

,  V-. 

VIII.  Two  or  more  Algebraick  quantities  whether  Simple  ,or  Compound  being 
propofed ,  the  fmalleft  quantity  that  can  be  divided  by  every  one  of  thofe  given ,  without 
a  Remainder,  may  be  found  out  by  the  following  Operation ,  (  which  is  grounded  upon 
^6,  prop,  7.  £tem.  Euclid.  )  and  the  ufe  thereof  will  hereafter  appear. 

As,  for  Example ,  If  it  be  defired  to  find  the  fmalleft  quantity  that  can  be  divided' 
by  ddc  and  cd  j  fet  them  in  the  form  of  a  Fradlion 

thus ,  ,  and  reduce  the  Fra^lion  to  its  pri¬ 

mitive  or  equivalent  Fra^lion  in  the  fmalleft  Terras 

which  being  fet  near  the  former,  multiply 
d 

crofs-wife,  viz.  aac  by  or  aa  by  cd  ^  and 
there  will  arife  one  and  the  fame  Produft,  to- 
wit  aacd  the  Quantity  fought-  which  is  the  fmalleft  quantity,  that  can  be  divided' 
feverally  by  aac  and  cd  without  leaving  any  Remainderi  * 

In‘ 


aac 

cd 


X 


aa 

d 


aacd 


'i 

t 
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In  like  manner  to  find  the  fmalleft  quantity  that  can  be  divided  by  ah  -a- ac 

and  ad  —  feverally  , 'J' fet  them  Fraftion- 

wife  thus,  ^  ^  ,  this  reduced  to  its  loweft 


ah'^-'ac  vy  ^ 
ad  — '  af 


c 

f 


ad  —  4/  ’ 


ahd  acd  — r  'fab  — fac 


Terms  gives 


b 


then  I  multiply  crofs-wile 


d^r 

_(  as  before  )  viz.  ab  -j-  4C  by  d—f  or  ad  —  af 
by  and  there  arifeth  abd-^-acd — fab — fac,  which  is  the  fraallefi  quantity 

that  can  be  divided  by  ab  ac  and  ad  —  4/,  fo  as  to  leave  no  Remainder. 

I X.  But  if  the  given  Quantities  cannot  be  reduced  to  lower  Terms,  then  multiply  them 

-one  into  another,  and  their  Produdfc  is  the  quantity 
defired  :  So  to  find  the  fmalleft  quantity  that 
can  be  divided  by  bb  cc  and  dd  •^ff  feverally 

without  leaving  a  Remainder  j  becaufe 
cannot  be  reduced  to  more  fimple  Terms ,  I  mul- 


bb^cc 

l^Fff 


X 


bb  -4-  cc 

dr^:jf 


bbdd  -f-  cedd  bbff  ceff 


tiply  bhJ[-^cchy  dd^ff,  and  there  is  produced  bbdd^ccdd^bbffJ^-^ccffth^ 
Quantity  fought. 

X.  When  three  or  more  quantities  are  given ,  the  fmalleft  quantity  that  can  be 
divided  by  them  feverally  without  leaving  a  Remainder  may  be  found  out  in  this  manner  ; 


aaa  —  abb 
aa-\~  2 ab  -j-  bb 


X 


44  —  ab 

'~7^b'^ 


viz.  To  find  out  the  Itaft  quantity  that  can 
be  divided  by  aaa — abb,  aa-\-^2ab--\-^  bb 
and.  44  —  bb  ’  I  firft  feek  (  after  the _^anner 
of  the  fecond  Example  in  Se^.  §.)  the  fmalleft: 
quantity  that  can  be  divided  by  aaa  • —  abb, 
and  aa  A-  ^ab  A-  bb,  fo  I  find  aaaa  —  aabb 


4444  —  aabb  —I—  aaab  —  abbb 


Ar  aaab  ^  abbb  \  and  becaufe  this  quantity  may  be  alfo  divided  by  aa  —  bb  ( the  third 
quantity  propofed  )  it  is  manifeft  that  aaaa  ^  dabb aaab  —  abbb  is  the  quantity 
fought.  '  .  '  ' 

In  like  manner  if  there  be  given  thefe  four  quantities ,  aaaa  —  bbbb  j  44  -f-  4^  . 
aaaa  aabb ;  and  aA-b-,  Firft ,  I  find  out  (  as  before  )  the  fmalleft  quantity  44444 
—  abbbb  that  can  be  divided  by  the  firft  and  fecond  quantities  aaaa— ~ bbbb  and  aa  -h  ab\ 


aaaa  —  bbbb 
da  ab 


X 


aaa  —  aa  t  -4—  abb  —  bbb 


\\ 


abbbb 


Then  becaufe  the  faid  44444  —  abbbb  cannot  be  divided  by  the  third  quantity  aaaa 
-h  aabb ,  1  feek  the  fmalleft  quantity  that  can  be  divided  by  44444  —  abbbb  and  aaaa 

Ar  dabb,  fo  I  find  (  in  like  manner  as 


44444  —  abbbb 
aaaa  aabb 


X 


bb 


a 


before  )  444444  — *  aabbbb ,  which  ,  be- 
caufe  it  is  divifible  by  the  fourth  quantity 
propofed,  to  wit,  by  4 (hall  be 
the  quantity  fought;  viz.  a^  —  aab^  is 

,  ,  r  ,  '  r  r  fmallcft  quaotity  that  can  be  divided 

by  tvery  one  of  thefe  four  quantities,  »' —  h’’ ■,  ab a' A- aabb-  and  aA-b. 
And  fo  of  others.  • 


aadaad  —  aabbbb 


How  to  Tecliice  jilgcbraical  Fva&ions  which  have  dif event  Henontinatovs^ 

into  other  Fra&tons  of  the  jdvte  value  that  may  have  a  Common  De* 
nominator. 

having  different  Denominators  are  to  be  reduced  into 
two  other  Fradions  of  the  ftme  value  that  ftiall  have  a  Common  Denominator  .  multiply 
the  Numerator  of  the  firft  FraAion  by  the  Denominator  of  the  fecond ,  and  the  Produft 
fliall  be  a  fiew  Numerator  correfpondent  to  the  Numerator  of  that  firft  Fraaion .  Alfo, 
i  '  multiply 
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multiply  the  Numerator  of  the  fecond  Fradion  by  the  Denominator  of  thefirft,  and  the 
Product  is  a  new  Numerator  correfpondent  to  the  Numerator  of  the  fecond  Fraclion . 
laftly ,  multiply  the  Denominators  one  by  the  other ,  and  the  Produd  ihall  be  a  common 
Denominator  to  both  the  new  Numerators.  '  ' 

As ,  for  Example ,  to  reduce  and  ^  (  whofe  Denominators  c  and  a  are  unlike) 

V  a 

into  two  other  Fradions  that  may  be  of  the  fame  value  with  thofe  given ,  and  have  a  com¬ 
mon  Denominator  j  Firft,  I  multiply  crofs-wife,  the 
Numerator  ah  by  the  Denominator  a ,  and  the  Produd  is 
aah  for  a  new  Numerator  inftead  of  ah  ;  likewife  I  multi¬ 
ply  the  Numerator  hd  by  the  Denominator  c,  and  the  Pro- 
_  dud  is  for  a  new  Numerator  inftead  of  h^;  laftly, 
the  Denominators  c  and  a  mulciplyed  one  by  the  other 
produce  ac  for  a  Denominator  to  each  of  thofe  new 

Numerators  aah  and  h^c :  So  the  Fradions  and 

ac 

» 

■■  are  found  out  Which  have  a  common  Denominator  ac ,  and  are  equal  in  value  to 
ac 


ah 


aah 


ac 


X 


hd 


hdc 


ac 


and  is  equal  to  —  ,  as  was 
'  ac  ^ 


and  1^-.-  (  which  have  unlike  Denominators )  will  be  reduced 
5d 


the  Fradions  firft  given ,  viz.,  is  equal  to  — 

ac  c 

required. 

in  like  manner 


into 


3  <^bcd 
Alfo, 


^hc 
T  A  hhhc 

‘^^hed 


which  have  a  common  Denominator. 


—  and  will  be  reduced  into  thefe ,  —  and 


a  ^  ^a  sa 

Aaain  to  reduce  and  f -j  to  a  common  Denominator,  I  multiply 

^  c-]-d  ff 

crofs-wife  (as  before,)  viz..  aa-i~  ihh  by  ff,  3rc  —  dd  by  c-i-d  .  fo  the 
Produds  are  aaff-^-ihhff,  and  ^ccc — cdd-\- ^ced  —  ddd  for  new  Numerators; 
then  multiplying  the  Denominators  c-\-d  and  ff  one  into  the  other,  the  Produd  is  cff~\-dff 

fo?  a  common  Denominator  ,  and  the  Fradions  fought  are 

-ir  ^Jf 

^ccc  —  edd  -4-  ^ced  —  ddd 

cff-+-dff 

XII.  When  three  or  more  Fradions  having  unlike  Denominators  are  to  be  reduced 
into  as  many  other  Fradions  that  may  be  of  the  fame  value,  and  have  a  common  Deno¬ 
minator  ;  Multiply  the  Numerator  of  each  Fradion  into  all  the  Denominators  except 
its  own ,  fo  the  Produds  made  by  that  continual  Multiplication  fhall  be  new  Numerators ; 
multiply  alfo  all  the  Denominators  One  into  another,  and  the  Produd  fhall  be  a  Denomi¬ 
nator  to  every  one  of  the  new  Numerators. 

-4-  and  ^  into 

three  others  that  may  be  of  the  fame  value  and  have  a  common  Denominator  -  I  mul¬ 
tiply  the  Numerator  a  into  the  Denomi¬ 
nators  d  and  g,  fo  the  Produd  adg  is  a 
new  Numerator  inftead  of  a  •  again,  1  multi- 
tiply  the  Numerator  c  into  the  Denomina¬ 
tors  h  and  ^ ,  and  the  Produd  chg  is  a 
Numerator  inftead  of  c  ;  likewife ,  multi¬ 
plying  the  Numerator  2ef  into  the  Denomi¬ 
nators  h  and  d,  the  Produd  ihdef  is  a 
Numerator  inftead  of  lef-  laftly,  the  Denominators  h,  d  and  £  multiplyed  one  into 
another  produce  bdg  for  a  common  Denominator  to  thofe  three  new  Nutaerators,  and  the 

three  Fradions  fought  are  and  — 

^  hdg  hdg 

E 


As ,  for  Example ,  To  reduce  thefe  three  Fradions  ^ 


a 

~h 

adg 

bdg 


c 

T 


hdg 


ief 

ZL 

ihdef 

hdg 
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In  like  manner  thcfe  three  Fraftions 
to  thefe  three  ,  to  wit ,  44^ 


ad  ►-j-*  8 


9 


’  ad —  8’ 

6‘^bb 


and 


and 


~  will  be  reduced  to 
7 

aaddbb  — ^  Sddbb 
Jaabb  —  ^6bb  * 


'jaabb  —  %6bb^  'Jaabb — '  %6bb 
which  have  for  a  common  Denominator  idahh — ^6bb. 

XIII*  But  if  the  Denominators  of  the  given  Fraftions  can  be  reduced  to  lower 
Terms  ,  then  thofe  Fradions  may  oftentimes  be  reduced  more  compendioufly  than  by  the 
Rules  in  the  two  laft  preceding  Sections,  into  others  in  the  fmallcft  Terms  that  have  a 
common  Denominator ,  in  this  manner ;  viz,.  Seek  (  by  the  Rules  in  Sebb.  8.  and  i  o. 
of  this  Cbdp.  )  the  fmalleft  quantity  that  can  be  divided  by  every  one  of  the  Denomi¬ 
nators  without  a  Remainder,  which  quantity  referve for  a  common  Denominator;  then 
for  the  Numerators  divide  the  common  Denominator  by  the  Denominator  of  the  firft 
Fradion,  and  multiply  the  Quotient  by  the  Numerator  of  the  firfl:  Fradion,  fo  lhall 
the  Produif  be  a  new  Numerator  inftead  of  that  firft  Numerator work  in  like 
manner  to  find  out  the  other  Numerators ,  and  fet  every  one  of  them  over  the  common 
Denominator  before  found  out. 

As,  for  Example,  to  reduce  thefe  Fraftions  MM.  and  to  a  common  Deno- 

minator ;  I  feek  firft  of  all  the  fmalleft  quantity  that  can  be  divided  by  the  Denomina¬ 
tors  aac  and  cd ,  and  I  find  that  quantity  to  be  aacd^  which  lhall  be  the  common 
Denominator ;  then  I  divide  the  faid  aacd  by  each  of  the  given  Denominators  aac  and 
cd  ^  and  multiply  the  Quotients  d  and  aa  by  the  given  Numerators  bbbd  and  aaa^  fothe 
Produfts  bbbdd  and  aaaaa  lhall  be  the  new  Numerators which  being  feverallyfet  over 

the  common  Denominator  aacd ,  there  will  arife  and  for  the  Fraflions 


aacd 


aacd 


bbbb 


and  to  a  common  Denominator,  having 


fought. 

Likewife,  to  reduce  - j  — , - .-j- 

aac  —  aaa  ca  —  aa 

firft  found  the  common  Denominator  aacd  —  aadd ,  to  wit ,  the  leaft  quantity  that  can 

be  divided  by  the  given  Denominators  aac  —  aad  and  cd  —  dd,  1  divide  the  faid  com-  * 

mon  Denominator  by  the  faid  given  Denominators  feverally ,  and  the  Quotients  d  and  ax 

I  multiply  by  the  Numerators  bbhb  and  aaa-\-^bbby  and'  then  fetting  the  Produ^ 

feverally  over  the  common  Denominator ,  the  Fradions  fought  will  be 


and 


aaaaa  aabbh 


aacd —  aadd 


aacd  —  aadd 
Again ,  to  reduce  thefe  three  Fradions ,  to  wit 


a 


and 


—  ab 


abb 


aa 


bb _ 

2ab  -4-^^ 


- —  , ,  to  a  common  Denominator  j  Firft  (  as  in  the  firft  Example  in  Sdt,  i  o. 
aa  —  th 

of  this  Chap. )  1  feek  the  fmalleft  quantity  that  can  be  juft  divided  by  every  one  of  the 
the  three  given  Denominators ,  and  I  find  aaaa-\^  aaab  —  aabb  —  for  a  common 
Denominator ;  then  dividing  this  quantity  found  by  every  one  of  the  three  given  Deno¬ 
minators  (  according  to  the  general  Method  in  Sebi  9.  Chap.  5-.  )  the  Quotients  will  be 
a-\-b,  aa  —  ab  and  aa-^ab-y  that  done,  I  multiply  the  firft  of  thofe  Quotients  by 
the  Numerator  of  the  firft  Fradion  ;  alfo  the  fecond  Quotient  by  the  fecond  Numerator, 

and  the  third  Quotient  by  the  third  Numerator  j  fo  the  Produds  aa  —  bb,  aabb _ abbb 

and  aaaa  —  aabb  lhall  be  new  Numerators  ,  which  being  feverally  fet  over  the  common 
Denominator  firft  found,  will  give  the  Fradions  fought ,  to  wit ,  thefe : 

’  aa  —  bb 

aaaa  -j-  aaab  —  aabb  —  abbb  ^ 

*  aabb  —  abbb 

aaaa  aaab  —  aabb  — ■  abb^ 


aaaa  —  aabb 


aaaa  aaab  —  ^abb  —  abbb 


Nor 
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Nor  will  the  Operation  be  otherwife  to  reduce  thefe  four  Fra^lions,  to  wit, _ ^ 

Praaions  having 

a  common  Denominator; 


I. 


3* 

4* 


a!'  —  ^ 

o'  —  • —  ^a"'b^  ►f-' 

' —  a*b‘^ 

^  —  iCh'*  —  -4-  b^ 


—  a^b^  » 

d>^a^b*-^a^b^-^a^b^  '■ 

• 


For  firft  by  the  help  of  the  given  Denominators ,  the  fmallcft  common  Denominator 

—  aah"^  is  found  out  by  the  operation  in  the  laft  Example  of  the  preceding  Se^.  lo. 
of  this  Chap. )  then  the  faid  common  Denominator  being  divided  feverally  by  the  given 
Denominators^ — b^  ^  aa^ab,  a'^-^-aabb,  and^-^-^j  the  Quotients  are  aa, 

—  a^b  -f-  aabb  —  aP ,  aa  —  bb ,  and  —  e^‘>b  -4-  eC^bb  —  aaP  ;  which  multiplycd 

refpeaively  by  the  given  Numerators  a>  ^  —  aab ,  —  P  ,  and  aa  +  ab  bb , 

will  produce  thofe  new  Numerators  which  are  before  fet  over  the  common  Denomi¬ 


nator 


aab\ 


jiddition  of  Algebraical  ¥  rations, 

*  «  ; 

X 1 V.  If  two  or  more  Fractions  to  be  added  have  one  common  Denominator ,  add 
the  Numerators  together,  and  fet  their  Summ  as  a  new  Numerator  over  the  common  Deno¬ 
minator  ,  fo  (hall  this  new  Fraction  be  the  fumm  of  the  Fractions  given  to  be  added* 


As ,  for  Example ,  to  add  to  ~ ,  the  Summ  will  be 

c  c 

So  alfo,  --r  ,  2dded  to 


aa 


bb 


makes 


c  d  c  4—  d 

Likewife  the  Summ  of  and  -2*=il  will  be  found  j  (  For 

>,  ■  4  c-i-d  »  V 


c-f-rf  r-4-rf  c^d 

the  given  Numerators- 54 — 3^  and  ib  —  3^  added  together  make  2a  —  b.J 

Again ,  the  Summ  of  — and  — will  be  found 


6a 


^ac 


,  and  j 


^+5 
^ad 


^  ^  4-  £•  -4“  d*  ^  b  *4“  c  d^ 

that  is,  4<*.  (  For  by  Divifionj 


c-hs  '  <^4-5 

And  if  thefe  be  added ,  to  wit ,  ,  t 

b -f-'C -I- d 

the  Summ  wiU  be  4  -U  ±l34^_  . 

J  b-\-^  c  ^  d  * 

3^^  3^^  “I”*  3^^  _  ^ 

b-^  J  ~  ^  •  , 

X  V.  But  if  the  Fraiftions  propos’d  to  be  added  together  have  unlike  Denomina¬ 
tors  ,  firft  reduce  them  to  a  common  Denominator ,  and  then  add  them  as  before ;  as 

to  add  ^  to  — ,  firfl  I  reduce  them  to  and  which  have  the  fame  Deno* 
c  a  ac  ac 

minaror  ac  j  then  fetting  the  fumm  of  the  Numerators  aab  and  bde  over  the  common 

Denominator  ac ,  there  will  be  for .  the  Summ  required, 

ac  V 

E  2  .  So 


ac  < 


The  Arithmetich^  of 


Book  L 


So  alfo  to  add  and  2£,  thsit  Sutnm  will  be  .found 


4' 


bb 


and 


Likewife,  to  add  thefe  three Fraftionj  ^-kh' 

firft  I  reduce  them  to  three  others  of  the  fame  value  under  axommon  Denominator, 

-  -  —  «  n  •  __  1!^—  —  A  \  tfior*  Cc^ttinrt  t’ViA  ^nlTITTI  di  fnP 


( L  in  the  third  Example  of  the  preceding  i  ?.  Sdl. )  and  then  fetting  the  Sumtn  of  the 
three  new  Numerators  over  the  common  Denominator,  I  find  the  fumm  of  the  given 
1  '  ^bbb  bb 

Fractions  to  be - 

aaAd 


aaab, — .aabb  —  abbb 


\ 

XVI  when  Mixed  quantities  are  to  be  added  together ,  collet  the  Fraflions  into 
onefumm’,  and  the  Integers  into  another ,  thenthofe  wo  fumms  added  together  give  the 
fumm  delired  ;  as,  fortxample.:  ‘ 


aa 


To  add  thefe  mixed  quantities .  .  J 

The  fumm  of 'the  Fraftions ,  after 
they  are  reduced  to  a  common 

Denominator ,  is . 

To  which  fumm  adding  the  Inte¬ 
gers  in  the  mixed  quantities  pfo- 
pofed ,  the  fumm  defired  will  be 


—  a  and 


caa 


c 

bdd 


►*f-*  </• 


be 


\ 


be 


•V.3  . 


- a  and 

b 


c 


Or,  when  mixed  quantities  are  to  be  added  together ,  you  may  reduce  them  to  impro¬ 
per  Fraaions,  (  by  SeU.  5.  of  this  Chap  )  and  then  add  thefe  together  as  in  the  preceding 
Examples*  as. 

To  add  thofe  mixed  quantities  in  ? 

the  laft  Example,  to  wit ,  f 

I  firft  reduce  them  ,to  thefe  Fra-  7 
aions  .  ..  ^ 

Which  reduced  to  a  common  Dc-  2 
•  '  nominator  piroduce  thefe  .  i  .  .  ^ 

-  'Which- twb  laft  FraClions  added 
*■  together  give  the  fumm  required,  * 
to  wit:^.:.'  .ST.*  •  *' *  '^  •  •  •  ' 

Which  is  equil  to  the  Summ  before  ^ 
found ,  to  wit , . •  *  j 


aa  —  ba  dd  cd 
b  c  ’ 


and 


caa  — •  eba 
be  ^ 
caa  —  eba  -f-’  bdd 


bdd  -4-  bed 
be 
bed 


be 


caa  -4-  bdd 


be 


- -  A  d. 


i. 


-  '  ^  Subtradiion.  of  Algebraical  FraQions. 

\  ■■■  ‘  .  t 

^  * 

XV  1 1.  If  the  two  Fraaions  given  have  the  fame  Denominator  i  fubtraa  the  Nume- 
tor  of  the  Fradion  preferibed  to  be  fubtraaed,  from  the  other  Numerator,  and  let  the 
Remainder  as  a  new  Numerator  over  the  common  Denominator,  fo  Ihall  this  new  Fradion 
be  the  Remainder  fought. 

As,  for  Example,  If  fro’m  you  defire  to  fubtraa  — ,  take  bb  from  aa^  and 

c  c 

fet  the  Remainder  aa  —  as  a  Numerator  over  the  common  Denominator  e  •  fo 
fliall  be  the  Remainder  fought. 


In  like  manner  ,  If  from 
^ab 


'.ab 


you  would  fubtraa  the  Remainder  will  be 


b^ —  c 

Ifl  ,  that  is ,  (  by  Divifion  )  2^. 


Again ,  If  from  ^  it  be  defired  to  fubtrad 

a-\-  o  '  ' 


12^ —  18 


a 


,  the 


Remainder 
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Remainder  wiU  be  found  ^4.  (  p^r  3^.  -j-  lai  —  i8  fubtraacd 


from  Saa  —  7^ *  *+•  ,  leaves  ^aa  —  i  gh  -+-'2  4.  ) 

Soalfo,  from  fubtrading  — there  remains  For 

>-4--  will  be  reduced  to  ^  dd-]~hh  £ 


(  by  ScU.  5.  of  this  Cha^.  )  d 


which  fabtrading  ,  the  Remainder  is  ’ 

^  h-^d^  b^d 

X  V 1 1 1.  But  if  the  two  Fradions  given  have  different  Denominators ,  firff  reduce 

them  to  a  common  Denominator ,  and  then  fubtrad  as  before  •  fo  if  from  ~  it  be  de- 


fired  to  fubtrad  I  reduce  them  to 
b 


minator  cb  j  then  from'  fubtrjtding 


thrtlemainder  fought. 


cb 


there  remainsr  vdiich  is 


cb 


cb 


After  the  fame  manner.  If  from  —  you  would'  take  away  -1  there  will 
f  '  b—c  ;  t  _.i  b  .  , 


db-[--aac 
remain  -  -i — ; — .. 

bb - &C  ,.l  ■}  ,! 

Likewife  from  take  away  — I  firfi  reduce  thefe^given 

Fradions  to  a  common  liienominator ,  (as^in  the  fecond  Example  of  SeUt  t  j,.  of  this 
Chap,)  and  fo  I  find'^ -^-*aabbb  y  bbbbd  which  latter  Fradion  fub- 

traded  from  the  former  there  rematris  \  ^ 

—  ■  ‘  aacd—r~aadd  ' 

Again ,  If  from  a  it  be  defired  to  fubtrad  ^  a  into  the  forni  of 


I 

a  Fradion  wfaofc  Denominator  (hall  be  a^b,  and  fo  ihftead  of  4 ,  I  find 

f  ‘  ,  .  V  ..  .  .  -  r 

from  which  fubtrading  ,  there  remains  ■ 

-  ®  aA-^b  -  . 

.  ■  •  I  * 


aa 


ab 


b  ’ 


Mnliiplicatidn  \of  Algebraical  Fra^ionk  \ 

•  •  '  .  .  ■  i  V.  • 

XIX.  When  two  Algebraick  Fradions  are  given  to  be  multiplyed  one.  by  the 
other ,  multiply  their  Numerators  one  into  the  other ,  and  take  the  Produd  for  a  new 
Numerator,  likewife  multiplying  the  Denominators  one  into  the  other,  this  Produd 
Ihall  be  a  new  Denominator  ,tand  the  new  Fradion  is  the  Produd  fought.  1 

As ,  for  Example,  to  multiply’  —  by  T  multiply  (as  in  vulgar  Fradions) 

C  ^  ^  ■  i 

the  Numerator  24  by  the  Numer.awr-  ,  and  the  Produd  zab  is  a  new  Numerator- 
likewife  I  multiply  the  Denominators  and  c  one  ;into  the  other,  and  the  Produd 

“lb  '  '  ,  S  .  „ 

$dc  (hall  be  a  new  Denominator ;  fo  -4L  is  the  Produd  fought,  .  i  ’  " 

34c 

In  like  manner 


multiplyed  by  ^^^’gives  the  ^oduft  — 

X  X.  when  cither  or  both  the  giver^  Terms  ate  mixed  Quantities ,  reduce  the 


mixt  Quantity  to  the  form  of  a  Fradion  (  by  the  Rule  in  Scli.  5-.  of  this  Chap.  )  and 

,  I  firft  reduce 
thofe 


and  then  multiply  as  before ;  So  to  multiply  r  41  by  a  -I-  — ~ 

4  c  —d 


Book  1. 


then  multiplying  the 


thofc  mixt  quantities  to  thefe  Fraftions,  and  - 

Numerator  c^-Y'bb  by  the  Numerator  ac^  the  Produ(St  is  accd'^^  acbb  for  a  new  Nu¬ 
merator  •  alfo  multiplying  the  Denominators  d  and  c  —  d  one  by  the  other,  the  Produft 

is  dc  —  dd  for  a  new  Denominator ,  and  the  Produft  fought  is 


dc  —  dd 


XXI.  When  an  Jnteger  is  to  be  multiplyed  by  a  Fraftion,  cxprefs  the  Integer 
fra^lion-wife  by  giving  it  unity,  (  to  wit ,  i  )  for  a  Denominator ,  (  according  to 
of  this  Chaf.  )  and  then  multiply  as  m:;the  preceding  Examples. 


As ,  to  multiply  a  by  ~ ,  that  is;  —  by 


^  ,  the  Produft  will  be  — 


Like- 


wife  to  multiply  aa  —  bb  by 


I  '  ■  c 

I  reduce  aa  —  hb  to 


aa 


bb 


then  mul- 


tiplying  the  Numerator  aa  ‘A-  bb  by  the  Numerator' 44  —  bb,  theProdu£i:  aaaa-^bbbb  „ 
fliall  be  anew  Numerator;  Likcwife.the  Denominator  cd^\-fg  multiplyed  by  the 
Denominator  1  gives  -f- ^  for -a  new  Denominator,  and  the  new  Fraftion 

..  7 1 1  r  i  ^4  j 


bbbb 


cd+fg 


is  the  Produft  fought. 


.liO-f; 


XXII.  But  oftentimes  there  may  be  this  ufeful Contraftion  in  the  Multiplication 
of  Fraftions ,  viz.  When  the  Numerator  of  the  one  and  the  Denominator  of  the  other 
may  be  feverally  divided  by  fomc  common  Divifor  without  a  Remainder ,  take  the 
Quotients  inftead  of  the  faid  Numerator  and  Denominator,  and  then  multiply  as  in  the 
preceding  Examples.  ^  - 

As  for  Exampfe ,  to  multiply 


cd  '  dd  4  b 

Forafmuch’  as  the  Numerator  of  the  firft  Fraction  and  the  Denominator  the  latter 
may  be  divided  feverally  by  a  -1-*  b  without  a  Remainder ,  I  fet  the*  Quotients  4  -f-  ^ 
and  I  in  the  places  of  44 -j--^  a  4^  .-!-^^  and  4  ,  and  by  that  exchange  thefe  Fra¬ 

ctions  will  arife,  to  wit-  ^ 

and  A. 

In  ^ike_rpanner,  becaUfe'W  —  the  Denominator  "of  the  firft  of  the  two  Fractions  laff 
above-written  ,*and  dd  the  Numerator  of  the  latter  Fraction,  may  be  feverally  divided 
by  d  without  a  Remainder ,  I  ,fct  the  Rodents  c  -~d  and  d  in  the  places  of  cd-^dd, 
and  dd,  and  fo  thefe  new  Fradions  arife ,  to  wit ; 


4 


and 


c  —  d  1 

Then  I  multiply  (as  before)  the  Numerators  a>-\^b  and  d,  one  by  the  other,  and 
the  Product  da  dh  is  a  new  Numerator :  Alfo  multiplying  the  Denominator  c  —  d 
by  the  Denominator^  1 , 1  the  Product  c  —  d  is  a  new  Denominator ,  and  the  new  Fraction 

is  the  Product  fought  j  being  equal  to  that  which  would  be  made  by  the 


da<-\-\db 
c  —  d 

mutual  multiplication  oi 

o  —  dd  \  a  4 

be^multplyed. 


dd 


the  Fractions  firft  propofed  to 


So  alfo,  If  it  be  defired  to  multiply  4-i-  — 'by  a-^ib 

'  ,,  r>  .  ,  '0  a-^b 


b^ 

4 


that 


1$ 


44 


-j'-—  Forafmuch  as  the  Numerator  44  —  %ab'\-bh 


4  —  b  '  a 

the  latter  Fraction,  and. the  Denominator  4  —  ^  of  the  former,  being  feverally 
divided  by  their  common*Divifor  4  —  A  will  give  the  Quotients  4  —  b  and  i ;  therefore 
I  fet  thefe  in  the  places  of  44  —  iab.-\-bb  and  a  —  b,  whence  thefe  Fradions  will 
arife  ,  to  wit ;  * 

44  • —  ah  -!-  bb  j  4  —  b  ^ 


a 


Which 
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Which  being  multiplyed  one  by  the  other  will  give  2  -Ar-i  abb  hhb 

A 

aa.  —  lAb^ihh  —  the  Produ£l  fought. 


or 


aaa  —  ahh 


cd  — 


will 


Again  ,  this  Fraftion  multiplyed  by 

produce  ^  Numerator  of  the  firft  Fraction 

tnd  the  Denominator  of  the  latter  being feverally  divided  by  their  common  Divifor  c~d, 
the  Quotients  will  be  aa  —  bb  and  d  j  Alfo,  the  Denominator  of  thefirft  Fra'ftion  and 
the  Numerator  of  the  fecond  being  feverally  divided  by  their  common  Divifor  a-\-bj 
the  Quotients  will  be  a-\-b  and  aa  —  ab  then  fetting  the  two  former  Quotients  in  the 
places  of  the  two  firft  Dividends ,  and  the  two  latter  Quotients  in  the  places  of  the  two 
latter  Dividends i  thefe  two  Fradions  willarife,  to  wit; 

AA  —  bb  AA — ah 


and 


a 


Laftly,  multiplying  the  Numerators  aA  —  bb  and  —  ^b  one  into  the  other  ;  as  alfo 
the  Denominators  A-k~b  and  d,  (  as  in  former  Examples ,)  you  will  find  the  Product 
fought ,  to  wit . 

AAAA  —  AAAb  —  AAbb  -4-  abbb 

ad  -Y^bd  •  * 

XXIII.  When  a  Fraction  is  to  be  multiplyed  by  fome  Integer  that  happens  to 
be  the  fame  with  the  Denominator  of  the  Fraftion ,  take  the  Numerator  for  the  Produft 

required.  As,  for  Example ,  to  multiply  by 


a 


A d  I  write  aA  -\-Ab 


•d^-'bb  for  theProdu£t  of  their  multiplication. 

Likewife ,  If  be  to  be  multiplyed  by  the  Denominator  c  j  I  write  the  Numera¬ 


tor  b  for  the  Product.  The  reafon  of  this  Contra£lion  is  evident  j  for  if  —  be  mul- 

c 

tiplycd  by  ,  or  -i  ,  in  the  ordinary  way,  the  Produft  will  ftand  thus,  ~  ,  which, 

1  c 

by  calling  away  the  common  Faftor  c  out  of  the  Numerator  and  Denominator ,  gives  b 

for  the  Product  •  to  wit ,  the  Numerator  of  the  given  Fraftion  — . 

c 

Hence  alfo ,  if  an  Algebraical  Fraflion  be  to-  be  multiplyed  by  fome  letter  or  letters 
that  are  found  among  others  in  every  member  of  the  Denominator,  that  multiplication 
needs  no  other  work  but  the  calling  away  fuch  letter  or  letters  out  of  the  Denominator : 

As  to  multiply  fL  hy  c ,  the  Produa:  is  ;  where  obferve,  that  becaufe  the 
ca  ^  a 

multiplyer  c  is  found  in  the  given  Denominator  cd,  I  ftrike  it  quite  out. 

Likewife,  to  multiply  by  d,  I  write  —  for  the  Produdl:  And  to  multiply 


bbb- 


ccc 


^faa  —  3gAa 
the  Produft  required. 


cd 

by  34^,  I  cancel  344  in  the  Denominator  ,  and  write 


bbb 

/- 


ccc 


for 


■g 


Note,  The  taking  of  f  parts  of  the  Quantity  4 ,  imports  the  fame  thing  with  the 
multiplying  of  4  by  f ,  and  the  Prod ua  may  be  expreft  either  thus,  —  j  or  thus,  fa. 

Likewife  f  of  ^  -^c,  or  the  Product  of  ^-1-C  multiplyed  by  f  y  may  be  expreft 
cither  thus ,  ^  or  thus ,  jb  -|-  fc.  And  fo  of  others. 


Vivijion 


/ 


40 


Jhe  Arithmetick^  of 
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Divijion  in  Algebraical  Fra&ions, 

ft 

XXIV.  when  the  two  given  Fra^Iions ,  to  wit ,  the  Dividend  and  Divifor ,  have 
a  common  Denominator,  caft  away  the  Denominator ,  and  divide  the  Numerator  of  the 
Dividend  by  the  Numerator  of  the  Divifor  •  fo  that  which  arifeth  lliall  be  the  Quotient 

bb 

fought.  As ,  to  divide  -  by  - .  I  caft  away  the  common  Denominator  c ,  and 

c  c 

divide  aab  by  bb  >  fo  the  Quotient  fought  is  ■,  that  is, 

bb 


aa 


In  like  manner,  divided  by  ^  gives  — ,  that  is ,  ab  for  the  Quotient. 


Again,  If 


' 


abb 


be  divided  by 


ab 

<24"+-2  ah-^bb 


there  will  arife 


aaa — abb 


c  d  c d  aa-^--2ab~\~'bb^ 

which  abbreviated  (  by  dividing  the  Numerator  and  Denominator  feverally  by  their 

aa  —  ab 


common  Divifor  a-\-b)  gives 


b 


the  Quotient  fought. 


XXV.  If  the  given  Fractions  have  not  a  common  Denominator,  then  (as  in  Di- 
vifion  of  vulgar  Fradions )  multiply  the  Numerator  of  the  Dividend  by  the  Denomi¬ 
nator  of  the  Divifor ,  and  the  Produd  ftiall  be  a  new  Numerator  •  alfo  ,  multiply  the 
Denominator  of  the  Dividend  by  the  Numerator  of  the  Divifor,  and  the Produd Ihall  be 
a  new  Denominator  •  fo  the  new  Fradion  is  the  Quotient  fought. 

^  by  ,  I  multiply  ab  by  4 ,  and  the  Produd 
c  a 

is  aab  for  a  new  Numerator .  alfo,  multiplying  c  by 
by  dd ,  the  Produd  is  die  for  a  new  Denominator  5 

fo  the  Quotient  fought  is 

ddc  •  - 

the  Quotient  will  be  — — 

cc  —  dd^ 

For  aa  —  bb  the  Numerator  of  the  Dividend  bein?  multinlved  hv  aa. yy  the  De- 


Ab,  for  Example,  to  divide 
dd  \  ab  ^ 


a 


) 


aab 

ddc 


Likewife,  If 


aa 


bb 


be  divided  by 


c  -j-  d  aa  ~^bb 

bb  the  Numerator  of  the  Dividend  being  multiplyed  by  aa  . 
nominator  of  the  Divifor ,  the  Produd  aaaa — ’bbbb  is  the  new  Numerator  •  and 
the  Denominator  of  the  Dividend  being  multiplyed  by  c  —  d  the  Numerator  of  the 
Divifor  produceth  cc  —  dd  for  a  new  Denominator  j  whence  the  Quotient  fought  is 
'  bbbb 

cc  —  dd 

X  X  V  I.  But  oftentimes  there  may  be  this  ufeful  Contradion  in  the  Divifion  of 
Fradions,  vi^.  when  either  the  two  Numerators,  or  the  two  Denominators  may  be 
divided  by  fome common  Divifor  without  a  Remainder,  fet  the  Quotients  ariling  out  of 
fuch  Divifion  (  or  imagine  them  to  be  fet  )  in  the  places  of  the  faid  Numerators  or  Deno¬ 
minators  that  were  divided ,  and  then  divide  as  in  the  former  Examples. 

As  ,  to  divide  -  —  ^  hy  —  ■  ^  ;  Forafmuch  as  the  Numerators  aa  —  ab  and- 

a  —  b  may  be  reduced  to  more  fimple  Terms,  to  wit,  4  and  i  ,  (for  44  —  4^  and 
a  b  being  feverally  divided  by  their  common  Meafure  a  —  b  give  a  and  i.  And, 
becaufe  the  Denominators  cc  and  cd  may  likewife  be  reduced  to  more  fimple  Terras 
r  and  ,  (  by  dividing  the  laid  cc  and  cd  by  their  common  Divifor  c,)  therefore  in  the 
places  of  the  two  given  Numerators  aa  *—  ab  and  a  —  b  I  fet  the  two  former  Quotients 
a  and  i  ,  and  in  the  places  of  the  two  given  Denominators  cc  and  cd  I  fet  the  two 


r 

1 


)  T  ( 


da  latter  Quotients  c  and  d-^  fo  there  will 


be 

c 


and  -j-  for  a  new  Dividend  and  Divifor ;  then  (  as 
before)  I  multiply  a  by  d^  and  the  Produft  is  ad  or  da  for  a  new  Numerator; 
Alfo,  c  multiplyed  by  i  gives  c  for  a  new  Denominator,  and  the  new  Fra<ftion  is 


the 
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the  Quotient  fought ;  which  is  equal  to  that  which  would  arife  by  dividing  by 

a — y 


cc 


cd 


,  to  wit ,  the  Fractions  firft  propofed. 


Again,  If  it  be  defircd  to  divide 


bhhb  aa^l-aif  t-  r  t  . 

Forafmuch  as  the 

Numerators  daaa’—bbbb  and  aaJ^-^ab  may  be  reduced  to  aaa  —  aab  abb  —  bbb 
and  a  by  their  common  Divifor  a-hb-,^  and  the  Denominators  aa  —  iab-\-  bb  and 
A  —  b  may  be  reduced  to  and  i\  by  the  common  Divifor  a  —  b^  therefore 

inftead  of  multiplying  aaaa  —  bbbb  hy  a  — b,  I  multiply  the  faid  aaa—\ab^Uabb 
^bbh  by  I  ,  and  the  ProduiSiis  aaa  —  aab^\^abb—.bbb  for  a  new  Numerator;  and 
inftead  of  multiplying  aa  —  lab^y-bb  by  aa^\-*(ib,  I  multiply  a  —  ^  by  .  fo  the 
Produd  aa  —  ab  ihall  be  a  new  Denominator  ,  whence  the  Quotient  fought  is 
aaa  — •  aab  — ]-*  abb  —  Ibb 

aa  —  ab  *  •  . 

In  like  manner,  If  ~ ^  ■  be  divided  by  the Qnoiient  will 

.  I  — i-i*  25  u ^ 

•^aa^^^a — 125  ^  ✓  j  t 

~  5  aaaa  —  625  and  aa-^—^d  may  be  reduced  to 


be 


aaa  —  ^aa^-^^<,a — 125,  and  a  by  the  common  Divifor  ^ -j- 5  .  Alfo,  aa _ loi 

-(-a 5  and  ^  may  be  reduced  to  a ^  and  i  by  the  common  Divifor  a  —  s 

and  I }  whence  inflead  of  the  Fractions  given  we  may  divide 

aaa  — •  ^  da  — 1~«  ^  a  —  12^  .  a 

- ? - by  — 

a  —  5  I  ^ 

aaa  —  ^aa  -j—  2  5-4  — -125 


and  the  Quotient  fought  will  be 

Again,  to  divide  aaa  —  2 44^ by 


44  — 
44 


54 
-  ab 


a  -j—  b 


I  fet  I  for  a  Denominator 


under  the  Dividend  aaa  — 2  aab  abb,  it  ftandsthus  -^J^^abb  ^ 

I  * 

forafmuch  as  the  Numerators  aaa  — »  2 aab  -1—  abb  and  aa  —  ah  may  be  reduced  to  4 _ b 

and  I ,  (  by  the  common  Divifor  aa  —  )  therefore  inftead  of  the  given  Dividend 

and  Divifor  we  may  take -  and  — ^ — r-  ,  whence  the  Quotient  fousht  will  be 

I  4  b  ° 

found  bb.  ,  . 

So  alfo ,  If  aa -4 - be  to  be  divided  by  4  4-«  ^ ,  that  is , 

by  ■ ,  the  Quotient  will  be  found  .  ^nd  divided  by 

I  4  --I-  4^  X  —  5-  ^ 


XX gives  the  Quotient  — — :  Lallly  , 

X—  y  ^  X —  s  ■' 


the  Quotient 


5  gives 


X 


\ 


F 


C  H  A  P, 


% 


Chap.  VII. 


The  Rule  of  Three  in  Quantities  reprefented  by  Letters, 


I.  AS’”  Vulgar  Arithmetick  fo  here  in  Algebraical ,  if  three  Quantities  be  given  tb 
r\  ^  fourth  in  a  dircft  Proportion ,  that  is ,  when  the  nature  of  the 

Qucftion  is  fuch  5  that  as  the  firft  Term  is  in  proportion  to  the  fecond ,  fo 
..  the  third  to  the  fourth  fought ;  then  (  refpea  being  had  to  the  preceding  Rules  of  Alge¬ 
braical  MuUiplitaiion  aud  Divilion  )  multiply  the  fecond  and  third  Terms  one  into  ano¬ 
ther,  and  divide  theProdua  by  the  firft  Term  j  fo  the  Quotient  lhall  be  Ac  fourth  Pro¬ 
portional  fought.  n  II  •  •  a 

As,  for  example ,  If  the  Quantity  a  give  It ,  what  ftiall  c  give,  in  a  direct  Propor¬ 
tion  ?  Or,  to  the  fame  effeft,  find  out  a  quantity  which  fliall  have 
the  fame  proportion  to  c ,  as  ^  hath  to  a  j  here  1  multiply  h 
by  c ,  and  then  dividing  the  Produft  k  by  a,  the  Quotient 

—  is  the  fourth  Proportional  fought .  as  will  appear  by  the 


IS 


a 


he 


a 


The  Proof, 


Ahc 


a 


=  he. 


a 


Proof  of  the  Rule  of  Three  direft:  For  if  the  fourth  Term 
be  raultiplycd  by  the  firft  Terra  a ,  the  Produft  will  be 


a 


which  (  by  Se^.  y.  Chaf,  5.  )  is  equal  to  he  ^  to  wit,  the  Produft  of  the  fecond 


a 


Terra  multiplyed  by  the  third. 

In  like  manner.  If  4-+-^  give  dy  what  fliall  c^d  give  in  a  Direft  proportion? 

_  dc  dd 
Anfwer , 


a 


h 


Again ,  If  4  give  5  ,  what  fliall  844  give  ?  Anfw. 


2444 


,  that  is  9  6aa»  ‘ 


Moreover ,  If  444  —  aah  ahh  —  hhb  give  aa^hby  ^  what  fliall  44  —  bb  give  ? 
Anfw,  4-}-^:  For  the  fecond  and  third  Terms  being  multiplyed  one  by  the  other  will 
produce  aaAa—bhbb  ,  which  divided  by  the  firft  Term  aaa—aah-^-ahb—hhb  (  according 
to  the  general  method  of  Divilion  in  Se^,  9,  Chaf.  5.)  gives  a-\~b  the  fourth  Propor¬ 
tional  fought. 

1 1.  When  any  one  of  the  three  given  Quantities  is  an  Algebraick  Fraflion ,  fet 
the  other  two  if  they  be  Integers,  in  the  form  of  Fraflions,  by  placing  1  as  a  Denomi¬ 
nator  under  each  Integer. 

Alfo,  when  any  one  of  the  three  given  Quantities  is  compos’d  of  an  Integer  and  a 
Fra^lion  ,  let  it  be  reduced  into  the  form  of  a  Fradion,  (^by  Se^,  y.Chaf.  6.)  then  if 
the  Proportion  be  Dired ,  multiply  and  divide  as  before. 

give  cdy  what  fliall  give  in  a  dired  pro- 


As ,  for  example  ,  If  4  -j- 

abecd 


portion  ?  Anfw. 


For  firft ,  4 


hh 


f 


being  reduced  to  the  form  of  a 


acf-i-  hhf  ' 

fradion  will  ftand  thus  .  alfo  cd  fet  fradiorawife  is  —  5  then  multiplying 


ah 


cd 


the  third  Term  by  the  fecond  Term 

f  1 

L  .u  c  n.  -r  ac  bh  .  abecd 

by  the  farlt  Term  -  gives 


the  Produd  is 


abed 


f 


which  divided 


acf^\-*  bbf 

in  like  manner ,  If  —  give  </,  then  will  give  — 

c  d  abd 


for  the  fourth  Proportional  fought. 


for 


abd 


being  abbreviated  according  to  5ed.  5.  Cha^.  y.  gives 


cb 


Alfo,- 


s 


I 


Chip.  8.  Concerning  the  ExtraBion  of  Roots. 


Alfo,  If  S‘ve  4?  ;  then  -  will  give  — 

a  —  c  aa  —  cc 

III.  If  after  the  three  given  Quantities  are  ordered  or  fet  in  the  Rule  according  tS 
the  ufual  manner  in  Vulgar  Arithmetick,  the  Proportion  flows  backwards,  viz.  it  the 
native  of  the  Queflion  be  futh,  that  as  the  third  Term  is  in  proportion  to  the  fecond ,  fo^  is 
thefirfttothe  ioiirth  Term  fought  j  then  (as  in  the  Inverfe  or  backward  Rule  of  Three  in 
Vulgar  Arithmetick  )  multiply  the  firft  and  ^fefcond  Terms  one  by  the  other,  and  divide  the 
Produd  by  the  thitd  ,  fo  the  Quotient  fliall  be  the  fourth  Propartional  fought.  But  I  lhall 
not  need  to  give  Examples  of  this  Rule  ,  nor  to  make  application  of  Algebraical  Arithrne- 
tick  to  the  Double  Rule  of  Three,  Rules  of  Fellowlhip  and  Alligation  .  fince  he  that 
underftands  the  manner  of  working  thofe  Rules  ih  Vulgar  Arithmetick ,  as’ alfo  the  Rules 
of  Algebraical  Arithmetick  before  delivered,  cannot  mifs  of  performing  the  like  work 
Algebraically  when  there  is  occafion. 


Chap.  VIII. 

An  IntrodnBion  to  the  ExtraBion  of  ROOTS  out  of 

Algebraical  Qmntities, 


I.  TT  IS  not  my  defign  in  this  Chapter  to  treat  of  the  Extradion  of  ingeherai  ’ 
i  (  that  Dodrine  being  hereafter  handled  in  the  third  and  fourth  Chapter  of  the  fecond 
liook  )  but  chiefly  to  fliew  how  to  extrad  the  Roots  or  fides  “of  Simple  Powers  expreft 
by  Letters,  as  alfo  of  Squares  formed  from  Rational  Binomial  Roots,  in  order  w  the 
explication  of  divers  Equations  in  the  following  Chapters :  For  I  would  not  willinglv 
aftrignt  the  Learner  With  tedious  and  intricate  Operations  until  he  hath  had  a  confiderable 
lafle  of  the  pradice  of  Algebra  in  the  folving  of  Arithmetical  Queflions. 

^  1 1.  As  in  Vulgar  Arithmetick  ,  the  extradion  of  the  Square  root  of  a  given  number 

imports  nothing  elfe  but  the  finding  out  fuch  a  number  that  being  multiplyed  by  it  felf 
will  produce  the  given  number  .  fothe  eXtrading  of  the  Square  root  of  the  quantity  ad 
implyes  onely  the  finding  out  fuch  a  quantity,  which  if  it  be  multiplyed  by  it  felf  will  pro 

duce  ad;  and  finCe  4  multiplyed  by  4  produceth  aa ,  therefore  a  is  the  Root  or  fide 
or  the  Square  aa. 

Likewife  the  fquare  Root  of  4^^  is  2^.  for  2^  multiplyed  by  zi>  produceth  4^^; 
And  for  the  fame  reafon,  the  fqukeRoot  of  ^ad  {or—)  is  ^a  ;  (or  -f.,)  Alfo  the 

fquare  Root  of  l'l>aa  is  i>a  •  and  the  fquare  Root  of  aaaa  is  aa. 

Moreover  ,  Forafmuch  as  ad,  or  the  Square  of  the  Root  a  ,  being  multiplyed  by  the 
Root  a  produceth  aaa ,  or  the  Cube  of  a  \  therefore  the  cubick  Root  of  aaa  being  ex- 
traded  there  will  come  forth  again  the  Root  a.  In  like  manner,  the  cubick  Root  of  %aaa 
IS  24.  for  24  multiplyed  cubically ,  (that  is,  firft  by  it  felf  and  then  again  by  the  Pro¬ 
dud)  produceth  8444. 


aa 


L 

b 


The  Root. 


1 1 1.  The  like  is  to  be  underftood  in  the  extradion  of  the  Root  of  a  Compound 
Power ;  For ,  as  the  Binomial  Root  a  -\-b ,  which  may  reprefent  the  Sumra  of  th^  two 
parts  into  which  forae  Number  or  Right  line  is 
divided  ,  being  fquared  or  multiplyed  by  it  felf, 
produceth  the  Square  44— j— 24^ -i- ;  So  the 
fquare  Root  of  aa  4-  zah-^hb  being  extiaded, 
there  will  arife  the  Root  4  Here  the 

Learner  may  ©bferve,  That  if  a  Number  or  Right¬ 
line  be  divided  into  any  two  parts ,  (  4  and  b  ) 
the  Square  (^aa-^-Zab -v- bb')  which  is  made 
of  4-1-.^)  the  Summ  of  the  parts,  is  compofed 


ah  bb 

aa-\-  2  ab  bb.  The  Square.' 


J  nn,  juuiiii  ut  LllC  13  CVllipuiCU 

of  (44  and  bb)  the  Squares  of  the  parts,  and  of  {mb)  the  double  Frodud  made  by 
the  multiplication  of  the  parts  (  4  and  ^  )  one  into  the  other. 

F  2  So 


44 


/ 
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Concerning  the  ExtraBion  of  Roots*  Book  I. 

So  ihe  Square  of  8  ,  or  of  5  -h  3  ,  is  equal  to  2  5:  +  9  -j-  3  o  ?  that  is ,  6^. 

Again  ,  As  the  BmotRial ,  or  (  as  fomc  call  it )  the  Refidual  Root  a  —  ^ ,  or  ^  —  a 
being  miiltiplyed  by  it  fclf  produceih  the  Square  aa — ^ah-\-bb‘^  So  xhe  fquare  Root  of 

aa  —  zab-\-bb  being  exrrafted  ,  there  .will 
come  forth  the  Root  a  —  b ,  ot  b  —  a  ;  (  for 
either  of  thefe  Roots  will  produce  the  fame 
Square. )  Here  alfo  the  Learner  may  obferve. 
That  if  a  Number  or  Right-line  be  divided  into 
any  two  parts ,  (  a,  and  b  )  the  Square  (^aa  — ■ 
^ab•~\-<bb  )  which  is  made  by  the  multiplica- 
rion  of  (  ^  ^  ^  ,  or  ^  —  a')  the  difference  of 
the  parts  into  it  felf,  is  equal  to  (  bb)  the 
fumm  of  the  Squares  of  the  parts,  lefs  by  (^zab) 
the  double  Produif  of  the  Multiplication  of  the  parts  one  into  the  other :  So  the  Square 
of  5  _  3  j  that  is ,  of  2  ,  is  equal  to  2  5  +  9  ~  30  ,  that  is ,  4. 

I  V.  From  what  hath  been  faid  in  the  laft  Seftion ,  this  Theorem  may  be  inferr’d, 
viz.  If  a  Compound  quantity  confifts  of  three  fuch  members  or  Simple  quantities, 
that  two  of  them  are  Squares ,  each  of  them  having  the  fign  ^  prefixt  to  it ,  and  the  third 
is  the  double  Produft  made  by  the  mutual  multiplication  of  the  Roots  of  thofe  fimple 
Squares,  the  faid  double  Produft  alfo  having  the  lign  -p  prefixt  to  it;  that  Compound 
quantity  lliai!  be  a  Square  whofe  Root  is  the  fumm  of  the  two  Roots  of  the  faid  two  fimple 
Squares :  But  if  the  faid  double  Produd  hath  the  fign  —  prefixt  to  it ,  then  the  dif¬ 
ference  of  the  faid  Roots  lhal)  be  the  Root  of  the  faid  compound  Square. 

Hence  aa  -j-  6a  -j-  9  will  be  found  a  Square ,  whofe  Root  is  a-\~  ^  .  for  it  is  evident 
*  that  aa  and  9  are  Squares ,  whofe  Roots  are  a  and  3  -  and  6a  is  the  double  Produdt 
of  the  multiplication  of  thofe  Roots  a  and  3  one  by  the  other. 

Likewife,  ^bb 6bc  cc  is  a  Square,  whofe  I^t  is  for  ^bb  and  cc  are 

Squares  whofe  Roots  are  ^b  and  c,  and  6bc  is  the  double  Product  of  the  multiplication 
of  the  Roots  3^  and  c  one  into  the  other.  Alfo,  aaaa -\~  baa ~bb  will  be  found 
a  Square,  whofe  Root  is 

Moreover,  (agreeable  to  the  latter  Cafe  in  the  Theorem  )  This  Compound  quantity 
aa  —  ica^\^  zs  will  be  difeovered  to  be  a  Square  whofe  Root  is  a —  f  ,  or  5:  — a. 
And  bbaa — zbca\'\-icc  is  a  Square  whofe  Root  is  ha  —  c,  or  c  —  ba For  from 
either 'of  thefe  Roots  the  fame  Square  bbaa—ibu^  cc  vyill  be  produced  by  Alge- 
,  braical  Multiplication.' 

if  the  Learner  be  well  vers’d  in  this  Theorem  ,  he  may  oftentimes  difeern  at  fir-ft  fight 
whhher  a  Compound  quantity  that  confifts  of  three  members  or  Single  quantities  be  a 
Square  or  not  •  and  if  a  Square,  what  its  Root  is.’ 

V.  If  a  quantity  out  of  which  a  Root  is  to  be  extrafted  be  fuch ,  that  the  Root  can¬ 
not  any  manner  of  way  be  exaftly  extracted  .  that  Root  is  ufually  defign’d  or  reprefented 
by  prefixing  the  Radical  fign  before  the  Quantity  propofed.  So  to  extraft  the , fquare 
Root  of  the  quantity  a ,  (  whether  it  reprefents  a  Plane  number  or  a  Superficies )  I  write 
or  which  fignifies  that  the  fquare  Root  of  a  is  extradedorto  be  extraded. 

So  alfo,  ^  Caa^f^ or,  denotes  the  Square  Root  of  the  fumm 

of  the  Squares  aa  and  bb. 

Likewife,  to  extradthe  Cubick  Root  of  b,  I  write  as  alfo  V  aab,  to 

fignifie  the  Cubick  Root  of  aab  •  which  kind  of  Roots  are  called  Surd  or  'Irrational 
C^antities.  (  As  hereafter  in  Chap  9.  of  the  1 1.  Book^  will  be  more  fully  declared. ) 

V  I.  When  it  is  required  to  extrad  the  Root  of  a  Fradion,  the  Root  of  the  Nume- 
rator  and  the  Root  ‘of  the  Denominator  fiiall  give  a  new  Fradion  which  is  the  Root 

fought.  As,  for  example.  If  the  Square  root  of  be  defnred  ;  forafmiich  as  the 

fquare  Root  of  aa  is  and  the.  fquare  Root  of  bb  is  b  ^  I  write  for  the  Root 
fought. 


a —b.  The  Root. 


aa  —  ab 
—  ab  -^-*bb 

'^aa  —  zab  -]-  bb.  The  Square. 


In 


Chap.  9. 


Jhe  comf  hating  of  Sqnares  formed^  &c. 
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In  like  manner ,  the  fquare  Root  .of  is  •  ( for  the  fquare  Root  of  adh 

is  ab  ^  and  the  Root  of  is  d,')  '^  ^ 

Agiin,  the  fijuatfe  Root  of  (  ‘’y  foregoing 

4.  )  the  fquare  Root  of  the  Numerator  <^4 -j- 9  is-  3  ;  and  the  fquare 
Root  of  the  Denominator  is  Alfo,  the,' Cquate, Root  pf .  ^  f  j . 

is  ii:^;  and  the  cubick  Root  of  or  V-  , 

y .  .■  ,  .  ^4_ 4 

V 1 1.  But  if  the  Root  fought^cannot  be  extraft^d^put  of  |:he  Numerator  and  Denomi¬ 
nator  as  before ,  the  Radical  fign  is  to  be  fet  before  the  given  Bradion  ;  as  to  extraif  the 

fquare  Root  of-^  ,  I  write  V-^5  or  becaufe  the  fquare  Root  of  the  Numerator’is  a, 

^  -  '  44  *'■^1  hh 

the  fquare  Root  of  ^  tnay  be  expreft  thus  .  likewife  the  fquare  Root  of - 

f  •  •  L  L  j<ia,-\^bb  _  V  :aa--\  ‘bb: 

may  be  written  cither  thus,  ;  or  thus,.,^-— - 


rmr- 

r 
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1 

Which  teachetb  horp  by  any  two  of  the  three  Members  of  dSqimk 
formed  from  a  Binomial  Rooty  to  find  out  the  third  Member, 

I  T*Rom  Seli.  3.  of  the  precedent  8.  Chap,  it  is  evident  that  every  Square  formed 
*  r  from  a  Binomial  Root ,  that  is ,  a  Root  of  two  Names  or  Parts ,  confifts  of  three 
Members  or  diftina  Quantities ,  to  wit ,  two  Affirmative  Squares ,  and  the  double  of  the 
Produd  made  by  the  mutual  multiplication  of  the  two  Roots  of  thofe  Squares ;  which 
doable  Produd  is  fometiraes  Affirmative ,  and  fometimes  Negative :  So  each  of  thefe 
compound  Squares  Qaa  ~-\- ita-l-' ^  ^  and  p44  >124 -I-*  4,  “whole  Roots  are  ^a>di^—2^ 

and  j  (or  2  — 34)  confifts  of  two  Squares,  to  wit,  944  and  4,  together 

with  12  4,  the  double  Produd  of  34  multiplyed  by  2  5  which ’34  and  2  are  the  Roots 
of  the  faid  Squares  944  and  4  •  Now  if  any  two  of  the  three  members  of  a  Square  formed 
'  from  a  Binomial  root  be  giveii ,  we  may  find  out  the  third  member  by  one  of  thefe  two 
following  Rules. 

II.  When  two  Affirmative  Squares  are  given  as  two  of  the  three  members  or  parts 
of  a  compound  Square  formed  from  a  Binomial  root  to  find  out  the  third  or  mean  mem¬ 
ber  .  extrad  the  Square  root  out  of  each  of  thofe  given  Squares  ,  then  the  double  of  the 
Produd  made  by  the  multiplication  of  thofe  Roots  one  into  the  other  fliall  be  the  mean  or 
middle  member  fought,  which  if  it  be  annexed  to  the  two  given  Squares  either  by 
or  — ,  will  make  a  compleat  Compound  Square  having  a  Binomial  Root.  ^ 

As, -for  example.  If  the  Squares  944  afid  4  be  given  ,  firft  1  extrad  their  Roots 
which  are  34  and  2  ,,  then  multiplying  thefe  Roots  one  by  the  other  the  Produd  is  6a , 
which  doubled  makes  124-  the  middle  member  fought  5  this  joy ned  by  tothefumm 
of  the  given  Squares  944  and  4  makes  the  compound  Square  944  +  4-^124,  or 
•  94#e+  124  +  4,  whofe  Root  is  34  +  2:  But  if  the  faid  double  Produd  J24  be 
joyned  to  the  fumra  of  the  Squares  by  ^ ,  there  will  arife  the  compound  Square  9.44  -j-* 
4 — 124,  or  944  —  1 2 4 -|- 4  ;  whofe  Root  is  34  —  2,  or,  2  34. 

In  like  manner ,  It  444  and  ^bb  be  propos  d  as  two  of  the  three  members  o  a 
compound  Square  that  hath  a  Binomial  Root  ,  the  third  member  will  be  found  124^  ;  and 
the  Square  fought  will  be  either  444  +  1 24^  +  gbb  ,  whofe  Root  is  24+3^5  or  elle 

444 —  124+1-9^^,  whofe  Root  is  24  — 3^,  or  5^ -^24. 


46  Ihe  compleating  of  Squares  formed^  See.  Book  I.  • 

1 1 1.  When  the  double  Produft  and  either  of  the  two  Affirmative  Squares  aforefaid 
-  are  given  as  two  of  the  three  members  of  a  compound  Square  having  a  Binomial  Root ,  to 
find  out  the  other  Square  or  third  member  j  divide  half  the  faid  double  Produd  by  the 
'  Root  of  the  given  Square ,  and  the  fquare  of  the  Quotient  fliall  be  the  third  member  fought, 
which  added  by  ►-I-  to  the  two  given  membbs  will  corapleat  the  Compound  Square. 

As,  for  example.  If  paa^j-^^iia  be  propofed .  the  half  of  1 2^  is  ;  this  di¬ 
vided  by  34  ( the  fquare  Root  of  ^aa  )  gives  2  whofe  Square  is  4  ,  which  added  by 
to  944-j-*i24  makes  p44-j- 124 -J-4 ,  which  is  a  compleat  Compound  Square, 
whofe  Root  is  34-]- 2. 

In  like  manner.  If  124-I-4  be  given  ;  the  half  of  124  is  64,  which  divided  by  2, 

( the  fquare  Root  of  4)  gives  34,  whofe  Square  is  944,  which  added  by  +  to  124 
-l-4j  makes  the  compound  Square  1 2 4 4 944,  that  is,  944-L  1244-4,  whofe 
Root  is  34 2. 

Again,  If  44 —  2^4  be  given,  the  half  of  2^4  is  ^4,  which  divided  by  4 ,  (the 
fquare  Root  of  44  )  gives  the  Quotient  b,  whofe  Square  is  bb ,  which  added  to  44—2  ba 
makes  the  vSquare  44 — 2ba-\^bb^  whofe  Root,  becaufe  —  is  prefixt  to  2^4,  fliall 
be  4  —  or,  b  —  4,  But  if had  been  prefixt  to  2^4,  then  the  Root  would  have 
been  4 -j- or  ^  ■4^4. 

Note.  If  the  faid  Affirmative  Square  given  be  expreft  by  letters,  and  hath  only  1 
(to  wit,  Unity )  prefixt  to  it ,  then  infiead  of  the  Rule  above  delivered  in  this  Sect.  3.  there 
may  be  this  Compendium ,  viz,.  The  Square  of  half  that  quantity  which  in  the  doable  Pro- 
duft* given  is  drawn  into  the  Root  of  the  given  Square  lhall  be  the  third  Member  fought 
to  compleat  the  compound  Square  :  As  in  the  laft  Example ,  where  44  —  zba  was  given, 
becaufe  1  is  prefixt  (orrauftbe  imagined  to  be  prefixt  )  to  44;  I  take  the  half  of  2^ 

to  wit ,  b ,  which  multiplyed  by  it  felf  gives  bb ,  which  added  by  -I*,  to  44 _ 2^4 ,  will 

make  (as  before)  the  compleat  Compound  Square  44—  zbaf-\-bb.  So  alfo  to  make 
444-6^4  a  Compleat  Square,  I  take  the  halt  of  6d  which  is  3^,  whofe  Square  <^dd 
added  by  4-^  to  aa~\-- 6da  makes  the  compound  Square  aaJ^-6da-\^^dd  whofe  Root 
is  4  4"  3^*  This  will  be  further  illuftrated  in  the  next  ’ 

■  # 

IV.  If  a  Compound  quantity  confifis  of  two  fuch  quantities  that  one 'of  them  is  an 
Affirmative  Square  expreft  by  letters,  before  which  i  is  prefixt,  (or  fuppos’d  tube  prefixt) 
and  the  other  is  the  Produd  made  by  the  multiplication  of  the  Root  of  that  Square  by 
fome  quantity,  which  is  ufually  called  the  Coefficient;  that  Compound  quantity  may 
be  made-  a  compleat  Square  thus ,  viz,.  Add  by  the  fign  ^  the  Square  of  half  the  Co¬ 
efficient  to  the  Compound  quantity  given,  fo  lhall  thelumm  be  a  Square,  whofe  Root, 
when  4-  is  prefixt  to  the  faid  Produd ,  is  the  fumm  of  the  Roots  of  the  Square  given  and 
|he  Square  added  :  But  when  —  is  prefixt  to  the  faid  Prodiid,  then  the  Root  of  the  Com¬ 
pound  Square  found  lhall  be  the  difference  of  ihofc  two  Roots. 

As,  for  example.  If  the  Compound  quantity  444-^4  be  propofed;  I  take  the  half 
of  the  Coefficient  c,  to  wit,  then  the  Square  of  fc  is  which  added  to  aa~\~ca 
makes  44 4- C4  4^ ;  which  is  a  Square  whofe  Root  or  Side  is  a-\-~fcy  to  wit  'the 
fumm  of  the  Roots  of  the  Squares  44  and  ^cc  ^  But  if  the  faid  be  add^d  to  aa  —  ca 
then  there  will  arife  the  Square  44  —  ca  -\~  \cc  ,  whofe  Root  is  4  —  fc,  or  ic~^a.  * 

In  like  manner,  To  make  aa~^  $ba  a  compleat  Square,  and  to  difeover  its  Root* 

I  take  the  half  of  to  wit,  the  Square  whereof  is  -^bb,  which  added  to  the  given 
Compound  quantity  aa-^—^ba  makes  44-4— 5^4 ,  which  is  a  Square  whofe 
Root  is  aAr^b,  as  will  ealily  appear  by  multiplying  the  faid  Root  into  it  felf. 

So  alfo  ,  To  make  44  —  124  a  perfed  Square,  I  add  3  6  (the  Square  of  half  the  Co¬ 
efficient  1 .2  )  to  44  —  12  4,  and  it  makes  the  compound  Square  44 _ 06  whofe 

Root  is  4  —  6,  or  6  — 4. 

Again,  To  find  what  Quantity  muft  be  added  to  44444- ^4,  or  44444-144,  to 
make  a  compleat  Square  ,  I  take  t ,  to  wit,  half  the  Coefficient  t  which  is  prefixt  to  44, 

(the  Square  root  of  aaaa)  and  then  the  Square  of  the  faid  j  is  ;;  this  added  to  4444 
4—1^4  makes  the  Square  4444 -j-  1444— 4  5  ot ,  4444  4~' 44  4- 4  >  whofe  Root  is 

"r  I  >  to  wit,  the  fumm  of  the  Roots  of  the  Squares  4444  and 

After 
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After  the  fame  manner ,  To  make 
this  Compound  Quantity  a  compleat 

Square,  . . 

1  take  the  half  of  the  Coefficient 

to  wit, 

Then  the  Square  of  that  half  Co-  7  +  9^^ ; 

efficient  is  .  . . 5 

Which  Square  added  to  the  Com-  1  4^^  "j-  1 get 

pound  quantity  propofed,  makes  J  d  ’ 

Which  laft  Compound  quantity  is  7  ^ 

a  Square,  whofe  Root  is  . . J  2d  ’ 


Likewife ,  If  it  be  defired  to  make  this  Compound  quantity  a  compleat  Square ,  to  wit, 
aAkaaA^haa,  I  add  to  it  the  Square  of  half  the  Coefficient  h  ^  to  wit,  \hb fo  there 
will  \it  aaAaAA\^ba<iA-\^\hb  the  Square  defired,  whofe  Root  is  aa(i^\b. 


C  H  A  p.  K. 

A  CoUeSiion  of  eafie  QueBions  to  exertife  the  Rules 

hitherto  delivered. 


I,  T^Here  are  two  Quantities  whereof  the  greater  is  a  (or,  3, )  the  lefler  is  e ,  (or  2,') 
X  What  is  their  Summ  ?  What  is  their  Difference  ?  What  is  the  Produft  of  their 
Multiplication  ?  What  is  the  Quotient  of  the  greater  divided  by  the  ieffer  ?  What 
is  the  Quotient  of  the  Ieffer  divided  by  the  greater  ?  What  is  the  Summ  of  their  Squares  ? 
What  is  the  Difference  of  their  Squares?  What  is  the  fumm  of  the  Summ  and  Dif¬ 
ference  of  the  two  Quantities  firft  propofed  ?  What  is  the  difference  of  their  Summ  and 
Difference  ?  What  is  the  Produd  made  by  the  multiplication  of  the  Summ  by  the  Dif¬ 
ference  ?  What  is  the  Square  of  the  Summ  ?  What  is  the  Square  of  the  Difference  ? 
What  is  the  Summ  of  the  Squares  of  the  Summ  and  Diflference  ?  What  is  the  Difference 
between  the  Square  of  the  Summ,  and  the  Square  of  the  Difference  ?  What  is  the  Square 
of  the  Produft  of  the  multiplication  of  the  faid  two  Quantities  ? 


Anfivers 


hj  Letters, 


b)  Numbers. 


1.  The  Summ  \)f  the  two  Quantities  propofed  is  ..  ..  I' 

2.  Their  Difference,  Or  the  excefs  of  the  greater?  j 

above  the  the  lefs  ,  is . . . ^ 

3.  TheProdudtof  their  Multiplication  is . 

4.  The  Quotient  of  the  greater  divided  by  the  lefs  is . . 


a-^-e 
a  —  e 
ae 

A 

e 


5 

1 

6 

t 

X 


5w  The  Quotient  of  the  Ieffer  divided  by  the  greater  is 

6i  The  Summ  of  their  Squares  is  ...  4 ......  . . 

7.  The  Difference  of  their  Squares  is . .  •  • 

8.  The  fumm  of  the  Summ  and  Difference  of  the  two? 

Quantities  firft  propofed  is  ...  . . . 

p.  The  difference  of  their  Summ  and  Difference  is  ... 
I  o.  The  Produft  of  the  Multiplication  of  the  Summ  ? 

by  the  Difference  is  . . *  *  •  j 

IT.  The  Square  of  the  Summ  is  .....  . . 

1  z.  The  Square  of  the  Difference  is  . 


e 

a 

m  -h  ee 
aa  —  ee 

24 

26 


an  —  ee 


f 

13 

5 

6 

4 

$ 


aA'\^2ae^\-  ee 
a  A  —  2ae~\-  ee 


i„ 

13.  The 


(yX“- 


Qmfiions  to  exercife 


Book  I. 


13.  The  Sumra  of  the  Squares  of  the  Sumra  and? 

Difference  is  ....  . . S 

14.  The  difference  between  the  Square  of  theSumm? 
and  the  Square  of  the  Difference  is  ........  3 

1 5-.  The  Square  of  the  Produ,5t  of  the  multiplication  7 
of  the  two  Quantities  is . .  ,  , 


z6 


In  like  manner.  If  the  greater  of  two  Quantities  be  r,  (or  4,)  and  the  leffer  be 


h  —  d 


5  (  which  we  may  fuppofe  to  reprefent 


20  —  12 


4 


for  20,  and  ^  for  125)  then 
I.  The oumm  of  thofe  two  Quantities  will  be  .  ^ 


2.  Their  Difference  is 


r  •  -  r 


3.  TheProdud  of  their  Multiplication  is  ,  i  . 

4.  The  Quotient  of  the  greater  divided  by  the  Icfs  is  . . 


The  Quotient  of  the  leffer  divided  by  the  greater  is 
6.  The  fumm  of  their  Squares  is  .  i  I  . 


7.  The  difference  of  their  vSquares  is  I  ;  .  T  '.  .  , 

8.  The  fumm  of  the  Summ  and  Difference  of  the  > 

two  quantities  is . . 

p.  The  difference  between  the  Summ  and  Difference  is 


10.  The  Produd  of  the  Summ  multiplyed  by  the" 
Difference  is  .  .  . . : . ' 


,  that  is ,  2  j  by  putting  ^ 

7 


c  — 


,  CC 


—  i&d'^dd 


cc 


cc 


cc  — 


bb  —  ibd-i^dd 


cc 


II.  There  are  two  Quantities  whofe  Summ  is  (  or  20,)  and  the  greater  of 
them  is  put  a,  (or  12  .)  What  is  the  Leffer  ?  What  is  their  Difference?  What  is 


the  Produd  of  their  multiplication  ?  What  is  the  Summ  of  their  Squares  ?  What  is  the 
Difference  of  their  Squares  ? 


1.  If  from  the  Summ  of  two  quantities  the  greater' 

be  fobtraded,  the  Remainder  ffiall  be  the  leffer  5’ 
therefore  the  leffer  quauntity  fought  is . ' 

2.  If  from  the  greater  quantity  4,  the  leffer  b — a  be'? 
fubtraded,  the  Remainder  or  Difference  will  be  . . .  ^ 

3.  The  Produd  of  the  multiplication  of  the  two? 

quantities  is  ...  . . .  . . c 

4.  The  Summ  of  their  Squares  is  ,  . 

5.  The  Difference  of  their  Squares  is 


•  •  •  • 


b—  a 


laa  *+“  bb  —  iba 
2ba  —  bb 


But  if  the  Summ  of  two  quantities  be  reprefented  by 

And  for  the  leffer  of  them  there  be  put . 

The  Grpter  quantity  lhall  be . 

1  heir  Difference  fhall  be . . 

The  Produd  of  their  Multiplication  . 

The  Summ  of  their  Squares . 

The  Difference  of  their  Squares 


b 

20 

e 

$ 

b  —  e 

12 

b  —  2tf 

4 

bs  —  ee 

bb  —  zbe 

208 

bb  —  zbe 

80 

III.  There 


.  1 
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II  1.  There  are  two  Quantities  whofe  Difference  is  d,  (or  4,)  and  if  for  the 
Greater  quantity  there  be  put  (or  1 2  5)  What  is  the  Lefler  ?  What  is  their  Summ  ? 
What  is  the  Product  of  their  Multiplication  ?  What  is  the  Sutnm  of  iheir  Squrres  ? 
What  is  the  Difference  of  their  Squares  ? 


1.  By  fubtrading  the  Ditfercnce  from  the  Greater? 

quantity,  theLeffer  will  be  .  .  . . 5. 

2.  The  Summ  of  the  two  quantities  is . 

3.  The  Product  of  their  Multiplication  is  .  . 

4.  The  Summ  of  their  Squares  is  .  .  .  .... 

y.  The  Difference  of  their  Squares  is  •  .  ,  .  • ,  • . 

4  —  d‘ 

7a  - —  d 
*  aa  —  da 

2  a  a  — 1 —  dd  ■ — *  2  da 
^  2  da  ^'dd 

s 

20 

- 

.  208 
^0  • 

1 .  But  if  the  Difference  of  two  quantities  be  .....  ^ , 

d,  1 

4 

2.  And  for  the  Lefler  quantity  you  put  ‘ . 

e 

8 

3,  The  Greater  lhall  be  the  .fumra  of  the  Difference? 
and  the  Lefler  ,  to  wit . . 5 

d  -i-  e 

1 2 

4.  The  Summ  of  the  two  Quantities  is  .  .  .  .. 

d  — j—  ze 

20 

y.  The  Produd  of  their  Multiplication  is  .... 

de  Sf-  ee 

(5.  The  Summ  of  their  Squares  is  .  . . 

dd^-*  ide^^\-'2ee 

208 

7.  The  Difference  of  their  Squares  is 

80 , 

•  < 

I V.  There  are  two  Quantities ,  whereof  the  Greater  hath  fuch  proportion  to  the 
Leffer  as  r  (  3  )  to  s,(  2,)  now^  if  for  the  Greater  quantity  there  be  put  ^,(15-,  ) 
What  is  theLeffer?  What  is  their  Summ  ?  What' is  thefr  Difference  ?  What  is  the 
Produft  of  their  Multiplication  ?  What  is  the  Summ  of  their  Squares  i  What  is  the 
Difference  of  their  Squares  ?  *  Z  *  1*  '  -  .  '  .  i  '  -  ^ 


i.‘  Firft,  fay  by  the  Rule  of  Three*,  If  r  give  s 

what  will  a  give?  Anfw.  —  ,  which  is  the> 

°  r  c 

sa 

1 

i  T 

10 

Lefler  quantity  fought  .  .  .  .  .  .  .  .  .^ 

,  ia 

a 

. 

r 

2.  Then  the  Summ  of  the  two  quantities  will  be  .  ^  . 

■'2$.  ' 

3.  Their  Difference  is  ;  , 

\  a - - 

i 

r 

4.  The  Produd  of  their  Multiplication, is  .  '  i!  ;  . 

t  *  1 

I  .. 

,  r  ■  ■ 

'  lyo 

yj  The  Summ  of  their  Squares  is,  ...  .  ;  . 

1. 

r 

1  aa  •“t-' - 

6.  The  Difference  of  their  Squares  is  .  "  .  ,.  .  . 

■  ■  j 

'  1  ■  -  • 

'  125” 

- .  '■  - - - - - - 

rr 

- ^  ^  .  .-T' - - - - r - ^ — T- - — T — 

But  if  the  Lefler  of  two  quantities  be  <r  (  10  ,  )  and  hath  fuch  , proportion  to  the 

Greater, as  -f  (  2  ,)  C  3  5  )  Then  '  "  . 


1.  The  Greater  quantity  will  by  the  Rule  of  Three? 

be  found .  .  .  . . \ 

.  -  ,  T''  -1"-'  > 

2.  And  the  Summ  of  the  two  quantities  wjll  be  L  .  .  v 

3.  Their  Difference  is  ,  .  .  .  I  .  .  .  .  . 

■'  '?  , '  ’  ,  '■■  '!  ,  'i'  ■ 

4.  TheProdud  of  their  Multiplication  ts  •  .  •  • 

•  -  <,  .  i  ' 

The  Sumru'  of  their  Squares  is  .  .  .  .  .  •  • 

6,  The  Difference  of  their  Squares  is  ......  . 


.U  ’JO’ 

re 


ree 


Tree 


ee 


ss 


125- 

r 

V.  There 
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V. » There  arc  two  Qyanrities  ,  the  Produd  of  whofe  multiplication  is  ^  (  20  p  and 
if  for  the  Greater  quantity  there  be  put  a  {  ^ ,)  What  is  the  LclTer  ?  What  is  their 
Suram  ?  What  is  their  Difference  ?  What  i  s  the  Summ  of  their  Squares  ?  What  is  the 
Difference  of  their  Squares  ? 

1.  The  Produa  h  divided  by  the  Greater  quantity 

gives  the  Leffer ,  to  wit , . S 

2,  Then  the  Summ  of  the  two  quantities  is  .... 

3.  Their  Difference  is  .  .  . . 

4,  The  Summ  of  their  Squares  is . 

% 

5:.  The  Difference  of  their  Squares  is  ....  . 

-  -  —  . '  - -  — 

*** 

But  if  the  Produa  of  the  multiplication  of  two  quantities  be  ^  C2o>)  and  for  the 
Leffer  there  be  put  (  4*  ) 

f 

I.  The  greater  quantity  will  be  .  .  .  ‘  . 

t 

'  2.  The  Summ  of  the  two  quantities  is  .  .  .  1  , 

/  . 

3.  The  Difference  is . . 

4.  The  fumm  of  their  Squares  is  ,  .  .  /  1'  . 

5-.  The  difference  of  their  Squares  is.^  I  .  .  :  . 


V I.  The  extraaion  of  Roots  may  be  exercifed  hy  "thefe  following  Queftions ,  reip'ea 

being  had  to  2 8.  I.  as  alfo  8.  \  j  - 

1.  What  is  the-fquare  Root  of,  14^4^ ?  Anftv,  124.  .  ‘  ' 

2.  What  is  the  'fquare  Root  oi  ~^\aabh  f  Anfw^ 

3.  What  isthe  fquare  Root  of —  6ah-\^hb^  Anfw.  34  —  b,ot,  b — -34,- 

4.  What  is  the  fquare  Root  of  4^^  H  ,  ?  A)ifw»  .i£ltl4£ 

5.  what  is  the  Cubick  Root  of  i2<)aaabbb?  \AnJwy'^ab,  ' 

6.  If  b  bepnjtfordj,  and  c  for  8.  what  number  is  fignified  by  ^Tb^  ice  :  — 'Ic .? 

5-. 

7.  The  fame  things  being  put  as  in  the  laft  Queftion ,  what  number  is  fignified  by 

V  V ^  icc :  H-'ic  f*  "  Anfw.  13.  ‘ 

8.  If  <^  be  put  for  8,  and  /  for  48,  what  number  is  fignified  by  V :  V/"-h  — 

tAnfw.  2.  "  •  ' 

*^7,  .  .  ■  ■  - 

9-  But  the  fame  things  being  put  as  in  the  laft  Queftion,  this  quantity 
fignifics  V12  ,  or;  ;3.454,  <^c.  that  is ,•  d-c. 

TO.  If  ^  be  put  for  4, -and  h  for  837,  what  number  is  fignified  by  — Ig: 

Anfw.  3.  ~  .  . 

II.  But  the  fame,  things  Being  put  as  in  the  laft  Queftion,  this  quantity 

V(5): ftgnifies  V(3)3G  or, 

V I I.  The  Rules  of  the  ninth  Chap;  may  be  exercifed  by  thefe  following  Queftions. 

T.  What  Quantity  is  that  which  if  it  be  added  to  44-1-  25,  will  make  the  fumm 
a  Square  ?  Anfw.  Jhe  Quantity  to  be  added  may  be  either  iC4,  or  ^ — '104; 

and 


e 


e 

h 


4 


bb  , 

- -  ee 

ee 

bb  S 
— '  —  e€ 
ee 


S 

9 

I 

4* 

9 


4 

'  J  ^ 

4 

b 

a  —  — 
4 

,  bb 

44  -1- - 

44 

bb 


44 


44 


4 

9' 

1 , 
41 

9 
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and  the  Square  fought  is  either  aa-\--  1  2  f,"vvhore  Root  or  fide  is  a  -j .  5  .  or  elfe 

the  Square  is  aa  z<;  vvhofe  Root  is  “4 —  5-,’  or  f  3  !  r  .  1 

2.  ‘What  Quantity  is  that  which  if  it  be  added  to  will  make,  the  fumm 

a  Square?  Anfw.  The  Quantity  to  be  added  may  be  either  -{-4^,  or — •  ab and  the 
Square  is  either  ab pb ,  wliofe  Root  is  \d  f  ^  :  Or  elie  the  Square'irf|44 

—  whole  Root  is  ’4  —  ^b ox  ^b  ~^\a.  , 

3.  Vv'hat  Quantity  is  that  which  if  it  beadded'to  will  make  the  fumm  a  Square? 

Anfw.  The  Quantity  to  be  added  is  j  and  the  Square  is  44  •-I- :  4 -j- ~  ,  whofe  Root 
is  ^  .  ‘‘ibhA  7'  -  -EjR  .. 

-''4<  What  Qii-antity  is  that  which ’’thgether^Wilh  Will  make’a  perfcft 

Square  ?  Anfw.  The  Quantity  to  be  added  •,‘»afidi  the  Sqiiare  is  aaad  ^  2  bba^ 

bbbb ,  whofe  Root  is  aa  —  bb  or  hb  —  44. 

5.  What  Quantity  is  that  which  if  it  be  addded  to  ,  will  make"*  the 

fumm  a  Square  ?  Anfw.  The  Quantity  to.  b^a’d^ed  is.  and  the  Square  R  44 

;  — j-  Cl  ~  j:  — ■  '■qrc'  '  .  : 

bb  I  bbbb  L,  r  r>  I  bjh  '  '  '  <'  •  -  , 

-1 - 4H - — ,  whofe  Root  IS  4-I- — .  h' Kbu  .  2 

2cy  ' 


6.  What  Q^^tity  is  that  y^hjch  together  with  'aadaad—^  ada  will  make  a  compleat 
Square  ?  Anfw.  The  Quantity,  to  be  added  is  ^  •  ^nd  the  Square  fought  is  444444  —  444 

-  -4,  whofe  Root  is  444  —  r,  or^t  —  daa.  ,  . 

*  ^  •  •  —  u  —  *'?- — •  .  iJi'Jii  '  ?>!!>*  r, 

'  '  •  f,  .-f'.  r  .. 


Uj 


■cz.; 


■,.j  n 


C  H 

*  .  t  * 

Concetnmg.  an  ^quation^  and  the  RednSlion  i\of  Equations^ 


LAN  lEfukim  in  the  Algebraical  Art  is  a 
. — titles -or  things  of  different  Denominatio 


■:  li  ^  'H.  .  yj  q,  j  ,, 

mutual  Comparing  .of  two  Equal  quan- 
things  of  different  Denominations :  as ,  if  the  value  of  three  lliillings 
be  compared  to  thirty  fix  pence  of  Englifh  money  ,  that  comparifon  imports  an  Equation, 
which  may  be  Symbolically  expreft  thus,  3  j  —  36^,  that  is,,  three  Ihillingscare  equal 
CO  thirty  fix  pence.  Likewife,  forafmuch  as  nine  Crowns  are  of  equal  value  with  the 
fumm  of  two  Pounds  and  five  Shillings  of.  money  ..the  comparing  of  ;hefe  two 
fumms  to  one  another:  is  jiothing  elfe  but  an  Equation  which  may  be  briefly  ex, prefl  thus , 
— In  each  of  which  Equations  the  Moneys  compared  are  of’differcnt  kinds; 
for  Equations  between  equal  things  of  one  and  the.  fame  name,  as  is  —  2/,^or 
and  fuchlike,  .arefruitlefs.  v-i 

After  the  fame  manner ,  this  Equation  ad=..b4c‘C  may  fignifie  jthat  fome  number  op 
line  reprefented  by  4  is  equal  to  two  other  numbers  or  lines  b  and  c  taken  together  ai 
one  .  or,  if  the  number  or  line  a  be  divided  into  two  parts  b  and  c,  then  alfo  azzzbA^-c . 
for  t|iewhole|s  equal  to  all  its  parts.  ;  i  _>  .  i  d....p  t.i  ^ 

•  1 1.  Every  Equation  confifts  of  two  Parts ,  '.which  are  ufually  feparatcd  one  from 

another  by  this  Chara^fer  =  ;  .fq  in  tfie  firfi:  Eqiiatiori  in  the  precedent  3/  is  the  firfl 
Part,  and  36^  the  latter;  alfo  in  the  fecond  Equation',  9c  is'the’ firfl:  Part,  and 
is  the  latter  j  likewife  in  the  lafl:  Equation  of  the  fame  Sebiion,  a  is  the  firfl:  Part,  and  b-{-c 

the  latter.  v.i  a  y  ■'  '-fi  !  A'-  k.  -  <i  ii  :  . ’1  ■ 


J  I 'I  I."  The  fingie  Quantities  or  things,  whefebfVach  part  of  an  Equation  is  compofed, 
are caflell  theTerms  ofan  Equation’;  as  in  this  Equation,  4=^’A^-.c,  the  Terras  are 
a,  b  and  c.  .  .  . 

1 V.  How  Equations  are  found  out ,  the  Refolution  of  Queflions  will  hereafter  fhew  ; 
but  when  known  quantities  are  intermingled  with  unknown  in  an  Equation  ,  the  firfl  fcope 
is  to  clear  the  Equation  from  all  fuperfluous  quantities ,  and  to  feparate  the  known  quan¬ 
tities  from  the  unknown ,  that  at  length  an  Equation  may  remain  in  the  fewefl  and  fimpleft 

G  2  Terras, 


4 


5^ 
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Terms ,  fo  difpofed  ,  that  the  unknown  quantity  or  quantities  may  pofTefs  one  part  of 
the  Equation  ,  and  the  known  the  other  •  this  work  is  called  Re^uBion ,  and  how  ’tis 
perform’d  the  Examples  in  the  following  Sevens  will  make  manifeft. 


*  Redaction  by  Addition, 

'  *  . 

V.  Redu(ffion  by  Addition  is  grounded  upon  this  Axiom ,  ( or  common  Notion  ) 
vU.  If  equal  quantities ,  or  one  and  the  fame  quantity ,  be  added  to  equal  quantities ,  the 
whole  Ihall  be  equal. As,  for  Example  j  • 

If  the  letter  a  reprefent  fome  number  un-*?  ^ 

known,  and  it  be  granted  or  found  out  ^  ,  .  a — 3  =  12  ''  *• 

that . J  j  ' 

Then  by  adding -j-  ^  to  each  part  of  that?  |  •  __  ^ 

Equation,  thisketh,  to- wit,  .  .  ST?  -  , 

That  is,  (becaufe  — 3  and  +3  added  ^  ^  ^ 

together  make  o,) . .  *  ’  * 

In  like  manner,  to  reduce  this  Equation .  34  —  ^  =  6  —  a 

I  add  +  4  to  each  part,  and  there  arifeth  ..  34  —  4  +  4  =  <5  —  <2  +  4 

Which  Equation  contracted  makes  .....  34  ==  10  —  a 

Then  by  adding +4  to  each  part  of  the  >  __  j,.-!-.  =  ,o_<,+'a 

That  is,  alter  each  part  is  comraded, .  44—10 

Again ,  If  this  Equation  be  propos’d  to  be  ?  If  z=>  d  +  b 

By  adding  4 i  to  each  part,  this  Eqaation?  _  ,,  —  i+i  =z 

arifeth,  .....  »•  ***3 

Which  laft  Equation  ,  after  due  contradion  7  -  ^  ^  ^  1 

gives . .  .  •  •  *3  *  4;  Vv 

-  I  -  -  —  -  *  -  - ^ . ^  ^  ^ 

So  alfo ,  If.  ^  —  b  4=2  o  i 

By  adding  .-j-  b  to  each  part  j  there  arifeth  .  1  .  •  a  zn  b 

■  -  -  -  ^  ■  ■■  I  I  ■■  ■■  ■  I  ‘  i  ■  .  -  ..I  ,  I,,,. I,  I  ^  I  ai  "III  I 

Likewife,  If . •*  •  •  '  •  b  —  4  o  ; 

By  adding  a  to  each  part  there  arifeth  ......  .  b  ’=.  a  ’ 

_ ! . . . .  . . . .  . . — - - -  .1.  I  II  I  —  .  I  -■  1.  t 

Moreover ,  If . aa-^bb-^cc  z=z  dd  * 

Then  by  adding  bb-\-cc  to  each  part?  _  _  _ 

this  Equation  comes  tortn ,  .  .  .  .  ^  *  . 

_ _ _ _ — . . ^  j  >»■— - - - - - - - - 

Laflly ,  If  .  .  .....  ...  .  aa-^bb  —  cc  —  da 

By  adding  -j-  bb  to  each  part,  this  Equation ?  ^  ^  aa  =  cc _ da-]- bb' 

arifeth , . .  .  •  •  3  -  *  j* 

And  by  adding  4  tia  to  each  part  of  the?  _  „  cc-\-H  - 

laft  Equation,  this  arifeth,  to  wit,  .  .  .3  •  ^  ^ 

From  the  premifes  k  is  evident ,  That  if  in  any  Equation  any  Quantity  which  hath 
the  fign  —  prefixed  to  it ,  be  transfer’d  to  the  other  part  of  the  Equatioawiih  the  fign  +, 
that  work  effeds  the  fame  thing  as  the  adding  of  that  Qijantiiy  to  each  part  of  the 
Equation ,  and  is  called  Tranjpojition, 

1-  ! :  , 

- - - - -  '  . . ‘  . . '""" 
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KednUion  by  SubtraSion. 

V,  If  from  cqtial  Quantities  you  take  away  equal  Quantities,  or  one  and  tjie  fame 
Quantity,  the  Quantities  remaining  will  be  equal  •  therefore, 


If  it  be  taken  for  granted  that .  a  ‘-j-  5 


Then  by  lubtra£Iing  3  from  each  part, 
there  arifeth 


^  . 


a 


1 2 
9 


In  like  manner ,  If . 

.  .  b  “-j-  A 

=  4^ 

I  fubtradl  4“  ^  ?, 

arifeth  .  .  .  .  .  .  .j 

,  1 

.  .  *  .  A 

— 

• _  1 

Again  ,  If . . 

r 

A  A  CC 

Fir  ft ,  I  fubtradf  bb  from  each  part,  and? 
there  remains  .  .  .  .  *  *  t^.  -  .3 

“  AA  4-  CC  —  bb 
\  ■  •  * 

Then  aa  fubtradled  from  each  part  of  the? 
laft  Equation  leaves  this,  to  wit,  s  •.  .0 

«  «  • 

"hr,  CC  —  bb 

•'  1  •  ‘  1 . 

So  alfo.  If  .  ,  .  .  .  .  .  .  2Ca>^df 

By  fubtrafling  from  each  part,? 

there  arifeth . 3  *  '  *  / 

And  by  fobtraefing  2ca  from  each  part  of? 
the  laft  Equation,  this  arifeth,  to  wit,  .  .3  *  ' 


aa 


1C  a 


ica-l-df — b 
df—  h — c 


Hence  it  is  evident ,  That  if  in  any  Equation  any  Quantity  which  hath  the  fign  pre¬ 
fixed  to  it  be  transfm’d  to  the  other  part  of  the  Equation  with  the  fign  — ,  that  work 
effefts  the  fame  thing  as  the  fubtrafting  of  that  Quantity,  from  each  part  of  the  Equation^ 
and  is  alfo  called  T’raa^ojitio^.  ^  . 


RedubiioH  by  Multiplication,  _  / 

% 

V 1 1.  If  equal  Quantities  be  multiplyed  by  equal  Quantities ,  or  by  one  and  the  fame 
Quantity,  the.Produ^s  (hall  be  equal ;  Hence  Equations  exprefl:  by  Algebraical  Fraftions 
are  reduced  to  other  Equations  confifting  altogether  of  iiif  egers. 


As,  for-Exaniple ,  If  .  .  I  \  ,  I  .  .  . 

Then  by  multiplying  each  part  by  5,  this?  ^  ^  - 

Equation  is  produced  ,  .  .  , ,  ,  .  .3 

Again ,  to  reduce  this  Equation  to  another  ) 
in  Integers,  viz.  ......  5 

I  multiply  each  part  by  4  —  b  and  there 
comes  forth  .  ^  .  .  . 


'a 

T 


a 


=  6 

=  3o‘. 

^  /  

dd 


L: 

Likewife,  to  reduce  this  Equation  to  ano-? 

ther  in  Integers ^  ’  ~c~  b 

Firfl ,  I  multiply  each  part  by  the  Denomi*  7  -  .  r^aab  ____ 

nator  ^ ,  and  there  will  be  produced  .  .3  *  1_*  c 
Then  multiplying  each  part  of  the  laft 
Equation  by  the  Denominator  c ,  I  find 
this  Equation . .  . 

Hence  it  is  manifeft ,  That  an  Equation  whereof  each  part  is  a  Fradlion  ,  may  be 
teduced  to  another  Equation  in  Integers,  by  multiplying  crofs-wife,  as  in  the  redu^ion 

of 


a~  b 
Ad  —  db  —  -  dd 


=  dd 
■^aab  =  edd 
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of  Fraftions  to  a  common  Denominator  ,  and  then  omitting  the  cornnion  Denominator, 
a  new  Equation  may  be  inftitutcd  between  the  new  Numerators  only. 


-  •  ’  * 

When  either  part  of  an  Equation  is  compos’d  of  Integers  and  Frailions  ,  fifft  reduce 
that  part  into  a  Fradion  ,  (  after  the  manner  of  the  latter  Example  in  SeU-  i6,Chap,6.') 

and  then  multiply  as  in  the  preceding  Examples :  as,  .  .  J-Jn...  t 


‘  1  I  '  1  '  ’  f  f  dd  " 

da Ic -[-•  l>/i  *  Oca^  dd' 

f  *  .  .  •  :  7  -rrr  —  - — - 

^  a  ■ 


If  this  Equation  be  propofed  , 

'  i  *  ^ 

Firif,  I  reduce  that  Equation  to  this 

Which  laft  Equation  reduced  by  Multipli-?  - 

cation  asm  the  preceding  Examples,  giyes^  ...  ....  ,r 

hn.'j  i3 f  li  ■'  'T  :  .  '  ' 

But  here  is  to  be  noted  ,  that  in  reducing  Eq'uations  winch  confift  of  Fraftiohs  into 
other  Equations  in  Integers ,  the  Operation  may,  oftentimes  be  facilitated  by  the  fame 
compendium  that  hath  before  been  fliewn  in  the  Divifion  of  Fraiftions  (in  SeB.i6,  Chap.6.) 
viz,.  When  either  the  Numerators  or  Denominators  can  be  reduced  to  more  fimple  Terms 
by  fome  common  Divifor  ,  let  the  Quotients  in  the  places  of  thofeNnmerators  or  Deno¬ 
minators  ;  and  then  reduce  thefe  new  Fraaions  into  an  Equation  in  Integers ,  by  multi¬ 
plying  crofs- wife  as  before  :  As*,  for  exarhplp ,  ...  . 


To  reduce  this  Equation  to  another  in? 

Integers , . •  S 

Firft,  after  the  Denominators  aa — and 

4-1-^  are  reduced  to  a  —  ^  and  i,  byO  1^-:, 
c  the  common  Divifor  ^  , 'this  new* 
Equation  arifeth, 

Whence  ,  by  multiplying  crofs-wife,  (  as 
in  the  preceding  Examples  )' this  Equa¬ 
tion  in  Integers  is  produced,  .... 


aaa 


ba —  hb 


aa 


bh 


aaa  =  baa  —  2  hba  -j-  bbb 


Apain.  to  reduce  this  Equation  to.another?  .  .  .  hba  —  cca  __  bbb  —  bcc 
%  Integers,  V  .  .  .  .  -S  'y  fE’-’ + 

Firft  ,  the  Numerators  reduced! jt o' v  r,  a  ,  1 

b  by  the  common  Divifor,  hh' — cc  VvillV  '•  ‘ 

give  ......  •  *.  *  *  .*^ 

Whence  by  mutiplying  crofs-wife,  this?  ♦  'j 
Equation  is  produced . 3  •  , 


In  like  manner,  to  reduce  this  Equation,  . 

Firft,  I  reduce  the  Numerators  to  aa  and  b," 
by  the  common  Divifor  h  —  c;  alfo,> 
the  Denominators  io  c  —  a  and  i ,  by  thek 
common  Divifor  c  ;  which  new  Nume-  ^ 
rators  and  Denominators  conftitute  this 
Equation ,  .  .  .  •  . 

Whence  by  multiplying  crofs-wife,  this? 
Equation  is  produced  .  .  .  3 


**  •  » 

•  • 

•>  V  J  ' 

t 

aa 

ba  -J-  bb 

? 

1  \  \  - 

•1 

1  K- 

-c  aa  * 

‘  bb  —  be 

...  ccr 

.  .4.  - 

-  ca 

c 

• 

i  ill 

b  ir 

aa 

b 

pj.'fjn,'  ' 

• 

01  >; 

c — a 

^  1 

IV'.? 

iwo.  * 

• 

, 

t 

;  a.i:; 

*  V  '  • 

aa 

.2 

1 

1  J  f  f  W  i  ■ 

So  alfo  to  reduce  this  Equation  ,  .  .  . 

Firfl: ,  I  fet  i  for  a  Denominator  under  the] 
Integer  be  —  cc  ->  fo  the  Equation  pro¬ 
pofed  will  Hand  thus, . 


0..’ 


r  ‘  ba^  —  ca^ 


da  —  ba  -  bb 


ca 


aa  — —  ba>\'  bb 


■  Then 
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Then,  after  the  Numerators  ha^ — c-^^and')  .  ' 

he  —  cc  are  reduced  to  and  c,  )  by  the(^  ^  .  c 

common  Divifor  h  —  c,  this  Equation (  da~^ha^T^hh  •  ~  ~T~ 

arifeth . . \  \ 

Which  laft  Equation  by  multiplying  ctofs-?  _  _  _  =  c4<t 

Wife ,  gives  this  in  Integers ,  ...  .3 

^  — - - - - — - -  - -  -  - 

When  one  part  of  an  Equation  is  a  Surd  quantity,  (  that  is,  fuch  which  hath  a  Radical 
fign  prefixt  to  it ,  as ,  V,  or  V(  3  ),  &c. ) ^  and  the  other  part  is  a  Rational  quantity  .  that 
Equation  may  be  reduced  to  another  which  (hall  be  free  from  any  Surd  quantity',  by 
carting  away  the  Radical  fign  ,  and  multiplying  the  rational  part  of  the  given  Equation 
either  quadratickly  or  cubickly ,  &c.  according  to  the  import  of  the  Radical  fign  j  as  j 

* 

If  there  be  propofed . .  .  ^  *  ^/a  ~  6 

Forafmuch  as  the  Squares  of  equal  Roots^ 

or  Sides  are  alfo  equal,  therefore  by C  -  _ 

fqua  ring  each  part  of  that  Equation,  this^  *  *  *  *  ^ 

is  produced,  to  wit,  ....*.  .j  . 

Likewife,  If . .  ....  ~ 

By  multiplying  each  part  into  it  felf,  this?  _  ,, 

Equation  is  produced,  .  •  .  *  .  ^ 

■^^gain  ,If....  .  ..  ......  - — '•  \f  5 

By  fquaring  each  part,  there  comes  forth . a  ~  ^ 

-And  ,It.  .  .  .  .  .  .  .  «  (t  Z— ^  aZ  •  hcc  h  i 

By  fquaring  each  part,  which  is  done  by  >  .  .  _  her  U 

carting  away  Vs  there  will  arife  ...>****  f 
So  alfo  if  this  Equation  be  propofed ,  ...  ...  *Jca  ■=.  h  —  ^ 

By  multiplying  each  pan  into  ic  felf,  this >  — 

Equation  is  produced . . >  i  ' 

And,  If  . .  .  V(3>  =  S. 

By  multiplying  each  parr  into  it  felf  cubi-?  .  .  _ 

cally,  there  arifeth . ^....  a  5 

Alfo,  If  .  v(3>  =  aZ(3):H^: 

By  carting  away  j/O)  from  each  part?  .  ^  ^  ^ 

it  gives  . . ^.  .  .  .  n  . 

f  . 

_ ^ - - - - - ^ — 1-.."'  - : '  , 

■  i  :  'c',  • 

*  ‘  '  ^  I 

B-idnUion  by  Divifdni " 

VIII.  If  equal  Quantities  be  divided  by  equal  Quantities  ',  or  by  one  and  the  fame 
Quantity,  there  will  come  forth  equal  Qpotients.  Hence  Equations  are  reduced  to  others 
of  lower  Degrees  i  As,  for  example  ; 

If  it  be  granted  or  found  out  that  ,  i  C  .  an  —  -- 

Then  by  dividing  each  part  by  4,  you  will  find  ....  a  ~  y 

Again,  If  .  .  •  .  ^  .  .  .  .  aaa^haa  =  hha 

By  dividing  each  part  By  4  ,  this  Equation  7  .  .  Aa-\^ba  _ '  hb 

Allb  ,  If  .  .  . .  'I  ,  =  ij 

By  dividing  cach'part  by  5-,  there  arifeth  ......  a  —  ^  , 

Likewife  ,  If . .  ha  he 

By  dividing  each  part  by  ^  ,  this  Equation?  ^  ^ 

arifeth . ^  .  «  _  c 

Again,  If . •  .  ;  hu — ca  =  cc 

By  dividing  each  part  by  ^  —  r,  there  arifeth  ...  a  —  - - 

c  b  —  c 

Alfo  j  If  ,  .  .  .  .  •  ...  hAtt-\~caa  =  bd~^cd 

By  dividing  eac-h  part  by  h  ‘-j-*  c,  there  arifeth  ....  aa  tc:  d 
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Moreover,  If . 

By  dividing  each  part  by  3  ,  there  arifeth 
Likcwife ,  If . .  • 

By  dividing  each  part  by  c ,  there  arifeth  .  . 


3  '-J-'  4^ 

aa  fa 
caa  —  l>a 

b 


-  dd 


Redud^ion  by  Extra&ion  of  ROOTS, 

I X.  Forafmuch  as  the  Sides  or  Roots  of  equal  Squares  and  Cubes,  &c,  are  alfo 
equal  between  themfelves ;  therefore,  , 

If  there  be  propofed . .  . 

By  excrafting  the  fquare  Root  of  each  part,  7  • 

there  arifeth . ^ 

In  like  manner,  If . • 

By  extrafting  the  fquare  Root  of  each  part,  7 

there  comes  forth . ^ 

Again,  If  .  .  .  ...  . 

By  extrading  the  fquare  Root  of  each  part, 7 

there  will  arife . 

Likewife,  If . . 

Then  ,  by  extrading  the  fquare  Root  out  of  2  • 
each  part ,  there  arifeth  ,  ,  .  .  \ 

Again ,  If  . . 

Then  ,  the  cubick  Root  being  extraded  out  7  . 

of  each  part,  there  comes  forth .  . 

Alfo,  If  ^  .  •  ,  .  • 

By  extrading  the  cubick  Root  out  of  each  7 
part,  this  Equation  will  arife  ,  . 

Likewife,  If . . 

Then  ,  the  cubick  Root  extraded  out  of  7 
each  part,  givjes  .... 

_ ^ - 4— - - — 


•dd. 


•  • 

aaa  —  bhc  edd 


a  —  ^ i  hbc-\-^ edd i 


X.  By  the  f^elpof  fome  of  the  foregoing  Redudions,  I  fliall  here  fliew,  (  after  the 
manner  oi  Fran,  van  Scoot en  in  his  Rrincipa  Mathef.univerfal.)  the  certainty  of  the 
Rule  before  given  concerning  and  —  in  the  Algebraical  Multiplication  of  Compound 
quantities:  viz,.  That  -j-  muliiplyed  by  — ,  or  — ^  by  -j-  makes  —  •  alfo.  That 

—  multiplyed  by  —  makes  -)-.  ,  :  r  t  jr  »  •  • 

Firil:,  let  a  —  b  be  to  be  multiplyed  by  c  ,  then  the  Produd  according  to  Algebraical 
Multiplication  is  ac —  be:  now  it  muft  be  proved  that  — b  multiplyed. by  makes 

—  be  ;  to  which  end  ^  let  f  be  put  equal  to  a  —  b  ,  and  then  if  it  be  proved  that  ac  — ■ 
bc=fe,  it  is  evident  that  ac  —  bc  is  the  true ’Produd  fought;  and  confequently,  — b 
multiplyed  by  makes  — be:  But*that  ac  —  bcz=:fc  may  be  proved  thus , 


.  ..  a  =  f^b 
:  fc'f-bc 


ac 


ac  —  be  — ■  fc 


• 

Forafmuch  as^by  fuppofition,  ...  .  * 

Therefore  by  adding  b  to  each  part,  it  makes  .  * 

And  by  multiplying  each  part  of  the  laft7 
Equation  by  c,  there  swill  be  produced^ 

Wherefore,  by  fubtrailirtg  from. each 7 
part  of  the  lafl:  Equation  there  remains^  *  * 

Vv'hich  was  to  be  proved.  •  •  •  ... 

'  A  .  ,  _  .  .  .  c 

After  the  fame  manner  it  may  be  proved  that  —  multiplyed  by  —  makes  :  For, 
1{  a  —  b  be  to  be  multiplyed  by  c' — 'dj  and  there  be  put  (as  before)  —  by  it  may 
be  (hewn  that  ac  —  be  —  ai~\-bd  is  equal  to  a  — bxc —  d  the.Produd  fought ;  and 
therefore  —  b  multiplyed  by  produceth  -\~bd.  For , 

By 


Ch^p,  12.  The  nfe  of  KeduSlions  in  Chap,  ir. 


f  =z  a—.(, 


fxc  —  d  =  a  —  y  ■^c  y  d 
fc  — fd  ==  4  —  —  4 

dc — be  rr  fc 


.j.  ;*! 


ae 


By  fuppolition  .  ;  .  .  ;  .  ;  , 

Therefore,  by  multiplying  each  part  into  c~d 

That  is . . .  •  .  . 

But  it  hath  been  proved  in  the  former? 

Example,  that  .  .  .  . 

Therefore  inftead  of  fc  in  the  third  Equa¬ 
tion  of  this  latter  Example,  taking  ac  —  be 
(equal  to  fc)  there  arifeth  .  .  • 

Again ,  If  each  part  of  the  firft  Equation  be  7 
multiplyed  by  this  will  be  produced,  ^ 

Wherefore,  If  from  ac — be  in  the  filth -v 

Equation  there  be  fubtrafted  ad  —  hdf  ^ 

inltead^of  fd  equal  to  ad—bd,  thereC  ac-^be^4d-\4d.  ~  a^b  x7 
will  remain  according  to  the  Rule  ofC  .  rr.,  ,  ; 

Algebraical  Subtradion.  .  .  .  ,  .3  .  ■  i 

Which  Was  to  be  proved.  ....  j;  ;  I  .  .  ;  ' 


^  r 

•  • 


bc  —  fd  -  a  —  b  )(.  c — d 

'fd  ==  dd — bd'' 
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i 

lyhkh  ji:ews  in  tphat  Order  the  KednBwns  in  the  foregoing  Chap,  i  i  i 
are  to  be  ufed  torefolve  E^nati^s ,  or  at  leaf  to  prepare  them 
for  Kefolntion* * 


D  Y  the  help  of  the  precedent  Rediidions ,  either  the  value  of  theunknowti  Root  or 
IJ  Quantity  fought  in  an  Equation  will  be  found  equal  to  fomc  known  Quantity 
or  Quantities ,  and  confequently  the  Quantity  fpujght  is  then  known  alfo  •  or'elfe'a  new 
Equation  will  be  difcovered  ,  from  whence  the  fame  Quantity  fought  may  be  made  known 
by  forae  other  Rule  or  Rules  hereafter  delivered:  But  iri  the'ufe  of  tbofe  Redifaions 
ihe  work  npy  oftentimes  be  facilitated  by  an  orderly  procefs ,  which '  is  the  fcope  of  the 
five  following  SeSimt .  where  I  affume  the  Vowel  a  to 'Rand  for''thc  unknoWli  Root 
or  Quantity  fought  ^  and  Confonants  for  known  (^lantities.  '  ^  "  -  ' 

•  U*  Equation  tlie  Quantity  fought,  or  any  PowCr  or ‘Degree  of  it  be  found 

in  a  traction  .  reduce  that  Equation  to  another  that  may  be  ekpreft  altoeethef  by  - Inte¬ 
gers,  (  by  Se^.  7.  Chap^  ii.)  As ,  for  Example  j 

If  this  Equation  be  propofed  ,  V  •  .  if 


b — a 


By  multiplying  each  part  thereof  by  the? 
Denominator  r,  this  Equation  arifeth  > 
in  Integers, . -  •  -S 


b  —  a,  —  cdA^'cf- 


After  the  fame  manner,  this  Equation  multi -4 
plyedby4,  •  •  .  .  .  .  . 

WiU  be  reduced  into  ,  =  do.  . 

•  •  •  k  •  •  »  V'» 


1 

«  • 


— q-  6\ 

4  ■  - 


■,.i.  ^  u 


Likewife  this  Equation  .  .  .  ;  .  .  . 

WiU  be  reduced  to  .  ....  .  .  — 


I/.  •  ' 

'  r;  f  .  ■ 


^  U  I.  When  Quantities  given  ot  known  be  intermingled  with  tfiofe  that  are  fought 
in  an  Equation ,  let  Quantities  betransferrd  from  one  part  of  tfie  Equation  to  the  other 
under  a  contrary  Sign,  (  according  to  Se^,  y,  and  <5.  oiChaf.  1 1.)  until  at  length  the 

H  '  u’nknovvS 
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unknown  Quantity  mayVake  one  .part  of  an  Equation,  and  all  the  known  Quantities 
the  other:  As ,  for  example,  j  .  ' 

If  there  be  propofed  r  . .  -2  4  i6  S. 

Bv  tranfpofition  of — .  2  6  to  the  other  part7  ^  ■  _  q  ,  > 

of  the  Equation  ,  under  the  contrary^  .  .  .  .  ..  .  24  -  8q-.26  =  34- 

lien  rl-^,  there  will  arife  •  O  -i'  ' 

®  ‘  •  _ - - - - r-  ‘  - ua.-— — - - - - 


— 


In  like  manner  ,  If . *  44-|“*24  o. 

By  tranfpofition  of^^  M,  under  thecon-?  ^  ^  — 24 

trarv  lien — 'it  gives . S  v  .  f. 


trary  lign 
That  is,  . 


aa  rzz  g6 


Again-,  If  • 

Firft ,  by  tranfpofition  of  —  4  j  this  E'  Z  . 

quation  arifeth  , . . 

Then  by  tranrpofiiion  of  —  4 ,  1  find  .  ... 

Which  laft  Equation  being  contraded  by?  - 
Addition,  gives  .  — «  .  . 


•  6a — 4.  2tj — 4 
6a  — /iO  — 
6a  a  —  20' **{-4 
ya  =:  24 


Likewife,  If  .  •  •  •  •  •  * ,  ^  ^  ^ 

After  due  Tranfpofition,  this  Equation  >  ^  —  a 

will  arife , . *  *  ^ 

Or  )  •  •  m  T'k  •:  ■'  • 


a  —  f+-cf- 

%  « »  «  p  ' '  * 


cd 


>  *'  \  Vi*”'  X  1  ^  f  • 

I V.  when  Tome  Power  or  Degree  of  the  Quantity  fought  happens  to  be  inuliiplyed 
into  every  Term  or  Member  of  an  Equation,  divide  every  Term  by  that  Degree,  fo  will 
that  Degree  or  Power  quite  vanilb,  and  confequently  the  Equation  will  be  deprefled,  that  is, 
reduced  to  ;lower  Degrees  or  more  fimple  Terms :  As ,  for  example  j ,  .  '  , 


\  'J 


u4 

•  '  « 


^  r' 

•  .  •  •  • 


If  there  be  propofed 
For'afmuch  as  a  is  drawn  into  every  Term 
of  that  Equation ,  I  diyide'pery  X^rm 
hv^a  ,  and  there  arifeth 


44-1-34  =  .204 
‘  4  -1-3  =  20 

*  a 

*■  :  -  1 


'  «■'  '  '*  * 

By  cafting  away  44,  that  is,  by  dividing  each? 
part  by  aa  ,  there  will  arife  .  >  V  'b  ^  .3 

11  ft  i*  ' 

•  •  •  ,  • » . 

'  *  «  •  *  i 

r  \ 

5, 

- - -  - - -1. - 

Again ,  If  .  . 

•  (taaa  — j-*  haaa  rrr ,  ddaa 

By  expunging  aa  out  of  every  Term ,  thefe  ? 

.  •  44  “ 

1. 

11 

Ir 

arifeth  .  .  ' . 5 

-‘I  ,o-,- 

•  .  'i  ■ 

,  r..’ 


r 

V.  when  fome  known  Quantity  is  multiplyed  into  the  higheft  Power  or  De^e 
of  the  Qiiantity  unknown  or  fought  in  an  Equation  ;  divide  each  part  of  the  Equationby 
that  knmn  Quantity ,  to  the  end  the  faid  higheft  unknown  Power  may  have  ho  Go- 

efficient  or  fellow-multiplyer, but  I,  (or  unity  ;)  -As,  for  example, 

If  there  be  propofed  .  ‘  .  .  .  A  .  :  •  •  .  54  =  60 

Becaufe  the  unknown  quantity  4'' is\tnulti-p 

plyed  by  5,  I,  divide  ^ each  part  br “the  >  -  '2  a  =:  12 
Equation  by  and  there  arifeth . 


•  1 ;  • 

■jU  t.l 


■  j  ~'illr) 


Again If  - 

Becaafe  c  is  drawn  into,  4  the  Root  fought,' 

1  divide  every 'Tdrttt,' of  the  ‘Equation V 
by  V;‘an^ ‘there rafifttli  I  *3 

\  II  ■'  '  *irii-r  I  ‘f‘— II  •  ‘  •' 


.  .  ..........  ca  ~  c€-\-dd 

i'Y.  “»0  ft'/v  •  j.t-  f-  jJ_,  - - - 

,  .-JJ  .  ^  ,  C 

.  .  .  !  r  ..  .  -  j-  ?  ‘  » 


1  :  • 

i 

<:i  nr. 


••“Til— *  — 


Like- 
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- - - 2 _  ' 

Likewife,  If  ...  .  ....  + 

Becaufe  ib^zc  is  drawn  into  the  un-^ 

'  known  Root  a,  I  divide  each  part  by  >  ...  a  =.  dd  ' 

2^-j- 5  c,  and  there  arifeth  .  ••S  '  • 

Soairo,lf  .....' . •  -444 

By  dividing  each  part  by  4  which  is  drawn  2 
into  aAy  there arifeth . i  *  *  aa  — 

Again,  If  •  .  .  ^ . .  •  ja  —  24 

Becaufe  3  is  drawn  into  aa  which  is  the? 

higheft  unknown  Power  in  the  Equation,  >  .  .  aa _ =  8 

1  divide  everyTerm  by  3, and  there  arifethS  ^ 

Likewife,  If . •  2ccAa  —  ^dda  —  ^bbec 

Becaufe  2  cc  is  drawn  into  aa  which  is  the") 
higheft  unknown  Power  in  the  Equation,  C  2dd 

I  divide  evgy  Terra  by  iccy  andtheref  ^ 

^rifeth  .  “  . ) 

Again,  If  ,  . . .  ^  ^bbaa-i-^cdAa—dda  cedd 

Becaufe  2^^-  ^cd  is  drawn  into  aa  the'v 

higheft  unknown  Degree  in  the  Equa-(  dd  ‘  '  erdd'- 

tion  I  divWeeachpartby  ==  7IF-A~2cl 

and  there  arifeth . )  ‘  ^  ^  ‘  ^ 

V 

•  ■■■■■■  1....—  ,  I  ■■  .  _  «  I  !■  d 

Alfo ,  If  .,,.  ,  ,  ^aaa-^2/^aa — 6a  zzz  1200 

Becaufe  3  is  drawn  into  aaa  the  higheft  un-? 
known  Power  in  the  Equation  ,  I  divider  44^ —  2  a  =  400 

each  part  by  3  ,  and  there  arifeth  . 

V  I.  If  there  be  a  Surd  quantity  in  an  Equation ,  that  is ,  if  a  Radical  fign  as  V  • 
o^.  V  (  3 )  be  prefixed  before  fome  Quantity  j  firftby  Tranfpofition  (  according  to 
or  6.  of  Chap.  I  r;  )  make  the  Surd  quantity  foie  poflefTor  of  one  part  of  an  Equation] 
then  call  away  the  Radical  fign,  and  exalt  the  other  part  of  the  Equation  to  the  fame  degree 
or  Power  which  is  denoted  By  the  Radical  fign ,  by  multiplying  Quadratically  or  Cubi- 
cally ,  d"c.  fo  at  length  an  Equation  will  be  found  expreift  altogether  by  Rational  quan¬ 
tities  :  As ,  for  example .  -  ^ 

If  this  Equation  be  propofed . .  ^  a  —  i 

By  fquaring  each  part,  there  will  be  produced  ...  ^  =  9 

In  like  manner ,  If  .' . .  .  =  3X  " 

By  multiplying  each  part  into  it  felf  qua- 7 
dratickly,  there  comes  forth  .  .  .  *  ’*  '*  ba  —  ^bbec 

Then  dividing  each  part  of  the  laft  Equation  > 
by  there  arifeth  .  .  ...  .5  .  ^hcc 

Again,  if  . .  ...  ,  b-\-*^ba  =  c 

Firft  by  tranfpofition  of  ^  there  arifeth  .  .  .  ..  :=z  c  —  b 

Then  by  fquaring  each  part  of  the  laft  7 

Equation,  there  will  be  produced  .  .^  *  *  *  *  ba  ■=.  cc  —  2cb<-\-bb. 

Whence,  by  dividing  each  part  by  ^,5  \  i 

there  arifeth  . >  .  .  .  .  a  —  y  '-j-' 
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Like- 


r 


/ 


/ 


6o 


a  —  b  •-[-*  d 


LikewlTe  ,  If  .  •  ^^d’-\-V^bfi^\  da  —  b 

Firft  by  tranfpofition  of  —  this  Equation?  J:baA-^da  =  b^  d 

arifeth, . * 

Then  by  fquaring  each  part,  there  will  be?  ^  baA-da  -  bb^ibdA-dd 

produced  . . .  V  ' 

Laftly,  by  dividing  each  part  qt  the  lalt?  ^  ^ 

Equation  by  bA~‘di  there  arifeth  .  .  3 

Again ,  If  •  •  •  •  *  . 

*  By  multiplying  each  part  Cubically  >  there  ?  ^  ^ 

will  be  produced . 5 

And,  by  dividing  each  part  of  the  laft  Equa-?  n  ^ 

. . 


tion  by  9  there  arifeth 


Likewife,  If . *  *  V(3)'^^ — caiAr-c  —  b 

Firft,  by  tranfpofuion  of  +  this  E-?  ,  =  b-c 

quation  arifeth, . .  y\iJ 

Then  multiplying  each  part  of  the  laft  Equation  cubically,  this  Equation  will  be  pro- 

duced,  to  wit, 

la  —  cd  —  bbh  —  "^bhc  A^  "ihcc ccc 

Whence ,  by  dividing  each  part  by  ^  —  c ,  the  value  of  a  will  be  difcovcred , 

ar=:.bb  — ■  cc. 


VI  I.  When  after  the  ufing  of  all  or  any  of  the  foregoing  Rules  of  this  Chapter  an 
Equation  arifeth  betweeh  a  petfeft  Square,  Cube  or  other  higher  Power  of  the  quantity 
fought  and  fome  known  quantity, ;  then  extra(ft  fuch  a  Root  out  of  each  part  of  the  faid 
Equation  as  the  Index  Of  the  faid  unknown  Power  denoteih ,  fo  will  the  value  ot  the 
unknown  Root  or  Quantity  fought  be  made  known  :  As ,  for  example ; 

If  this  Equation  be  propofed ,  to  wit , 

Firft  by  fubtrafting  8  from  each  part,  this?  - 
Equation  arifeth ,  •  .  .  .  .  .  o 

Then  each  part  of  the  laft  Equation  being? 

multiply ed  by  j ,  gives  .  .  .  .  ’j 

And  by  dividing  each  part  of  the  laft  E-? 

quation  by  6 ,  this  arifeth ,  .  .  .  .  j 

Laftly  ,  the  Square  root  of  each  part  of  the^ 
laft  Equation  being  extracted ,  the  value^ 
of  a  will  be  difcovered  ,  to  wit  ,  . 


k]-  8 

— 

128 

S 

6aa 

120 

5 

6aa 

6^00 

<ia> 

100 

a 

10 

Again ,  If  .  . . 

Then  by  tranfpofition  of  —  84  there  arifeth 

And  by  multiplying  each  part  of  the  laft? 

Equation  by  4,  this  will  be  produced,  5 
And  by  dividing  each  part  of  the  laft  Equa-? 

tion  by  4  this  arifeth,  to  wit,  .  .  .  .> 

Likewife  each  part  of  the  laft  Equation  di-  ? 

vided  by  $  gives . S 

Laftly ,  by.  extrafting  the  Cubick  root' 
out  of  each  part  of  the  laft  Equation,  the 
value  of  a  will  be  difcovered,  to  wit , 


4 

^Zd  = 

154^ 

^aaaa 

4 

161a 

laaad 

— 

^484 

^aad 

648 

add 

216 

d 

6 

Like- 


Chap.  1 3.  'The  confer fton  of  Analogies  into  Equations^  &c.  6  i 

Likewife,  If  .  .  .  Aa^2U^\-^bb  —  cc 

The  Square  root  extrafted  out  of  each  part,?  a-\-b  ==  c 

gives  . . S'* 

And  then  by  tranfpofition  of  b^  the  value?  -  ^  —  c  ^  l 

of  ^  is  difcovered,  to  wit, . 5  '  v. 


/ 
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r 

Which  fbetvs  how  to  convert  Analogies  into  Equations  ^ 
and  Equations  inta  Analogies^ 

I,  IF  four  right-lines  or  numbers  be  Proportionals,  the  Produft  made  by  the  multipli- 
JL  cation  of  the  two  ektremeS  is  equal  to  the  Produft  of  the  two  means.  And  if  three 
right-lines  or* numbers  be  Proportionals,  the  Produd  of  the  extremes  is  equal  to  the 
Square  of  the  mean,  (by  Frof,  1 6.  and  17.  of  ‘6,  Elem.  and  by  1 9,  and  2  o.  of  7.  Elm. 
Euclid. )  Hence  Analogies  may  be  fcoiivertcd  into  Equations,  as  in  the  following  Examples  5 
where  for  the  greater  evidence  let  a  reprefenf2  j  b6  •,  c,i2  j'and  3'-,  Then 

I .  Let  there  be  four  Proportionals  ?  ? 

fuppofe  thefe ,  .  . . S 

Then  by  the  Theorem  above  expreft , 

Equation  will  follow,  .  .  .S’ 

Now  to  find  the  value  of  a  in  that  Equation, 
firfl:  by  tranfpofition  of' — ba  this  E-^ 
quation  arifeth ,  * . 

Then  each  part  divided  hy  b  gives  . 


d 

3 


b 
.6 

da  z=L 


d~a 

1  . 

bd  —  ba 


4 

2 


da  .-j-'  ba  —  bd 


^*1 


bd 
d  .-\-'  h 


2.  If  there  be  three  Continual  proportio-? 
nals,  fuppofe  thefe ,  •  .  .  .3 

That  is ,  If  .  .  ‘ .  .  • 

Then ,  by  the  latter  part  of  the  faid  Theo-  7 
rem,  this  Equation  will  follow,  .  •  .  *  .  ^ 
Now  to  find  the  value  of  a  in  that  Equation,, 
extrad  the  Stjuare  toot  out  of  each  p2lrt,J 
and  there  arifeth  *■.  .  . 

Laftly ,  each  part  of  the  laft  Equation  di-  ? 
vided  by  6  gives  .  .  .  .  '.5 


44 

8 

44 


c 

12 


> 

c 


ga 

18 


94 


2^6aa 


6a 


cc 


■=  c 


a  — 


€ 

~6 


or  fc. 


II.  If  the  p4:odud  of  the  multiplication  of  tvvo  Quantities  be  found  equal  to  the 
Produd  of  two  other  Quantities ,  that  Equation  may  be  refolved  into  Proportionals ;  for 
as  either  of  the  Fadofs  in  either  of  the  two  equal  Produds  is  to  a  Fador  of  the  fame 
kind  in  the  other  Produd ,  fo  is  the  remaining  Fador  in  this  latter  Produd  to  the  other 
Fador  in  the  former.  Hence  Equations  may  oftentimes  be  refolved  into  Proportionals  j  as. 

If  there  be  propofed  . . i.  ^ba  ~  cd 


From  that  Equation  this  Analogy  may  be 
inferr’d  y  viz.  As . 


Sb 


d 


a 


.^Vgain ,  If  »  .  ••  •  .  •  .  .. 

That  Equation  may  be  refolved  into  thefe? 
Proportionals,  viz.  As  .  .  .  o 


,  bd  —  da  -[—  ba 

d>-\-*b  ,  b  :  :  d 


a 


Likewife ,  If . .  Cda 

Then  it  (hall  be ,  As  . . ;  6d  .  b 


bb 

b 


a 


III,  When 


/ 


6 '2 


The  comfer^ton  of  Analogies  into  Equations ,  &c.  Bqok  I. 

1 1 1.  When  there  happens  to  be. an  Equation  between  an  Algebraical  Fradion  and 
an  Integer,  and  the  Numerator  of  the  Fraction  can  be  refolved  into  two  fuch  quantities 
that  being  mutually  multiplyed  will  produce  the  faid  Numerator ,  then  that  Equation  may 
be  refolved  into  Proportionals  in  this  manner ,  viz.  Let  the  Denominator  of  the  Fraftion 
and  the  integer  to  which  the  Fradfion  is  equal,  be  made  the  extreme  Terms  of  aij  Ana¬ 
logy  .  and  let  the  two  quantities  which  being  mutually  multiplyed  will  conftitute  the 
Numerator  be  made  the  mean  Terms ;  but  with  this  caution  in  Geometrical  Queftions 

that  the  firft  and  fecond  Terms  be  of  one  and  the  fame  kind  ,  that  is ,  either  b^h  Linec’ 
or  both  Planes,  or  both  Solids.  As for  example ;  »  >  uoih  i-ines, 


If  this  Equation  be  propofed . . . 

It  may  be  refolved  into  thefe  Proportionals,  ,  3^ 

But  that  they  are  Proportionals ,  I  prove  thus  j 

Firll ,  It  is  evident  that  thefe  are  Proportio¬ 
nals  ,  (  becaufe  the  Produft  of  the  ex-  ^ 
tremes  is  equal  to  the  Produft  of  the( 
means ) . 

And  by  the  Equation  propofed ,  .  .  , 


cd 

lb 

c 


Sb 


a 

d  ,  4 

\ 

j  .  fi 

3  b 


4  —  ~ 


Therefore 


cd 

lb 


3^ 


a 


■($) 


Again,  If . I  .  , 

,  That  Equation  may  be  refolved  into  thefe  > 
Proportionals . . 5 


bb 


b^c 
b'-\-'C  .  b 


4 


Likevuife  this  Equation  .  .  .  .  . 

may  be  refolved  into  this  Analogy  , 


cc  —  bb 
,  c^b 


a 

'c^b 


And  this  Equation  ^  .  .  .•  7  ,  , 

may  be  converted  into  thefe  Proportionals, 


bb^\~'  %bc-]-cc 
S4d 

54^  .  b  c 


•=.  4 

j :  b  c 


Alfo,  this  Equation . . 

may  be  refolved  into  thefe  Proportionals, 
Or  into  thefe, . . 


bbc 

36d 
^6d  .  b 
i6d  ,  c 


a4 

he 

bb 


44 

44 


But  this  Equation 

cannot  bcrefolv 
otherwife  than  thus 


cannot  be  refolved  into  Proportionals  any?  . 


c 

^/h 


4 


Nor  can  this  Equation 


bb^cd  _ 

g  ~ 


4 


be  converted  into  Proportionals, unlefs  thus,  ^  \bb^\--cd\  *fibb\-\-cd 


4 


Chap.  14,  Kefoiution  ef  Arithmetkal  Qi^ftiohs^  &Ci 
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Vat  has  Arithmetical  QueBions  AlgelraicaUy  refolded  j  whereby 
mofl  of  the  Rides  hitherto  delivered^are  exercnd ^  in  the  lUf 
mention  and  Kefolntion  of  pure  or  Jimpie  Equations* . 


Quations  may  be  divided  into  two  kinds , 


1,  Pure  or  Simple-  ** 

2. ^  Adfefted  ot  Compounded. 


II.  A  pure  or  fimple  Equation  is  of  two  kinds,  Firft^  wben  the  quantity 
fought  is  expreftby  a  fimple  Root  only,  as  4.  'as  in  this  Equation,^  5^=  12  :  fecondly- 
when  the  quantity  fought  is  expreft  by  a  fimple  Power  only as  aa^  or  aaa,  6cc,  as  in 
this  Equation ,  3  aaa  =  24  j  likewife  in, this ,  2.  I  3  ^  y  and  fuch  like. 

III.  An  adfe6^ed  or  compounded  Equation  is  that,  wherein  there  are  two  or  more 
different  Degrees  or  Powers  of  the  quantity  fought  as  in  this.  Equation aa  6ai 

where  aa  and  4  exprefs  two  different  Degrees,  or  Powers  of  the  quantity  joughr, 
the  one  lignifying  a  Square ,  and  the  other  its  Root  or  fide :  alfo  in  this  Equation, 
aaa  -1-64^  —  24  =  zB,  there  are  three  unlike  Powers  or  Degrees  of  the  quantity  fought  ^ 
to  wit,  444,  44,  and  a.'  ..  r 

IV.  The  Invention  and  Refolution  of  Pure  ox  Simple  Equationsi  is.  copioufly  Jllu- 

Rrated  by  Arithmetical  Queftions  in  this  Chapter,  as  alfo  in  thefecond  and  third  Books 
of  my  Algebraical  hlments  and -the  Refolution  of 'Adfeded  or  Compound  Equations 
in  Numbers  is  handled  in  the  15-,  '6,  and  1 7.  Chapters  of  this  Book  ,  as  alfo  in  the  i  o,  and 
1 1 .  Chapters  of  the  fecond  Book*  But  how  Algebraical  operations  are  applicable  to 
the  folving  of  Geometrical  Problems  ,  I  Ihall  fliew  in  ray  fourth  Book  of  Algebraical 
Elements.  '  ’  ^  ~ 


y.  when  an  Arithmetical  Queflion  is  propofed,  the  number  fought  muft  firft  of  all 
be  arfumed  or  fuppofed  to  be  known!; ‘and  you  may  reprefent  it  b^rhe’lctter  4,  or  any 
other  Vowel :  you  tUay  likewife  fepr^fent  the  giveh  nurtlbers  by  Confoil'ants,  as,  b^  c,f&:c.  . 
Renates  des  Cartes  puts  forgiven  Quantities  the  former  letters,  of  the  Alpabet,  as ,  4 ,  b^ 
c,  d,  &c.  but  for  Quanrines  foughf the  latter  letters  , 'If, jl',  A',  i^c.V  "Tfteh’with  the.'lkters 
xeprefenting  the  numbe^given  and  fought  ,  ail  orderly  prOccIs'  mtift'bt.inade,  byaddjng, 
fubirafting  ,  multiplying  or  dividingv^c!  according , to  the  imppr't  of  file  Q^cRioh,  AiiTtil 
at  length  an  Equation  befound  out  betyveefiThe  number  fought  or  fortie  Power  of  Eowers 
of  it,  and  fome  numb'er  or  numbers’.giveri ;  Laftly  ,'  When  the  Equation  To  found  out. 'is 
a  Pure  or  Simple  Equation, the  numbeffdught  may  be'  diftovered  by  ibtrie  of  the  Redu^^ions 
in  the  foregoing  1 2, 'aWd'^i'5.  Cha|)ters  j/but  when' the  Equatioh'is  Adfetffed  br  Com¬ 
pounded  ,  the  R'cforutfbn  thereof  belongs  cither'  to  the  1 5 ,  Chapter  ‘^of  this  firft  Book or 
the  10,  and  1 1 ,  Chapters  of  the  fecond  Book.  ' . 

V I.  In  the  Refolution  of  every  Queftion  ,  I  proceed  from  the  beginning  to  the  end 
by  Heps  numbred  in  the  Margin,  by  And  becaufe  Numeral  ^yilge- 

bra  is  more  ealie  for  Learners  thati  the  ^ Literal though  not  fo  ufeful  for  the  reaibns 
before  given  in  8.  Cha^..i.  ')  1^  have  in  many  Queftions  expreft  the  Operation  be¬ 
longing  to  every  ftep  in  both  kinds!^ bf that' the  one  may  explain  the  other: 
So  in  the  fecon'd  ftep  of  fhTe  Reiblutid*  of  theTollowing  fir'ft  Queftion ,  the  Iclfer  number 
fought  is  expreft  by  Numeral  Algebra  thus,  2  6  — ;  4 ;  .. but,  by  Zif^r4/  Algebra  thus,  b—  a. 
Alfo,  in  the  fourth  ftep,  the  Equation  by  numeral  Algebra  is  i6  —  %  j  bwt  by 
literal  Algebra  it  is;  24 — h—c.  |  t  .  - 

V  1 1.  V/hen  an  Equation  is  found  out  in  any  of  the  following  Queftions,  I  take  it 
for  granted  that  the  Reader  knows  how  fb  reduce  it,  if  need  be,  according  to  the  Rules  in 
the  foregoing  11,1  2,  and  13.  Chapters  ,  that  1  may  avoid  tedious  repetitions  of  what 
hath  been  already  explain’d.  Thefe  things  preraifed,'*!  pfoc^ed  *to  the  Queftions 
themfelves.  *  '  •  .  .  r..-  . 


f 
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^VEST.  I. 

There  arc  two  numbers  whofeSumm  is  26,  (or  If,)  and  their  difterence,  (towirjthc 
cxcefs  of  the  greater  above  the  leffcr)  is  8,  (or  c,)  What  are  the  Numbers  I 


Numeral , 
4, 

26 - 4 


24' 


26 


LitcrrU^ 


24' 


24  — .  25  ==  8 


4  =  17 


9,  that  is, 


24' 


4  = 


H 


RESOLVTION: 

•  -  1-  ' 

'i.  For  the  greater  number  put  ..... 

a.  Then  fubtraAing  that  number  4  from  thc^ 
given  sumro,  the  Remainder  will  be  the  Icfler' 
number ,  to  wit ,  .  . . 

3.  -And  by  fubtrafting  the  leffer  number  from 
.  the  greater ,  the  Remainder  will  be  their] 

Y difference,  to  Wit,  ..... 

4.  Which  difference  found  out  in  thelaftflep' 
muft  be  equal  to  the  given  difference  8,  (ot  c) 
whence  this  Equation  arifeth ,  .  .  . 

5.  From  which  Equation,  after  it  is  duly  re-' 

duced  according  to  3 .  and  5 .  of  Chap.  1 2 . 1 
the  greater  number  fought  will  be  difeovered,! 
towir,  .  .  ’ . 

5.  And  confequently  from  the  fifth  and  fecond 
fieps  the  leffer  number  is  alfo  difeovered,^ 
to  wit,  .  .  . .  . 

I 

$0  the  numbers  fought  are  found  1 7  and  t  p,  whole  fumm  is  2  5,  and  their  didl^ence  is  8, 
as  was  preferibed.  ,  .  • 

Moreover ,  If  the  two  laff  ffeps  of  the  literal  Refolution  be  expreR  by  words ,  they  will 
give  this  .  l 

THEOREM.  , 

Half  the  difference  of  any  two  numbers  added  to  half  their  Summ,  gives  the  greater 
number :  But  half^  the  difference  of  any  two  nutribers  fubtraded  from  half  their  6umm, 
leaves  the  leffer  number. 

Therefore  the  Summ  and  difference  of  any  two  numbers  being  given  feverally,  the  num¬ 
bers  themfelves  are  alfo  given  by  the  faid  Theorem  }  but  it  prefuppofeth  that  the  number 
given  tor  the  Difference  muft  not  exceed  the  number  given  for  the  Summ. 

Note  here  once  for  all ,  That  the  numbers  given  in  a  Queftion  cannot  alwayes  be  chofen 
at  pleafure ,  but  fometimes  they  muft  be  fubjeft  to  one  or  more  Determinations ,  which 
for  the  moftpart  (though  not  alwayes  )  are  difcoverable  by  the  Theorem  or  Canon  that 
refulreth  from  the  Refolution.  But  how  limits  or  Determinations  are  difeovered,  I  (hall 
have  occalion  to  fhew  hereafter  in  my  fecond,  third,  and  fourth  Books  of  Jlgehakdl 
Elements. 


/  S^EST.  2. 

There  are  two  numbers  whofe  Summ  is  40,  (or  h,)  and  the  greater  number  hath  {itch 
.  proportion  to  the  leffer  as  3  to  2,  or,  as'  r  to  r  j ) ,  What  are  the  Numbers  i 

'  » 

1.  For  the  greater  number  fought  put  .  . 

2.  Then  to  find  the  leffer  number,  fay  by  the 
Rule  of  Three , 

'  '  If  2  .  ^ 


•  •  •  t. 

Or,  r  I  ••  4 
whence  the  leffer  number  is  , 


J 


There* 
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which  produce  fiwple  Equations. 


^5 


3,  Therefore  the  Surara  of  the  two  numbers  7 

fought  is . \ 

4.  Which  Summ  found  out  in  the  laft  ftep  muft. 

be  equal  to  the  given  Summ  40 ,  (or  h, X 
whence  this  Equation . 

5.  Which  Equation,  after  due  Redu6fion  ac-' 

cording  toSeH.  2.  and  5.  of  Cha^.  12.  gives] 
the  greater  number  . . 

6,  And  from  the  fifth ,  firft ,  and  fecond  fteps,7 
the  leffer  number  is  alfo  difeovered  ,  to  wit,  J 


•)a 


5^ 


=  40 


^  =  24 


id,  or 


sa 


4-1- 


sa 


b. 


rh 


r  -j-  S' 
sb 


H' 


So  the  numbers  fought  are  found  24  and  id,  which  willfatisfie  the  conditions  in  the 
Queflion  ;  for  their  fumm  is  40,  and  the  greater  hath  fuch  proportion  to  the  Icfs  a-  3  to  2, 
as  was  preferibed. 

Moreover ,  If  the  two  lafl:  fteps  of  the  literal  Refolution  be  refolved  into  Proportionals, 
according  to  Se6i^  3 .  Chaf,  1 3.  there  will  arife  this  » 

THEOREM. 

As  the  Summ  of  both  the  Terms  which  exprefs  theReafon  (or  Proportion)  of  two 
numbers,  is  to  the  Summ  of  the  fame  two  numbers-;  fo  is  the  greater  Term  to  the  greater 
number  ;  and  fo  is  the  lefier  Term  to  the  leffer  number.  ^  “ 

Therefore  the  Summ  of  two  numbers  being  given,  as  alfo  their  Reafon,  or  Proportion ; 
the  numbers  (hall  alfo  be  given  feverally  by  the  faid  Theorem. 


.  ^ESTi  3v 

There  are  two  numbers  whofe  difference  is  8 ,  (  or  ^/ , )  and  the  greater  fiumber  hath 
fuch  proportion  to  the  leffer  as  3  to  2,  (  or  as  r  to  x  j )  what  are  the  Numbers  ? 

I.  For  the  greater  number  put  i*.  .  .  *  '  a 

2,  Then  to  find  the  leffer  number  fay  by  thc^  '  ^ 

Rule  of  Three,  II 


i 


a 


If 


3 


4 


la 

~ 

sa 


1 

ii 


24 

3 


sa 

r 


3 


=  8 


24 


16 


a  — 


sa 


a 


r 


a  — 


rd 


r-^s 

si 


Or  if  f  .  s  z:  a  . 

r  .1 

whence  the  leffer  number  is  ^  *  .  .  .  J 

3.  Therefore  by  fubtradling  the  leffer  number*?] 

from  the  greater,  the  Remainder  lliall  be>. 
their  differewce,  to  wit,  . . ' 

4.  Which  difference  muft  be  equal  to  the  given? 
difference  8  (or  dj')  hence  this  Equation  arifethy 

5.  Which  Equation,  after  due  ReduiStion,  dif-7 
covers  the  greater  number  fought,  to  wit,  5 

6.  And  from  the  fifth,  firft,  and  fccond  fteps  the?  .  r 
leffernumber  will  be  alfo  made  known,  to  wit, i  *  * 

So  the  Numbers  fought  are  found  24  and  id,  which  will  folve  the  Queftion  j  for 
their  difference  is  8,  and  they  are  in  the  proportion  of  3  to  2,  as  was  preferibed. 

Moreover ,  If  the  two  laft  fteps  of  the  literal  Refolution  be  converted  into  Proportionals 
(according  to 3.  13.)  there  will  arife  this 

THEO  RE  M. 

As  the^  difference  of  the  two  Terms  which  exprefs  the  Reafon  or  Proportion  of  two 
numbers  is  to  the  difference  of  the  fame  two  numbers ,  fo  is  the  greater  Term  to  the 
greater  Number ;  and  fo  is  the  leffer  Terra  to  the  leffer  Number. 

Therefore  the  Difference  and  Reafon  of  two  numbers  being  feverally  given,  the  numbers 
thcmfelves  fhall  be  alfo  given  by  the  faid  Theorem. 

^EST. 


\ 


I 
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^JJEST,  4;’  “  '  ‘ '  '  ' 

There  are  two  numbers  whofe  Surara  is  7,  (or  difference  of  then;  Squares 

is  2 1, tor  ^0  what  are  the  numbers'?  .  •  ;  -  ! 


a 


am 


a  =  s 


=±  2 


4 

'  i' 

aa 


aa — 

2^a  — 

iha  —  bb~  d 


bb+d 
U 


1.  For  the  greater  number  fought  pvu  , 

2.  Then  fubtrading  the  grease  number  from 

the  given  Summ,  the  Remainder  is  the  leffer 
number,  to  wit, . , 

3 .  Therefore  from  .the  firft  ftep  the  Sqi^re  of? 

the  greater  number  is . ^ 

4.  And  from  the  fecond  ftep  the  Square  of  the?  . .  .  . .  j 

lelTer  number'  is . ^  —  H4  4# 

5.  Therefore  the  difference  of  the  Squares  of  > 

the  two  numbers  fought  (hali  be  ’ K  " 'I  .  y  ^  ^  ' 

6.  Which  difference  muft  be  equal  to  the  giyen^ 

difference  2 1  (or  , )  whence  this  Equatiqn>  144  —  49  2 1 

arifetb  j 

7.,  Which  Equation,  after  due  Reduftion 
according  to  ScB,  3,  and  5*.  of  Chap.  12. 
difcovers  the  greater  number  fought ,  to  wit,'^ 

8,  And  from  the  feventh  and  fecond  fteps ,  ^he  > 
leffer  number  will  be  alfo  made  known, 
to  wit, . .  . 

So  the  numbers  fought  are  found  $  and  2,  which  will  folve  theQueftion.  for  their 
Summ  is  7,  and  the  difference  of  their  Squares  is  2 1 ,  (to  wit,  25  —  4;)  was  preferibed. 
Moreover ,  If  the  two  laft  fteps  of. the  literal  Refolution  be  expreft  by  words ,  they 

will  give  this  ^ 

THEOREM.  , 

If  to  the  St^uare  of  the  fumra  of  any  two  numbers  the  difference  of  their  Squares  be  added, 
and  the  fumm  of  that  addition  be  divided  by  the  double  fumm  of  the  two  numbers ,  the 
Quotient  will  be  the  greater  number :  But  if  from  the  Square  of  the  fumm  of  twp  numbers 
the  difference  of  their  Squares  befubtraded,  and  the  Remainder  be  divided  by  the  double 
fumm  of  tlte  two  numbers,  the  Quotient  will  give  the  leffer  number. 

Therefore  the  Summ  of  two  numbers  being  given ,  ^as  alfo  the  difference  of  their 
Squares ,  the  numbjers  themfelves  lhall  be'  given  leverally  ;  but  it  prefuppofeth  the  fqu.arc 
of  the  given  fumra  to  exceed  the  given  difference. 


bb  —  d 

2b 


,:^^EST.  5.  •  • 

There  are  two  numbers  whofe  difference  is  3,  (ore,)  and  the  difference  of  their  Squares 
is  2 1 ,  (or  what  are  the  numbers  ? 


1 .  FoLlhe  leffer  number  fought  put  .  . 

2.  To  which  adding  the  given  difference  3 

(or  c,)  the  fumm  will  make  the  greater 
number,  to  wit, . ^ 

3 .  Therefore  the  Square  of  the  greater  number  is 

4.  And  the  Square  of  the  lefler  number  is  .  . 

5-.  Therefore  the  difference  of  thofe  Squares  is 

6.  Which  difference  muft  be  equal  to  the  given5 

difference  of  the  Squares ;  whence  this  Equa^' 
tion  arilhh ,  to  wit ,  .  .  ...  . 

7.  Which  Equation,  after  due  Redudion  (ac-' 
cording  to  Se^.  3,  and  5.  of  Chap.  12. 
difeovers  the  lefler  number  ,  to  wit ,  .  .  , 

8*  And  from  the  feventh  and  fecond  Equations,? 
the  greater  number  will  be  found  .  .  .  .y 


aa  -I-  6a  -j-  9 
aa 

^a*^^  9 
6  a  >*1  -  9  rz:  2  I 


a 


aa 


a^c 

aa  -j-*  2ca  cc 

ica  -\-cc  ■=zd 
d- 


a  = 


cc 


2C 

d  cc 


2C 


So 
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tvbich  produce  fmple  Equations, 


So  the  nurnbers  fought  are  5  and  2,  which  will  folve  the  Queftion  •  for  their  dilFerence 
is  3  ,  and  the  difference  of  their  Squares  is  2  i  ;  as  was  prefcribed. 

Moreover,  the  two  lafl:  fteps  of  the  literal  Refolution  afford  this  ' 

THEOREM. 


If  to  the  difference  of  the  Squares  of  any  two  numbers  the  Square  of  theif  difference 
be  added  ,  and  the  flimm  of  that  addition  be  divided  by  the  double  of  the  difference  of 
ihofe  two  numbers ,  the  Quotient  will  give  the  greater  number  :  But  if  from  the  dif¬ 
ference  of  the  Squares  of  two  numbers  the  Square  of  their 'ditfercnce  be  fubtraCfed  ,  and  the 
Remainder  be  divided  by  the  double  of  the  differehce  of  thofe  two  numbers  ^  the  Quotient 
fhall  be  the  lefier  number* 

Therefore  the  difference  of  any  two  numbers  being  given,  as  alfo  the  difference  of  their 
Squares ,  the  numbers  thernfelves  fhall  alfo  be  given  fcverally  by  this  Theorem  j  but  it 
prefuppofeth  the  given  difference  of  the  Squares  of  the  two  numbers  to  exceed  the  Square 
of  the  given  difference  of  the  fame  two  numbers. 


XP^St,  6. 

A  certain  perfon  being  asked  what  was  the  age  of  every  one  of  his  four  Sons ,  an- 
fwered  5  the  eldefl  was  four  years  (  or  ^  )  elder  than  the  fecond  ,  the  fecond  was  four  years 
elder  than  the  third  ,  the  third  was  four  years  elder  tlian  the  fourth  or  youngeli ;  and  the 
double  of  the  youngeft  Sons  age  was  equal  to  the  age  of  the  eldeft  •  what  was  the  age 
of  each  Son  ? 


1.  For  the  age  of  the  eldeft  Son  put  . 

2.  Then  from  the  age  of  the  eldeft  Son  fub-^ 

trading  4  (or  there  will  remain  the  fecond  > 
Sons  age,  to  wit,  .  .  . . y 

3.  Likewife  from  the  fecond  Sons  age  fub-9 

trading  4  (  or  ^  )  the  Remainder  will  be  the  > 
third  Sons  age  ,  to  wit, . 3 

4.  Again,  from  the  third  Sons  age  fubtrading^ 

4  (  or  ^  )  there  will  remain  the  fourth  or  > 
youngeft  Sons  age,  to  wit, . 3 

5.  But  according  to  the  Queftion,  the  double  oK 

the  age  in  the  fourth  ftep  muft  be  equal  to  the^ 
age  in  the  firtt  ftep ,  whence  this  Equationr- 
will  arife, . J 

6.  Which  Equation  duly  reduced  difeovers  the? 

age  of  the  eldeft  Son,  to  wit, . ^ 


a 

4 

a  —  8 

a —  la 


24  —  24  — 


=  24 


a 

a —  zi 
a —  3^ 


la  —  6b  ~  A 


a  —  6h 


Wherefore  the  ages  of  the  four  Sons  were  24^20, 16,  and  12  .  for  the  firft  exceeds 
the  fecond  by  4,  which  is  alfo  the  excefs  of  the  fecond  above  the  third the  third  above  the 
fourth ,  and  the  double  of  the  fourth  is  equal  to  the  firft ,  as  was  prefcribed  in  the 
Queftion. 

Moreover  the  laft  ftep  of  the  literal  Refolution  (hews  ,  that  if  inftead  of  4 ,  any  other 
number  be  given  for  the  common  difference  of  the  four  Sons  ages ,  then  fix  times  that 
common  difference  will  give  the  eldeft  Sons  age ,  which  fliall  be  equal  to  the  double  of  the 
age  of  the  youngeft. 


^VEST.  7.' 

A  Merchant  began  to  Trade  with  a  certain  number  of  pounds :  By  his  firft  Voyage 
he  doubled  that  Stock,  by  his  fecond  he  loft  1200.  pounds  (or  by  his  third  he 
doubled  his  remaining  Stock-  by  his  fourth  he  loft  again  1200.  pounds,’  and  then 
had  no  money  left.  The  queftion  is ,  to  find  how  many  pounds  tht  Merchant  began  to' 
Trade  with  ? 

I  2  '*  I.  Fb'r  • 


Refolntion  of  Arithmetical  Quejliovs 


Book  I* 


the 


1.  For  the  number  of  pounds  which 
Merchant  began  to  trade  with  put  . 

2.  Then  the  doable  of  that  number  gives  the^ 

number  of  pounds  he  had  at  the  end  of  his 
firfl:  voyage ,  to  wit  ^  .  .  .  •-  •  ♦ 

3.  From  which  laft  number  fubtraaingT 20 o’ 

(or^,)  the  Remainder  Ihews  the  number  of( 
pounds  that  remained  to  the  Merchant  at  the^ 
end  of  his  fecond  voyage,  to  wit,  .  . 

4.  Which  remaining  number  being  doubled' 

gives  the  number  of  pounds  which  the  Mer- 1 
chant  had  at  the  end  of  his  third  voyage,^ 
to  wit, . •  •  .  • 

From  which  laft  number  fubtraifting  again 
i  ioo  (  or  pounds  loft  by  the  fourth  voy-( 
age,  the  Remainder  muft  be  equal  to  nothing  j( 
hence  this  Equation , 

6.  Which  Equation,  after  due  Reduction,  gives 


a 


2a 


2a —  1 200 


44  —  2400 


44  —  3^00  —  o 


a 


goo 


24 


2a  —  ^ 


44  ~  ih 


44  —  3  ^  =  o 


a-=z^.h. 


Whence  it  is  found  that  the  Merchant  began  to  trade  with  900.  pounds ;  which  number 
will  fatisfie  the  conditions  in  the  Queftion. 

Moreover  the  laft:  ftep  of  the  literal  Rcfolution  (hews ,  that  if  inftead  of  1 200.  any 
other  number  were  given,  the  Merchants  ftock  at  firft  would  be  three  quarters  of  that 
giverr  number,  < 


^Esr,'  8. 

A  Gentleman  hired  a  Servant  for  a  year,  for  120.  Mlings  (or  c,)  together  with 
a  livery  Cloak  valued  at  a  certain  number  of  fliilHngs:  But  when  (or  )  parts  of  the 
year  were  expired ,  the  Mafter  falling  at  variance  with  his  Servant  puts  him  awav,  and 
gives  him  the  Cloak  with  ^o.  Ihillings,  (or  /.)  and  fo  the  Servant  received  full  fatis- 
faftion  for  the  time  of  his  fervicc.  The  queftion  is,  to  find  How  many  Ihillings  the 
Cloak  was  valued  at  ? 


a 


12 


da 


1.  For  the  number  of  (hillings  which  the  Cloak 

was  valued  at  put . ,  .  . 

2.  Then  to  find  what  part  of  the  value  of  the^ 

Cloak  was  due  to  the  Servant  when  riCot  d)  ' 
parts  of  the  year  were  expired ,  fay  by  the 
Rule  of  Three , 

If  I  .  ^ 

1  ^ 

Or,  if  I  .  4  : :  d  da 

whence  the  defired  part  of  the  value  of  the 
Cloak  is  found . J 

3.  Find  likewife  what  part  of  the  i2o(orr)'i 

ftiillings  was  due  to  the  Servant  when  7^  1 

{or  d)  parts  of  the  year  were  expired ,  | 

and  fay  ,  '  r* 

If  I  .  1 20  : ;  .  (  70  I 

Or,  I  ;  c  : :  d  ,  cd  | 

whence  the  part  defired  is  found  .  .  .  .  J 

4.  Now  forafmuch  as  the  Cloak  together  with  the  yo,  (hillings  the  Servant  received,  ought 
to  be  equal  to  the  part  of  the  Cloak,  together  with  the  part  of  the  120.  (hillings  that 
was  due  to  him  at  the  time  he  left  his  fervice  j  therefore  from  the  premifes  there  arifeth 
this  Equation : 

—  z± 

12 


70 


cd 


4-1-50  =  ^4-705 


Or ,  4  4'/  —  d.i  -j-  cd. 


y.  Which 


Chap.  14. 


S.  which  Equation  after  due  Reduaion  according  to  Se5i.  2.  2,  and  c.  of  Chap  12  will 
give  the  delired  value  of  the  Cloak  ,  to  wit , 

=  48  =  -iiilX: 

1  ^  d 

■  Whence  it  is  evident  that  the  Cloak  was  valued 
Equation  difcovers  this 

CANON. 


Multiply  the  money  which  the  Servant  was  to  receive  befides  the  Cloak  for  a  years 
wages ,  by  the  time  he  ferved  •  then  divide  the  ditference  between  that  Produd  and  the 
money  he  received  when  he  left  his  fervice  by  the  difeence  between  i  (  or  unity  )  and 
the  fame  time  he  ferved  ;  fo  the  Quotient  gives  the  value  of  the  Cloak. 

By  which  Canon  the  value  of  the  Cloak  will  be  found  to  be  q8.  s.  as  above. 


I  2 


The  Proof. 

48  ►-{-•  JO  “  p8. 
of  48,  of  120  =  98. 


£IVEST.  9.  '  ' 

A  certain  man  finding  divers  poor  perfons  at  his  door,  gave  every  one  of  them  three 
pence  (  or  ^ ,  )  and  had  fix  pence  (or  c)  left  ^  but  if  he  would  have  given  them  four  pence 
(or/)  a  piece,  he  (liould  have  wanted  two  pence  (or  How  many  poor  perfons 
were  there  ?  ^ 


a 


,  For  the  number  of  poor  perfons  put  i  .  .  * 

.  Then  forafmuch  as  that  number  multi  ply  ed  by  3  (or  h)  and  the  Produd  increafed 
with  6  (or  c)  makes  the  whole  number  of  pence  that  the  giver  had :  And,  becaufe 
if  the  fame  number  of  poor  perfons  be  multiplyed  by  4  (or  /,)  the  Produd  lefs  by  i 
(or^)  muft  alfo  make  the  fame  number  of  pence  ;  hence  this  Equation  . 

*-j-<  6  “  4^  —  5. : 

Or,  ha  c  ~  fa  —  g. 

Which  Equation  after  due  Redudion  according  to  SeCi.  3,  and  5.  of  Chan.  12.  dif¬ 
covers  the  number  of  poor  perfons  to  be  8: 

—  — 


8 


J^EST.  10. 


One  being  asked  what  a  Clock  it  was ,  anfwered  ,  That  the  time  then  pafl:  from  noon 
was  equal  to  (or,  b)  parts  of  the  time  remaining  until  midnight  :  What  was  the 
prefent  Hour  ?  fuppofing  the  time  between  noon  and  midnight  to  be  divided  into  12  (or  c) 
equal  Hours. 


1 .  For  the  Hour  fought  after  noon  put  ...  . 

2 .  Which  fubtraded  from  1 2  (or  c)  leaves  the  ? 
time  remaining  until  midnight,  to  wit,  .  . 


12 


T  hen  (or  h)  parts  of  the  faid  remaining 


5 


time  will  be  ...  ; 

.  Therefore  from  the  firfl  and  third  fiepsy 
(  according  to  the  Queftion  )  this  Equation^  <?  = 
arifeth,  to  wit,  .  .  .  ...  ,  .  ,y 

.  Which  Equation  after  due  Redudion  accord¬ 
ing  to  2,  3,  and  j.  of  Chap.  12.  gives 
the  Hour  fought ,  to  wit . . 


is  6. _ 

40  ^o** 


be  —  ha 


■19  6, 
40 


40' 


'  ^ _  it 

"  =  5^. 


a —  be  —  bd 


a  — 


be 


b  *-1—  I 


So  the  lime  fought  was  5  Hours  after  noon ,  and  confequently  the  remaining  time 
until  midnight  was  Hours ,  whereof  Jo  is  equal  to  the  faid  j  7 f  }  as  was  pre¬ 
fer  ibed  in  the  Qiieflion. 


/ 
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3 


^V£Sr.  ii; 

A  General  of  an  Army  having  fet  his  Souldiers  in  a  Square  Battel ,  there  happened  to  be 
joo  (or  ^  )  Souldiers  to  fpare  }  but  to  increafc  the  Square  fo  as  that  its  fide  might  confift 
of  I  (  or  r  )  Souldier  more  than  the  fide  of  the  former  Square,  there  would  be  2p  (  or  ^  ) 
Souldiers  wanting.  The  queftion  is ,  to  find  jdow  many  Souldiers  the  General  had  in 
his  Army. 

^  t  *  •  .  j  •  - 

1 .  For  the  number  of  Souldiers  that  made  the  7 

«  fide  of  the  firft  Square,  put . S 

2 .  Then  that  fide  multiplyed  by  it  fclf  gives  the . 
number  of  Souldiers  in  the  firft  fquare  Bat-] 

tel ,  to  wit . . .  . 

Therefore  the  number  of  Souldiers  in  the? 
whole  Army  was  .  .  . 

Then  to  the  end  the  fide  of  another  Square^ 
may  exceed  the  fide  of  the  former  by  i 

(or  c,)  let  it  be . 

Which  latter  fide  multiplyed  by  it  fclf  gives^ 
the  number  of  Souldiers  in  the  latter  fquare] 

Battel ,  to  wit , . _  ^ 

But  the  number  of  Souldiers  in  the  laft  ftep  exceeded  the  number  of  Souldiers  in  the 
Generals  Army  by  29  (or  therefore  fubtrading  29  ^ot  d)  from  the  number  in 
the  laft  ftep ,  the  Remainder  muft  be  equal  to  the  number  in  the  third  ftep  :  hence  this 
Equation  arileth  ,  to  wit,  .  . 

2  it  *“j~'  r  2  9  dd  •“!"*  5  1 

Or,  2ca  cc — ■  d 

Which  Equation  after  due  Reduftion  (according  to  Se^,  5  ,  and  y.  of  Chap,  iz.) 
makes  known  the  fide  of  the  firft  Square ,  viz.  ^  ‘ 

/c  '  ^ -j- ^ ‘  I. 

-  264  =  — i - - 


5 


aa  2  a  •-j-'  i 


<«4-j-2C4-i-  cc 


a 


‘C. 


8.  Laftly,  If  the  fide  or  nurhbb  found  out  in  the  laft  ftep  be  multiplyed  by  it  felf , 'and 
the  Produd  be  increafed  with  5  oa(br  ^,)* there  will  come  forth  the  number  of  Souldiers 
that  were  in  the  Generals  Army,  to  wit,  "  ■<  < 

^^-j-  zhd-Y^dd 


70196  =: 


^cc 


—  id. 


Whence  it  is  manifeft  that  the  General  had  ^0196  Souldiers  in  his  Army:  Alfo, 
the  Side  of  the  firft  Square  Battel  confifted  of  264  Souldiers  ;  and  the  Side  of  the  latter 
265-  J  this  multiplyed  by  it  fclf  produceth  7022  j,  which  exceeds  the  faid  70196  by  29  : 
Moreover,  the  faid  70196  exceeds  the  Square  of  264  by  500  ;  as  the  queftion  requires. 


^ESr.  12. 

Two  perfons,  A  and  difeourfe  of  their  Money  in  this  manner  ,  viz.  A  faith,  if  B 
would  give  him  a  Crown  ( or  c,)  then  A  Ihould  have  as  many  Crowns  as  B  had  left . 
but  B  faith,  if  A  would*  give  him  a  Crown,  then  B  fliould  have  twice  as  many  Crowns 
as  A  had  left.  How  many  Crowns  had  each  perfon  ? 

1.  For  the  number  of  Crowns  which  A  had,,  put .  a 

2.  Then  ,  according  to  the  queftion,  if  that  number  be  increafed  with  > 

I  Crown  (or  r,)  the  fumra'will  be  the  number  of  Crowns  that  >  a-\-c 

remained  to  .5  alter  he  had  given  i  Crown  to  A,  to  wit,  .  . 

5.  And  confcquently ,  by  adding  1  Crown  (  or  r  )  to  the  faid  nura-' 
her  of  Crowns  that  remained  to  B  after  he  had  given  i  Crown  i 
to  Ay  the  furam  wifi  be  the  number  of  Crowns  which  B  hadi 
at  firft ,  to  wit,  .  . . 


J 


cfefi,  14 


which  produce  fimple  Equations. 


7‘ 


4.  Again ,  according  to  the  qucftion,  if,  i  Grown  (ore)  be  added  1 

to  the  faid "4  in  the  lafl:_ftep,  and  fiib trailed  from  a  in  ttffQ  ,  __ 

fidl  ftep ,  the  fumm  muft  be”  equal  to  the  double'  of  the  Kemain-f  —  — 2c 

;  “h^nce  this  Equation,  Z  V  \ 

Which  Equation ‘alter  due  Redudion,  difeovers  the /lumber  of/ 

Crowns  that  ^  hadatfirft,  towft^  I  . . ^  az=:^c 

6.  And  from  the  fifth  and  third  fteps,  the  number  of  Crowns  which  /  '  1 

£  had  at  firft  will  alfo  be  made  i?nown,  to  wit,  .  .  .  ‘ m  ^  ^  d  -  2  e  =  ye 

So  it  is  found  that  ^  had  5  Crowns ,  and  5  7  Crowns ,  as  will  be  evident  by 
^  Proof, 

'  r  .  '  , .  j  .  »  •'1 

5  -Ir.  I  =  7  I  =  5  ,  . 

'  ■  7H-:l=44-4rrr'8. 


7  r.  A 
\ 


f?  . 


^vEsr-  13. 


ICO 


m 


ica 

i 


ha 


A  Vintner  having  two  forts  of  French  Wines,  to  wit ,  one  fort  worth  i  o.  (-or  h  )  the 

quart,  and  the  other  6.  (or  e)  pee  quart,  would  have  a  mixed  quantity  of  both  forts 

to  coniift  of  1 00.  quarts  (or  m)  that  might  be  worth  7.  d.  (or/)  fer  quart.  The  queftion  is, 

to  fijnd  What  quantity  of  ea^h  fort  of  Wine  muff  be  taken  to  make  that  mixture  J  / 

*  »  * 

1 .  For  the  number  of  quarts  tha^  rpuil  be  taken^ 

of  the  better  fort  of  wine  to  make  tbe  raix-5 
ture  put . .  . 

2 .  Which  number  fubtrafted  from  1 00  (  or  m\ 
leaves  the  number  of  quarts  of  the  worfer  fort^ 
of  wine  in  the  mixture ,  to  wit,  ••••!, 

3.  Then  find  the  worth  of  the  better  fort  of') 
wine  i^  the  mixture  at  i  o./i  (or  b)  per  quart, 
and  fay  by  the  Rule  of  Three7 

If  1  .  10  ;;  4  .  (  104, 

Or,  if  I  *  ^  4  .  (  ba. 

So  the  quantity  of  the  better  fort  of  wine  J 
in  the  mixture  is  found  worth  .  .  .  .  j 
‘  4.  Find  likewife  the  worth  of  the  worfer  fort 
of  wine  in  the  mixture  at  6.  d.  (  or  £• )  per 
quart  ^  and  fay, 

It  I  ,  5  ;;  100  —  4  .  (  <Joo — 6a,  ^  ^00  —  54 

Or,  I  .  c  : :  nt  —  a  ,  (  cm  —  ca. 

So  the  quantity  of  the  worfer  fort  of  wine  in 
the  mixture  is  found  worth  .  ,  .  ,  .J 

5.  Therefore  the  Summ  of  the  values  of  both] 
the  quantities  mentioned  in  the  two  laft  Reps  is  7 

6,  Which  Summ  muft  be  equal  to  the  Product  made  by  the  multiplication  of  ico  (orm) 
the  total  mixed  quantity,  by  7  (or/)  the  preferibed  mean  price  j  henCe  this  Equation 
arifeth,  to  vvit, 

444-^00  "  700, 

Or,  ....  ba-j-cm^ — ca  —  fm. 

7,  Which  Equation,  after  due  Reduftion  ,  difeovers  the  value  of  /? ,  to  wit,  the  number  of 
quarts  that  muft  be  taken  of  the  better  fort  of  wine  w  make  the  mixture, 

"A  fk  * 

^ 

rr-  - s  .  .  -  1 

8.  And  from  the  feventh  and  fecond  fteps  the  number  of  quarts  that  ought  to  be  taken  of 
the  worfer  fort  of  wine  to  make  the  mixture  will  alfo  be  made  known, 

—fm 

- 

p.  Fromthetwolaff  fieps  it  is  evident ,  That  25  quarts  of  the  better  fort  of  vvine,  and 
7  J  quarts  of  the  worfer  fort,  muft  be  taken  to  make  the  preferibed  mixture  5  for  thofe 

cniantitieg' 


44  4--6ocr 


cm  —  ca 


ba^cih  —  cd 
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quantities  at  their  refpeftive  prices  will  be  worth  in  the  whole  700  pence,  which  is 
alfo  the  juft  worth  of  100  quarts  at  7  pence  quart.  ' 

Moreover,  If  the  latter  parts  of  the  two  laft  Equations  be  refolved  intoProportioniils, 
(according  to  SeU,  3.  Chap.  13.)  and  be  expreft  bywords,  they  will  give  this  following 

•  THEOREM.  ,, 

As  the  difference  between  the  given  prices  of  two  forts  of  Wines  or  other  things 
whereof  a  mixture  is  defired ,  is  to  the  total  quantity  required  to  be  in  the  mixture  i  So  is 
the  excefs  by  which  fome  mean  price  prefcribed  for  the  total  quantity  mixed  exceeds  the 
leffer  of  the  two  given  prices ,  to  the  quantity  to  be  taken  of  the  better  fort  of  Wine : 
And  fo  is  the  excefs  of  the  greater  of  the  two  given  prices  above  the  mean  price ,  to  the 
quantity  that  is  to  be  taken  of  the  worfer  fort  of  Wine. 

This  Theorem  contains  the  fubftance  of  the  Rule  of  Alligation-alternate  in  Vulgar 
'Arithmetick.  But  how  Queftions  of  this  nature ,  when  three  or  more  things  are  to  be 
mixed,  may  be  folved  more  generally  than  by  that  Rule,  I  (hall  hereafter  (hew  in  Chap.  13. 
of  my  fecond  Book  of  Algebraical  Elements. 


XPEST.  14. 

A  Ciftern  in  a  certain  Conduit  is  fupplyed  with  water  by  two  Pipes,  of  fuch  capacities, 
that  by  both  their  Cocks  A  and  B  fet  open  at  once  the  Ciftern  will  be  filled  in  i  a  (or  b') 
hours  •  but  by  the  Cock  A  alone  in  20  (ore)  hours;  the  queftion  is ,  to  find  In  what 
time  the  Ciftern  will  be  filled  by  the  Cock  B  alone  ? 


I .  Suppofe  the  time  fought  to  be  .  .  .  . 

3.  Then  find  what  part  of  the  Ciftern  will  be' 
filled  by  the  Cock  B  alone  in  12  (or  ^  ) 
hours ,  and  fay  by  the  Rule  of  Three , 


-  a 


If 


a 


12 


12 


Or,  if  a  ,  1  ; :  b 

whence  the  faid  part  is  found  .  .  .  .' 

3.  Find  likewife  what  part  of  the  Ciftern  will 
be  filled  by  the  Cock  A  alone  in  1 2  (or  b) 
hours,  and  fay. 

If  20  .1  : :  12  • 


12 


a 


4-t= 


.<*  =  ?° 


j 


•(  * 


a  = 


be 


Or,  if  c  .  I  b  .  Q— 

whence  the  faid  part  is  found  .... 

4.  But  thofe  parts  found  out  in  the  fecond  and^ 
third  fteps  muft  be  equal  to  the  whole  Ci¬ 
ftern,  to  wit,  1  ;  hence  this  Equation  arifeth,' 

5,  Which  Equation  ,  after  due  Redutftion  ac¬ 

cording  to  SeU.  2,  3,  and  5.  of  Chap.  12. 
difeovers  the  value  of  <« ,  to  wit ,  the  timel 
fought,  viz . 

Whence  it  appears,  that  by  the  Cock  B  fet  open  alone  the  Ciftern  would  be  filled  in 
3  0  hours :  And,  if  the  laft  Equation  of  the  literal  Refolution  be  refolved  into  Proportionals 
according  to  Seil.  3.  Chap.  13.  there  will  arife  this  following 

CANON. 

As  the  difference  of  the  two  numbers  or  fpaces  of  Time  given  in  the  Queftion  is  to  either 
of  them ,  fo  is  the  other  to  the  Time  fought ,  viz. 

As  8  (  20 — 12)  .  12  20  .  30, 

Or ,  3S  •  ,  .  •  c  — —  b  •  b  ; :  I  r  •  — .-« 

c  —  b 

The 


chap.  14. 


ri>birh  produce  fimple  Equations, 


The  Proof  may  be  made  by  folving  this  Queftion, 

If  a  Ciftern  will  be  filled  with  ^watcr  by  a  Cock  ^  in  20  hours,  and  by  another 
Cock  ^  in  hours,  in  what  tinie  will  the  Giftern  be  filled  by  both  Cocks  fet  open 
at  once?  12  hours.  i  ^ 

Firfi  find  what  part  of  parts  ’of'  the  Cifiern '  will  be  filled  by  each  Cock  in  One  and  the 
fame  lime;  then  it  fiiall  be,  As'the  fumm  of  thofe  parts  is  to  that  Common  time,  fo  i^ 
the  whole  Cifiern  (  to  wit,  i ,  )  w  the  time  wherein  the  whole  Ciftern  will  be  filled  by 
both  Cocks  fet  opemat  once  ^  ^ 

^  ’’  .  r  -  ho,  ^  ’  '  .  '  \  ' 

...  .  30  .  1  •  ‘:r^"2o  .  (X'f  Cillerni 

C  ''  'T."  add  '  Cifiern.  * 

■■li-'i  .  ,i _ _ _ _  ,  , 

‘  •  n  Summ,n  pjf'Cifl. 

So  it  is  found  that  if  Cifiern  will  be  filled  ih  zb'hOul:^  by  both  Goeks  ^;and  B  fet  open 
at  once  j  then  fay  again  by  the  Rule  of  Three ;  "  w  v.  ,, 

Cifi,  ho.^  1  i  1  -  '  .'-i-I  i  ■-/)  (  . 

(12  hours.  1' 


20' 


.L'J 


..'50 


10; 


J  I  ^  V  V  Wi  A  9  " 

If  the  Operation  of  this  latter ’QUefiion  be  formed  Algebraically -by  letters  ,  it  will 
afford  this  ^  , 

A  i  f  ■  -r  V'  ’  ■ijahiru  v',  '■'da-lOya'ilj' bi-.i'j  o'-  ,  ' 

As  the  Suram  of  the  two  giVen  numbers  expreffing  fpaces  of  time  in  the  latter 'Que-; 
fiion,  is  to  either  of  them*  So  is  the  other  to  the  Time  fought. 


.  ,  ^  '^X^EST:  ly? 

A  Shepherd' m  the  time'-df  W  driving  a  fl  fell  into  the  hands  of  three 

Companies  of  plundering  Souldiers  ,  Who  compell’d  h‘im' to  deliver  the  half  of  his  fiocic 
With  half  a  Sheep'over  and  above,  to  the'firfl  Company  •  alfo  half  bChis  remaining  flock 
with  half  a  Sheep'ti)  theTeCdnd  Cbtiipany  ;  Tikewife  the  Half  ‘of  the'fefl  of  his  flock  with 
half  a  Sh^ep  to  the  third  Company :  All.  which  DivifiOns  the  Shepherd  exaaiy  perform’d 
without  killing  a  Sheep  ,  and  ‘then  there' remained  only  20  (  or  ^  )  iSheep  tor  himfelf. 
The  queftion  is,  to  find  How  many  Sheep  the  Shepherd  had  in  his  Flock  at  fitfl  ?  ' ' 

1 .  Let"  the  fiurtiber  of  Sheep  Whic^  the  Shepherd  b^d  fh'  bis  flock  at  ^  ?  -  - 

firfl  be  reprefented  by  '.  .  .  .  v  :  ;  ;  .  rC 

2.  Then-tbe  half  of  that  number  is  to^bicfiaddiiig^,  (that  is,‘^  ' 

ri'llr  Vnpi»r\  'N  fiimm  tiitll  Ko  C’l _ L  l.l*-.  ..4 


‘  i.  -  •ili 


4^  i-  ^ 


no'.T 


- -  ™  ...w  .V,  ...^‘SKepherd  aucr  nc> 

‘  TadTatisfi'ed  thefirff  Gpmpany'ofSo^UJdiers,  to;^‘t^  I  , 

Then  the  half  of  that  krnainingflbci'Bf^lfl  to\vhich  adding- 

t,  (  that  is,  t  Sheep,)  the  fumtti^wiir  be.  the  number  of  Sheep  dc 
r|livered  to  the  fccond  Company  oY  Sblildiers ,  to  wit,^'  j.*  .  '• 

i:  ■mich  '^-^".::|-:‘;f -being  lubtfal^ed  brbto 
the  remainder  will  be  the  number  pf  Sheep  that  'vvere  left  to  the 
Shepherd  after  he  had  fatisfied  ahe-febond  Company  of  Souldiers 
to  wit ,... 

t'k^^^henThe  half  oPkhCA*rnatn?ng-  the  laff  flep  is  — gy 

to  which  adding  (to  wit,  7  Sheep, ^  .^e  fumm  will  be  the  num-* 
ber  of  Sheep  delivered  to  the  third  Company,  to  wit,  .  .  .  .^ 

T^r  Which  |«“1- r  ?b'eing'fubtrad'cdlf]romC^ — f  iii-the  fifth  ffep',^ 
the  remainder  will  be  the  number  of  Sheep  that  were  left  to  the 
^^ilfepherd  after  h'eTtlsd  i  fatisfied  ail '  the  three  Companies  ,  to  wit,..;^  ... 

S.  But  the  remainder!  in  the  laft  fbep\mbft  be  ^ual  to^zo  (or^)  the-^i  v--  ’  j,  __  t  _ 
number  given  in  the  Q^ieftion  ;  hence  this  Equation  ,  .  .  ^  ^  ^  —  20.' 

Which  -Equation  joaffer-  due'RcduClion ,  difcovcfs  the  number?'  ’  ’  ,  . 

Lfoyghtyto  wif^!;bi';n‘!i.  vij  ni  -inii;::-..;';. 1 ,  ^  — ^^7 

V  A®  A  appears  that  the  Shephctd  had  i6y  Sheep  in’  his  Flock  at'firff 
■  ' *  K  .  The 


--  .;K  b' 

\a  .-j-  f 
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The  Proof. 

1  The  half  of  167  is  Ssi  ,  to  which  adding  t ,  the  fumm  is  84*  which  was  the 
number  of  Sheep  delivered  to  the  firft  gompany  of  Souldiers;  and  then  there  remained 

8;  Sheep  to  the  bhephcrd.  .....  ,  t  •  r 

o  A^ain  the  half  of  83  is  4ii  /which  incrcafed.with  t  makes  42,  the  number  of 
Sheep,  delivered  fo  the  fecond  Goto  pan  y  j  and  then  there  remained  41  Sheep  to  the 

Laftly ,  the  half  of  41  is  207,  which  increafed  with  t  makes  2T,  which  was  the 
number  of  Sheep  delivered  to  thg  third  Copipany  j  and  fo  there  remained  20  Sheep  to 

the  Shepherd  ,  as  the  Queftjon  declareth.  , 

Moreover  the  Equation  in  the  laft  ftep  of  the  Refolution  fliews,  That  if  any  whole 
number  inftead  of  20  be  prefenbed  in  the  Queftion  ,  that  number  rauliiplyed  by  8,  and 
iheProdua  increafed  with  7  will  give  a  number  capable  of  the  like  Divihon  as  167  that 
anfwered  the  Queftion  :  S>  .if  there  had  been  but  pne.Sheep  left  for  the  Shepherd,  then 
his ‘Flock  at  firft  wa/i  j  Sheep ;  if  2  Sheep  had.been,  le(t,  his  Flock  at  firftwas  23  ; 
if  Sheep  had  been  left,  then  he  had  an  When  he  firft  met  with  the  vS'ouldiersj  and  fo 
by'a  continual  addbionl  of.  8 aU  the.  odd  numbers  capable  of  that  Div.fion  the  C^ieftion 
requires,  mayi  be  rprde^ly  found.W.n  But  to  have  nothing  left  after  luch  Diviiion  is  made, 

the  number  firft  to  be  divided  is  7.  ,  urj. 

It  is  alfo  evident,  that  by  continuin^thellefoliition  an  .odd  number  maybe  found  out* 
that  (hall  be  capable  of  being  divided iccording  to  the  import  of  the  Queftion  ,  as  many 
times  as  (hall  be  deilred.‘  •  '  * 

JQVEST.'  1(5. 

Two  Merchant?,  J  and  Bf  wewGoparmeFS  ^n  traffick:  the  fumm  of  their  Stocks 
was  300  /.  (or  the  Stock  yf  jeohtinued  in  company  9  (ore)  months,  and  the 
Stock  of  J?  It  (brV),  months  3;;  ^b>v;  gained,  a  fumm  .of  Money  which  they- 

divided  dually.  TI)e  queftion  find  What  ,ea(;h  Merchants  Stock  was  at  hrlt  ( 

1 .  For  the  Stock  oMd  when  he  entred  Pirtnern?.  A  ' :  {n .  ^  . 

(hip  >  put  .  r  4  .  •  •  ♦I*  •  .3  r.’  f  il; 

2.  Then  fubtraiJting  that  flock  tht  joynt 

flock  300/.  (  or  the  Kemaiqdef^vill  be 
the  ftock  of  ^  ,  to  wit , . . 

3.  The  firft  ftock  multiplyed  by,;;|^;  time  it?  ^  ^  j 

continued  in  Company  produceih.  \  a' '  ' 

4.  And  the  other  ftock  multiplyed  by  Its  tirfic^  ^3300 _ 

c. '^Now  fonfmuch  as  th*e  MerAanWdmded't^  therefore  the  Produas  in 

the  third  and  fourth  fteps  muft  be  e,qpal„to  Qne^^nqther,,  (  according  to  the  nature  ot 
theRuleof  Fellowlhipwith\Timc.X^OK.*'^‘^:%WW  ....  . 

Or,  ...  c4,.,74j  1,-7- 

6,  Which  Equation,  after  due  Reduaibp,  aircbfdmg  tp^.^<r^.  3,  and  f.  of  Chap.  12.  will 

difeover  the  Stock  which  ^  p.u^  ifi  ,  7  •  ,’}[);; 

4  'iirYi^C  ==  •  ti..!  biri'jn  r  i  ’ 

C  -j-  d  ^  ,  .  .  .  .  .i.;  . 

7.  A  nd  from  the  and  2 ,  fteps  the  Stock  which  B  <  put  in  will  alfp  b?  made  known, ty  wit^ 

cb  !•  05 ')  ’If.  1  ji'i'// i-i  ■ 


y:fi6  Vi 


b 


ea 


1 14 


db-^da 


.  ’5; -74:x-  ... 

So  it  is  found  that  the  Stock  of  A  was  i(5y  andithat  of  By.  1 35  ^^5  **  9 

Moreover ,  If  the  latter  pav|s  of;  the  two  Equations  in  the  fixth  and  feventh  fteps  be 
refolved  into  Proportionals,  according  to  1  Chap.  13.  there  will  ariCc  this 

■  C'ANON.'tv  ;  ■'  i’  f'' 

~As  the  fumm  of  both  fpaces  of  time  given  in  the  Qaeftion  ,  is  to  the  given  fumm  of 
the  two  particular  Stocks  fought ;  fo.is  the  greater  time  to  the  particular  Stock  belonging 

to  the  lelfer  time ;  and  fo  is  the  kflisr  time  to  the  btyck  belonging  to  the  greater  time. 

- -  ^ 


Chap.  14. 


n^bkh  produce  fimple  Equations. 


75 


32 


aa 


head 


XPEst.  17. 

A  certain  man  being  asked  how  many  years  old  he  was ,  anfwered  ,  If  (or  h)  pare 
of  the  number  of  years  he  had  lived,  were  multiplyed  by  f  (  or  ej  par'ts  of  the  fanie 
number ,  the  Produd  would  give  his  Age.  What  was  his  Age  ? 

1 .  For  the  number  of  years  fought  put  .  .  .  a  |  ^ 

2.  Then  according  to  the  Queftion,  multiplying? 
lo^  by  (or  ha  by  ea)  theProdud  will  be5 

3.  Which  Produd  mufl  be  equal  to  the  number  ^ 

of  years  fought,  viz. . .  ^ 

4.  Then,  by  reducing  that  Equation  according^ 

to  Sehl.  4,  and  of  Chaf.  12.  thenumber>  _ ^ _ _ 

of  years  fought  will  be  difeovered,  viz,.  .  .  j  he 

Whence  it  is  manifefl:  that  the  Refpondent  was  3  2  years  of  age  ;  for  if  i  ^  that  is 
of  32,  be  multiplyed  by  20,  that  is,  J-  of  32  .  the  Prod ud  will  be  32,  to^wit,  the 
number  of  years  fought.  It  is  alfo  evident  by  thelaft  Equation  in  the  literal  Refolution 
that  if  I  (to  wit  Unity)  be  divided  by  the  Produd  made  by  the  multiplication  of  the  two 
numbers  given  in  the  queftion ,  the  Quotient  will  be  the  number  fought. 


2  2  ^ 


a 


hcaa 


4  ■=: 


a 


3^ 


sa 


There  are  two  numbers ,  the  greater  of  which  hath  fuch  pr()portion  to  the  leffer  as 
3  to  2  ,  (or  as  r  to  s  Q  and  the  fumm  of  the  faid  numbers  hath  fuch  proportion  to  the 
furam  of  their  Squares,  as  i  to  i  3,  (  or  as  h  to  c.)  What  are  the  numbers  ? 

1 .  For  the  greater  number  fought  put  .  .  *  .  4  a 

2.  Then  (according  to  in  Sehi.  4. 

Chap.  10.)  the  fumm  of  the  two  numbers 
will  be  found  .  .  : . 

3.  And  (  according  to  ^efi.  y.  in  the  faid 
SeU.^.  Chap.  10.)  the  fumm  of  the  Squares 

ot  the  two  numbers  fought  wifi  be  .  .  .\  '  9  ‘  rr 

4.  Again,  by  the  help  of  the  latter  Proportion 

given  in  the  Queftion  ,  and  of  the  fumm 
found  in  the  fecond  ftep  fearch  out  the  fumm 
of  the  Squares  of  the  two  numbers  fought  • 
viz.,  fay  by  the  Rule  of  Three,  [ 

If  I  .  13  -lii-  r"  ” 


Or,  if  h 


a 


tra~\-csa 
hr 


a 


da  4* 


ssaa 


era  esa . 


hr 


whence  the  fumm  of  the  faid  Squares  is  founds 

Bud  th^e  fumm  of  the  Squares  found  out  in  the  third  ftep  rauft  be  equal  to  the  furara' 
in  the  fourth}  hence  this  Equation,  vU. 


Of, 


aa-\ 


rr 


era  esa 
hr 


6,  Which  Equation ,  after  due  Redudion,  will  difeover  the  greater  of  the  two  numbers 
fought ,  viz.. 

.  =  .5  = 

brr  -J-  bss 

7.  Whence  ,  by  the  help  of  the  firR  proportion  given  in  the  Queftion  I  the  lelTcr  number 
fought  will  alfo  be  made  known  ,  viz,.  . 

ic.  =  -"/-+»•". : 

hrr  hss 

K  2  So' 
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So  the  numbers  fought  arc  1 5  and  i  o ;  for  they  are  in  the  given  Reafon  of  5  to  2  5  and 
their  furam  2  5  is  to  32  5  the  fumra  of  their  Squares,  as  1  to  1 3  j  as  was  prefOTbed. 

Moreover,  the  letters  in  the, latter  parts  of  the  two  laft  Equations’give  a  Canon  to 
find  out  the  numbers  required. 


a 


a. 


a, 


sa 


^VE'sT,  19, 

There  are  two  numbers,  -the  greater^of  which  hath  fuch  proportion  to  the  Icffer, 
as  3  to  2,(oras-/-toi  ;)  and  the  furam  of  the  faid  numbers  hath  fuch  projBortion  to  the 
Product  of  their  multiplication,  as  i  to  d,  (or  as  h  to  tr.)  What  arc  the  numbers? 

1.  For  the  greater  number  fought  put  .  . 

2,  Then  (according  to  in  Se^. 

Chaf.  10.)  the  fumm  of  the  two  numbers 
will  be  «•  «  *.••••• 

3,  And  (  by  ^uefl.  -4,  in  SeB.  4.  Cha^.  10.)  7 
the  jProdu£l,of  theirfraultiplication,is  . 

4.  A^ain ,  ^by  the  help  of  the, latter  proportion-^ 
given  in  the  Queftion ,  and  of  .the  i  fumm  ' 
found  in  the  fecondlkp,  fearch  out  the  Pro- 
duft  of  the  multiplication  of  the  two  num¬ 
bers  fought ;  •viz.,  fay  by  the  Rule  of  Three, 

If  1.6;: 


saa 


ica 


Or,  if  & 


;  :  4-j- 


I  ca , 

cra-\-csa 


•j 


(cira'\‘  esa 
1? 


r  hr 

whence  the  Produft  is  found  .  .  .  .  _ 

,  But  the  Produas  found  out  in  the  two  laft  fteps  muft  be  equal  to  oneanotber  j  bence 

this  Equation ,  'viz, 

2 

- — —  "  I  oa , 


Or , 


 era  *-j-  esa 


hr  ' 

6,  Which  Equation ,  after  due  Reduaion ,  difeovers  the  greater  of  the  two  numbers 
fought,  viz. 

cr  -j--  cs 


a  — 


hs 


7.  Whence,  by  the  help  of  the  firft  proportion  given  in  the  Queftion,  the  kffer  number 

fought  .wifi  alfo  be  mads  known ,  viz,  ^ 

cr  -}-  cs 


10 


hr 


So  the  numbers  fought  are  found  i  jr  and  10  ;  but  that  they  will  folve  the  Queftion 
the  Pj;oof  will  make  manifeft :  For  the  greater  is  to  the  lefter  as  3  to  2  5  and  their  fumm  25, 
is  to  i  50  the  Produa  of  their  Multiplication,  as  i  to  (5  .  as  was  prefer ibed. 

Moreover ,  the  two  laft  Equations  give  a  Canon  to  find  out  the  number  fought. 


^EST,  20, 

There  are  two  numbers,  the  greater  of  which  hath  fuch  proportion  to  the  kffer  as  2  to  i 
(or  as  r  to  i  , )  and  the  fumra  of  the  Squares  of  the  faid  numbers  is  125  (or  ^ ;) 
What  are  the  numbers  ? 

1 .  For  the  greater  number  fought  put  . »  .  .  a 

2.  Then  (  according  to  ^efi,  j,  in  ScB.  4.?  _1_ 

Chap.  10.')  the  lefter  number  will  be  founds  2 

3.  Therefore  the  furam  of  their  Squares  fliall  be  — 


rr 

4.  Which 


Chap.  14. 


zphkh  produce  jtmple  Equatmis. 


4.  which  fumm  raufl  be  equal  to  125-  (or  h')') 
the  given  furam  of  the  Squares ;  hence  this  > 

Equation, . .  .  .3 

5-.  Which  Equation ,  after  due  Reduft’ion  (  ac-' 
cording  to  Se^.  2,  5, and  7.  of  Chap.  12.) 
will  dilcover  the  greater  number  fought,  'z/i-z. , 
6.  But  if  a  had  been  put  for  the  leffer  number,? 
it  would  by  the  like  procefs  have  been  founds 


$aa 

ff 


a 


125 


10 


ssaa 


5 


rt 


a'^n  Jsj 


rrb 


rr  -  ss 
ssh 


rr  -j-  ss 

From  the  two  laft  fteps  the  numbers  fought  arc  found  10  and  5,  which  will  folve  the 
Queftion :  For  the  greater  is  to  the  ^effer  as  2  to  1 ,  and  the  fumm  of  their  Squares  is  125; 
as  was  preferibed. 

Moreover  ,  to  find  out  the  numbers  fought ,  the  two  lafl:  fteps  ot  the  literal  Refolution 
give  this 

CANON. 

» 

Multiply  feverally  the  Squares  of  th^  Terms  of  the  given  Reafon ,  by  the  given  fumm 
of  the  Squares  of  the  number  fought ;  then  divide  the  Produfts  feverally  by  the  fumm 
of  the  Squares  of  the  faid  Terms  ;  laftly ,  extract  the  fquare  Root  out  of  each  Quotient , 
fo  (hall  thefe  fquare  Roots  be  the  numbers  fought. 


^  ^VEST.  21.  ^ 

-I  ' 

There  are  two  numbers,  the  greater  of  vyhich  hath  fuch  proportion  to  the  lelfer  as  2  to  i , 
(or  as  r  to  Jj)  and  the  difference  of  their  Squares  is  7  5,  (  or  d  .*)  What  are  the  numbers  ? 


I.  For  the  greater  number  fought  put  .  .  . 

■2.  Then  (  according  to  ^efi.  1.  in  SeB.  4.? 
I  o.)  the  leffer  number  will  be  «  .  .3 

3.  Therefore  the  difference  of  their  Squares  is 

4.  Which  Difference  muff  be  equal  to  the  given? 
Difference  yy  (or  hence  this  Equation, 

5.  Which  Equation,  after  due  Reduftion,  dif-? 

covers  the  greater  number ,  viz.  .  , 

6*  But  if  a  had  been  put  for  the  leffer  number  ? 
it  would  have  been  found  by  the  like  procefs  3 


a 

a 

2 

^aa 

4 


75 


^  =  10 


a 

sa 


aa 


ssaa 


rr 


aa 


a 


ssaa 

rr 


=id 


=  v  - 


rrd 

rr  —  ss 
ssd 


rr —  ss 

So  the  numbers  fought  are  10  and  5,  which  will  folve  theQueftion  :  For  the  greater 
is  to  thelefieras  2  to  i,  and  the  Difference  of  their  Squares  is  75  j  as  was  preferibed. 

Moreover,  to  find  out  the  numbers  fought ,  the  two  lafl:  Reps  of  the  literal  Refolucion 
give  this  ’ 

CANON. 

Multiply  feverally  the  Squares  the  Terms  of  the  given  Reafon  by  the  given  Difference 
of  the  Squares,  then  divide  the  Produfts  feverally  by  the  Ditference  of  the  Squares  of  the 
faid  Terms;  laftly  ,  extrad  the  fquare  Root  of  each  Quotient,  fo  fltall  thefe  fquare  Roots 
be  the  numbers  fought. 


OV  E  ST.  2  2. 

There  are  two  numbers,  the  fumm  of  whofe  Squares  is  1 25  (or  b-i)  and  the  difference  of 
their  Squares  is  75  (or  5)  what  are  the  numbers  ? 

1.  For  the  greater  number  put  .  .  . 

2.  Then  its  Square  will  be  .... 

5.  Which  fubtrafted  from  125-  (or  the' 

given  furam,  leaves  the  Square  of  the  lelfer^  12  y 
number,  to  wit , . 


a 

aa 


a 


h-—  aa 

4.  And 


V-,  ■ 
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lati  —  125 


125—75 


a 


10 


2aH<—i>z=d 


4.  And  from  the  fecond  and  third  fteps  by  fnb- 

trading  the  lefler  bquare  from  the  greater, 
their  difference  is . .  . 

5.  Which  Difference  muff  be  equal  to  the  given 

Difference  75  (or<:i,)  whence  this  Equation ^2 
arifeth ,  •«•••••••» 

Etom  which  Equation  after  due  Redu£fi0n,T 
according  to  SeB.  3,  5,  and  7.  of  Chap.  12. 
the  greater  number  fought  will  be  made^ 
it  n  own ,  *««•«•  •  •  • 

7.  But  if  a,  had  been  put  for  theleffer  number^ 
fought,  it  would  by  the  like  procefs  have>  • 
been  found  . . •  •  *3 

So  the  numbers  fought  are  found  lo  and  5,  which  will  folve  the  Quefffon  •  for  the 
fumm  of  their  Squares  is  125,  and  the  difference  of  their  Squares  is  7  5  ,  as  was  preferibed. 

Moreover,  to  find  out  the  numbers  fought,  the  two  laft  fleps  of  the  literal  Refolution 
give  this 

CANON. 

I 

The  fquare  Root  of  half  the  fumm  of  the  given  fumm  and  difference  of  the  Squares 
of  the  two  numbers  fought ,  is  equal  to  the  greater  number ;  and  the  fquare  Root  of  half 
the  difference  of  the  faid  given  fumm  and  difference  gives  the  lefler  number. 


a  Trz  aJ 


h 


23. 

There  are  two  numbers,  the  fumm  of  whofe  Squares  is  340  (or  b  •)  and  the  Produffc 
made  by  the  multiplication  of  the  two  numbers  is  equal  to  ^  (or  ^r)  parts  of  the  Square 
of  the  greater  number ;  what  are  the  numbers  ? 

1.  For  the  greater  number  put  T  4  ^ 

2.  Then  its  Square  is  .  .  . .  44  44 


T  And  ^  (  or  c  )  parts  of  that  Square  is 

4.  Therefore  alfo  (  according  to  the  condition' 
in  the  Queftion)  the  Produ6f  of  the  rantipli-! 
plication  of  the  two  numbers  fought,  fliall  be. 

5*  Which  Produd  divided  by  the  greater  num-? 
ber  4  will  give  the  lefler  number ,  to  wit,  \ 

5.  Therefore  from  the  lafl:  ftep  the  Square? 

of  the  lefler  number  is  .  * 

7.  And  by  adding  together  the  Squares  in  the? 
fecond  and  fixih  fteps,  their  fumm  will  be  . 

8.  Which  fumm  muft  be  equal  to  the  given  fumm  ? 
340  (or  b,)  whence  this  Equation  arifeth,  J 

From  which  Equation,  after  it  is  duly  re-*^ 
duced  acebrding  to  ScB.  2,  v ,  and  7.  of( 
Chap.  12.  the 
made  known , 

10.  And  from  the  ninth  and  fifth  Reps  the? 
lefler  number  will  alfo  be  difeoveredj  .  *  .3 


4 

44 

644 

~Y~ 

^44 

7 

6a 

7 

^6aa 

49 

8544 

49 

ll^  =  S4o 
49 


II  v/l-*  ^  IL  U  U141^  1C  ^ 

ing  to  ScB.  2,  5,  and  7.  ofc 
e  greater  number  fought  will  ber 

,  'Vt/Ki.  .  .  •  •  •  •  • 


4.2=  14 


=  12 


caa 


C*44 


C4 


ccaa 


ccaa  -]-•  ^a 
ccaa  '\-aa  —  h 

a~  4^ 


cc 

bcc 


So  the  two  numbers  fought  are  found  1 4  and  1 2 ,  which  will  folve  the  Queftion  j  for 
the  fumm  of  their  Squares  196  and  144  is  340  ;  alfo,  14  multiplyed  by  12  makes  168, 
which  is  equal  to  ^  of  the  greater  Square  196. 


£iyESr.  24. 

A  Merchant  bought  a  certain  number  of  Yards  of  linnen  Cloth  at  12  pence  (or  ^  ) 
per  Yard  5  and  if  the  number  of  pence  paid  for  all  the  Cloth  be  multiplyed  by  the  number 

of 


tpbich  produce  fimple  Equations. 


79 


of  Yards  bought,  the  PfoduO  will  be  30000,  (or p.)  The  Quezon  is,  to  find  the 
number  of  Yards  bought. 

1.  For  the  number  of  yards  bought  put  V  .  .  - 

2.  Then  the  number  of  pence  paid  for  the? 

whole  Cloth  will  be  ...  . 

3.  Which  number  multiplyed  by  a  (the  number? 

of  yards  bought,)  produceth  .  .  >  .3 

A,  Which  Produ^lmUfl:,  according  to  the  Que-7 

ftion,  be  equal  to  30000  (  or  fc;)  therefore^  3=  30000 

5.  From  which  Equation,  after  due  Redudfion^? 
the  number  of  yards  fought  will  be  difco->  «=  50 
vered, 

So  it  is  found  that  the  Merchant  bought  50  yards  of  Cloth ,  which  at  1 2.  d.  ^er  yard 
makes  600;  this  <5oo  multiplyed  by  50  (the  number  of  yards  bought,)  produceth 
30000  •  as  was  prefcribed  in  the  Queftidn.  . 


SivBsr.  25. 


■  j  ''  ^  !• 

Two  Merchants  i  ^  and  B  ,  were  Copartners  in-traffick;  A  brought  in  a  certain 
number  ot  pounds,  which  continued  in  Company  4  (orr)  months,  ^brought in  100 
(or  pounds,  which  continued  in  Company  fuch  a  time,  that  if  it  be  multiplyed  by^  the 
Stock  ot  A  it  makes  ?  o  (  or  d.')  At  the  end  of  their  Partnerihip  they  had  gained  60  pounds^ 
whereof  A  had  40  (or  f)  pqunds  for  his  ifiare,  and  B  the  reft,  to  wit4>2o  ;  (orj).pounds. 
What  was  the  Stock  which  A  put  ihacfirftj  and  how  many  months  did  the  Stock  of  B 
continue  in  Company  ?  ,  '  '  /V"'  iii  j.-n  r.;  .}, 

1.  For  the  Stock  of  put  ..  ,  i.  t, 

2.  Then  multiplying  chat^ftock  by  the  time  it^Mi  ;•!  jf’j 

continued  in  company,  to  wit,  by  4  (  or,,hj)V  ^  ini  < 
it  makas  •  »  •  •  •  .  .  ;  j  i  bloitij, 

3.  Then  divide  50  (or  d)  the Produft given in’v,- 
the  Queftion,  by  4  the  (vStockof^,)  and  ther  -ryo. 

Quotient  will  give’  the’  time  that  the  Stockr,  ' 
of  B  continued  in  Company,  to  wit,. 

4.  The  Stock  of  B.  to  wit,  100 1,  (or  multi-'?  ^  ' 

//  Si.  ?ooo 

plyed  by  its  time  -1—  (or  —  )  pidhcMO  ’ — 7~ 

a  a 


n  ii.i'.i'  jpjt  :\'f 
'■Z  >ii 

..zt  '.  J  .  V  .y 
fi  ‘  d  "pH 


ii  .ifiao 


u 


a 


5.  Then  according  to  the  nature  of  the  Rule  of  Reifowftiip  with  Time,  this  Analogy  ivIU 
arife,  vU.  As  the  Produft  made  by  the  mutual  mu’ltiplication  of  the  Stock  and  Time 
of  ,  is  to  the  Product  of  the  Stock  and  Time  of  i?  •  fo  is  the  gain  of  A  to  the 
.  gain  of  B :  vU.  _  _  - 


A  vooo 

As,  44  ?7 T40 


20. 


ltd  j  i  0  nkuocnrir.d-j  M  A 


-  '  -  a-  :  :  ?{)»,  ivrl  o.l  ct;'  .'J 

?.  Which  Analogy  13  T)  may  be  convep^ Ihb  this  Equ^tl^^ 


Soa  = 

5  bit!  merp; 

Or"  •,  ^ca'=:‘ 

\  '!<■'  -  f?::'  d  il'Mfi'' 


200000 

r)3J;lV  'yA'i 

^  rH.-r: 


:1 


7.  From  which  Equation, (after due Reduftion  according ta<^cl?.2j5,andy.  of  Ch4p.fz,j 
the  Stock  of  A  will  te  ci^fqovcrcd^j^  , ,,  . 


4  =  50  = 


rbd 


T  * 

\  '  •.  rvr?  f .  ■* 


I 


So 
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8.  And  from  rhc  feventh  and  third  fteps ,  the  Time  that  the  Stock  of  B  continued  in  Com¬ 
pany  will  alfo  be  made  known ,  viz. 

50  ,  scd 


50 


9.  ^o  it  is  found  that  the  Stock  which  A  put  in  at  firft  was  50  /.  and  the  Time  during 
which  the  Stock  of  B  continued  in  Company  was  one  month  j  as  will  appear  by 


The  Broof. 


50  X  4 
loo  X  1 

Then  if  .  .  .  • 


r_r  J 


00 


60 


J  200 
^  *•'  1  100 


I 


■  .  .  f  il; 

r*:  .  jC’  1  '  !  .  -  * 


26. 


Certain  Koble-men  made  a  Progrefs  for  their  pieafurc  ^  every  Noble-man‘  carried 
along  with  him  the  lame  funim  of.  pounds  j  the  number  of  the  Noble-men  was  cq.ual  to  the 
number  of  Servants  which  attended  upon  each  Noble-man  •  the  number  ot  pounds  that 
each  Noble- man  had  was  the  double  ot  the  number  of, all  their  Servants  •  and  the  fumtn  of 
ali  their  money  was  345  pound  j  ;  the  Queflion  is,  to  find  out  the  number  ot  Noble-ra^  ; 
alfo, ‘how  many  pounds  and  Servants  each  Noble-man  had  ?  ’ 

,  '  u  ■  '  f-'  ^  )  i'  ■  -  ,  •  M*  ‘i'.i  : 

i.’jRor. the  number  of  Noble-men 'put  ,  .  V  1  *  '■.  i.  .  ^  -  i 

2:.)Then  (  according co  the  Queftion  )  the  number  of  Servants  that?  ■  v . > 

.attended  upon  eachiNoble  man  was  alfo  .t'J'  ,  .  ..l^***  ^ 

3,  Therefore  the  number  of  ail  the  Servants  was  -i;  .  .  -  .  .  .  .  a'a  y 

4.  Which  lift  number  doubled  gives  the  number  of  pounds  that  each  ? 

Nobleman  had ,  to  wit . . ^ 

.5.  And  il  the  faid  number  of  pounds  be  multiplyecj  by  the  number?  ' 
of  Noble-men,  it  produceth  thefumm  of  all ‘thtHr  money,  to  wit,  ^ 

6.  Which!  fumm  mliit  be  equal  to  the  given  fumm  145(5,  therefore  . 

7.  Therdore  by  taking  the  half  of  that  Equation,  there  arifeth.,* . 

8.  Lafily  ,  by  extradmg  the  Cubick  root  of  eich  part  of  the  laft^  *  '  - 

Equation »  the  nupber  of  Ndble-men  is  difeovered,  to  wit,  . -'i'VS  *  *  * 

So  it  is  found  that  there  were  12  Noble  mepj.  alfo,  every  one  ^ofithera  had’ i  a^^Ser- 
vanis  and  z86  pounds,  as  will  appear  by  t  .  .  j^-:6  • 


j  'It. 

•  24^4  I 


2  444  -  ••i  '^-4*  S  ^ 
aaa  z=z’i  /zS 


The  jPra'oftr  ( 


) 


C  ■» 


in-  '  h'r^' 


!h:i  .  1 
iri.  U3 


J  t.fi 


3  lo  ■3:r!c7':i 


rnti? 


.12,,  K  12. 


■rrTy’i 


X.  12, 


=i^45 ' 


‘Jfij 

I  .  f  f  . 


'■M .  -t 


o  :’5r 


■  ')!:  nz.r: 

?i  ,  K 


10 


EST.-z^jx 

A  Merchant  bought  as  many  pounds  of  Peppery  for  one  Crown  as  was  half  the  number 
of  Crowns  he  laid  out ,  thin  in  felling  the  Pepper  he  received  for  every  2  y  lb  of  Pepper 

paid.%  all  the  Pepper  and  in, conclufion  he  had  2pCt0wns;> 
Thequeftiori  is,  to  find  how  many  Crowns  he  laid  out. 

‘  '  n 


”  ho8 


..rr> 


1.  For  the  number  of  Crowns  which  the  Merchant  laid  out,  let  there? 

. •--•..A  •  .  :  .  -S  ’  ’ 

2.  Then  the  number  of  pounds  of  Pepper  which  he  bought  for  one?  *< 

-^Crown  was  uaijiulis;!  _ 

3.  Whence  the  whole  quantity  of  Pepper  bou^tWbi  found  ' ■ 

I  (-Hi-  :  ; 

*  N  2 

4.  Then 


for  ,  If 


I 


f 


Chap.  14. 


tvbich  produce  fimple  Equationt. 


a(ik 

5^ 


-  20 


4.  Then  find  how  many  Crowns  the  Merchant  received  for  the  total  ^ 

quantity  of  Pepper  fold  ,  faying  by  the  Rule  of  Threci  ^ 

If  .  (  _ffl 

2  V  yo  »  ,, 

whence  the  number  of  Crowns  for  which  all  the  Pepper  was  fold 
is  found  ' . . . J 

5.  Which  number  of  Crowns  found  out  in  the  laft  fiep,  rauft  be  equal 

to  2  o  the  number  of  Crowns  given  in  the  Q^efiion  ;  hence  this 
Equation . * . ’  ^  . 

6.  From  which  Equation ,  after  it  is  reduced  according  to  Seli.  2  j 

and  7.  of  Chap.  12.  there  will  come  forth  the  firfl:  cofi  of  the 
Pepper ,  to  wit . . ^ 

So  the  number  of  Crowns  which  the  Merchant  laid  out  was  le ,  as  will  appear  by 
the  Proof;  for  firft,  the  half  of  lo,  town,  will  be  the  number  of  pounds  of  Pepper 
which  he  bought  for  1  Crown  •  then  fay ,  t't' 

*  *  5  10  •  JO  II  pounds  of  Pepper  bought, 

•  10  ::  50.  20  II  Crowns  received  for  Pepper  fold. 


50 


^  =  10 


^EST.  28. 

There  are  two  numbers  the  greater  of  which  hath  fuch  proportion  to  the  lelTer  as 
3  to  2, (or  as  rios^)  andthefummof  the  Cubes  of  the  two  numbers  is  427  c,  (or 
what  are  the  numbers  ( 


what  are  the  numbers  'i 

1.  For  the  greater  number  put  ;  ;  ;  ;  . 

2.  Then  (  according  to  ^efi.  i.  in  Se^.  4.  of? 
Chap.  10. )  the  lefTer  number  will  be  founds 

3.  Therefore  from  thefirftRep,  the  Cube  of? 

the  greater  number  is  .  .  .r 

4.  And  from  the  fecond  ftepthe  Cube  of  the? 

Jeffer  number  is . r 

5.  Therefore  from  the  third  and  fourth  fteps,? 
the  fumm  of  the  Cubes  of  both  numbers  is^ 


a 

7  a 
3 

2aaa 

27 

3  Saaa 

~~27~ 


a 

sa 

r 

SSS^^t^ 


I 


rrr 

sssaaa 


aad 


=  4375.  Or, 


sssaaa 
rrr 


daa 


h. 


7.  From  which  Eqn«ion, after  due  Reduftion.CaCcordinstoScaa.c.andy  of  Cfa»  r 

the  greater  number  fought  will  be  made  known  ,  t-if.  '  ''  ^ 

.  =  IP  =  V(3)-^7^; 

.  And  from  the  fevenih  and  fecond  fteps,  the  leller  number  will  alfo  be  difeovered,  to  wit, 


=  V(3) 


sssb 


sss  ►-j-t  rrr 

"e  found  1 5  and  I  o,  which  Will  folve  the  CJueflion  ;  for  they 

?r.  wir  Af  5  to  2  J  and  the  fumm  of  the  Cubes  of  the  faid  ijand  lo, 

0  w  ,  of  3375-  and  1000  makes  4375  •  as  was  preferibed. 

and  dgKep^gWe  '^hir™'’"' 

CANON. 

Multiply  feverally  the  Cubes  of  the  Terms  of  the  given  Reafort  (or  Proportion)  by  the 
given  fumm  of  the  Cubes  of  the  numbers  fought  5  divide  tHeProduifts  feverally  by  the 

oZienL  ft  rh?  R  of  'he 

Ciuotients  J  10  thefe  Roots  fliall  be  the  numbers  fought 
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Chap.  XV. 


Cottcemng  the  Kefohtion  of  fucb  adfeBed  or  compounded  Eqmtiout 
wherein  there  are  two  different  Powers  of  the  quantity  fought, 
and  thofe  Powers  fuch ,  that  the  higher  of  them  k  a  Square 
whofe  Side  or  Square  Root  k  the  lower  Power. 


THe  Equations  treated  of  in  this  Chapter  fall  under  three  heads  or  forms  here-under 
fpecified ,  which  1  Ihall  firft  explain ,  and  then  Ihew  how  they  may  be  Anth- 

metically  refolved. 

tauatidhs  df  the  firfl  form. 


• 

11 

'O 

+ 

44  - 

ca  — 

aaaa  844  =  48. 

aaaa  - 

-<  ^44  f. 

aaaaaa  -1-*  4444  =  837. 

aaaaaa  - 

“* 

aa  — 


Equations  of  the  fecond  form. 


loa  24, 
daa  =  2  76 

lada  —  4^* 


aa  —  ha 
aaaa  —  faa 
aaaaaa  —  maaa 


Equations  of  the  third  form. 


104  -  44  =  24* 

1 

Sk 

9k 

11 

• 

544  —  4444  =  4. 

raa  aaaa  =  s. 

daaa  —  aaaaaa  =  f. 

1 1.  Every  Equation  which  falleth  under  any  of  the  faid  three  forms,  confifts  of  three 
diftinii  Terms  or  Members ,  whereof  two  are  unknown  and  the  third  is  known  j  of  the 
two  unknown  terms,  one  is  a  Square,  (by  which  in  this  place  I  mean  a  fquare  number) 
which  is  called  the  higheft  term  in  the  Equation ;  and  the  other  unknown  term  is  the 
Produft  made  by  the  multiplication  of  the  fquare  Root  ot  the  faid  fquare  number  by  fome 
known  number,  which  Produft  is  called  the  middle  term;  and  the  third  or  loweft  term 
is  a  number  purely  known :  So  in  this  Equation  aa  -h  <5^  =  5  5  > 
which  may  reprefent  an  unknown  fquare  number  whofe  Root  is  a ;  the  middle  term  is  6ay 
which  is  the  Produdf  of  the  multiplication  of  the  faid  unknown  Root  a  by  the  known 
number  6  •  and  the  loweft  term  (  or  known  part  of  the  faid  Equation)  is  the  number  5  5-, 
which  for  diftindion  fake  is  ufually  called  the  Abfolute  number  given. 

The  like  may  be  obferved  in  this  Equation  aa caz=:b^  where  we  may  fuppofe  h 
and  c  to  reprefent  two  known  numbers ,  and  a  fome  number  unknown ;  then  the  higheft 
'term  is  the  Square  aat,  the  middle  term  is  ca^  to  wit,  the  Produd  made  by  the  multi¬ 
plication  of  a  the  Root-  of  the  faid  Square  aa  by  the  known  number  c  j  and  the  loweft 
term  of  the  faid  Equation  is  the  known  abfolute  number  b. 

Again,  in  this  Equation  544—4^44  =  4,  the  higheft  term  is  the  fquare  number  4444; 
the  rniddle  term  is  544  ,  to  wit ,  the  Produd  made  by  the  multiplication  of  aa  the  fquare 
Root  of  the  faid  fquare  number  aaaa  into  the  known  number  5 ;  and  the  loweft  term 
is  the  abfolute  number  4. 

111.  In  every  Equation  which  falls  under  any  of  the  three  before- mentioned  forms, 
there  are  two  different  Powers  or  Degrees  of  the  number  fought,  and  thofe  fuch,  that  the 
Ihdexor  Exponent  of  the  higher  Power  is  the  double  of  the  Index  of  the  lower  :  As  in  this 
Equation  44 -j-  54  •=  55,  the  Index  or  number  of  dimenlions  in  aa  is  2,  which  is  the 
double  of  1  the  Index  of  a  (  in  the  middle  term  6a:')  fo  alfo  in  this  Equation  544 — • 
4444  =  4,  the  Index  of  the  higheft  term  aaaa  is  4,  which  is  the  double  of  2  the  Index 
of  44  in  the  middle  term.  Likewife  in  this  Equation  444444  -1-^444=  837 ,  the 
Index  of  the  higheft  terra  aaaaaa  is  6 ,  which  is  the  double  of  3  the  Index  of  aaa  in 

^  the 


chap.  15. 
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the  middle  term.  But  in  this  Equation  aaa  ^4  =  59  the  Index  of  the  higheft  term 
aaa  is  not  the  double  of  the  Index  of  a  in  the  middle  term  ,  (  for  the  Index  of  the  former 
is  5,  and  of  the  latter  i  ;)  and  therefore  the  Equation  lafl:  propofed  cannot  be  ranked 
under  any  of  the  three  Forms  aforefaid  ,  and  confequentlyjt  is  not  refolvable  by  the  fol¬ 
lowing  Rules  of  this  Chapter,  but  belongs  to  the  10,  and  n.  Chapters  of  my  fecond 

IV.  Known  numbers  which  are  drawn  into,  or  multip.lyed  by  fome  Degree  or  Power 
of  the  number  fought  are  hy  Vieta  and  others  called  Coefficients,  fellow- fadors  or 
copartners  in  rnultiplicaiion  with  unknown  Powers :  So  in  this  Equation 
the  number  6  is  called  the  Coefficient  ,  to  wit  ,  the  fellow-multiplyer  with  the  unknown 
number  a  to  make.the  Produft  6a.  Likewife  in  this  Equation  aa  car=zb  we  may 
fuppofe  the  letters  b  and  c  to  reprefent  known  numbers ,  and  the  letter  4  fome  unknown 
number  whofe  Coefficient  is  c. 

But  foraetiraes  the  Coefficient  will  happen  to  be  exptefl  by  many  letters ,  as  m  this 
Equation  44  +  :^  (or  ,  where  4  only  is  fuppofed  to  be  uii- 

known,  and  the  known  number  ^  is  the  Coefficient',  which  fignifics  but  one  number, 

to  wit,  the  Quotient  that  arifeth,  when  the  ProduSl  of  the  number  s  multiplyed  by 
the  number  c  is  divided  by  the  number  ?•,  vU.  \i  s—z  .  and  r~i  then 

SC  *  ^  ) 

or  8  is  the  Coefficient,  and  confequently  —  4  is  the  fame  witH  %a. 

T  Y 

Likewife  in  this  Equation  (  or  — ^  ')  —  aa—  ^  ^  the  Coeffi- 

s  s  s 

cient  IS  which  is  to  be  efteemed  but  as  one  number,  to  wit,^the  Quotient 

that  arifeth  by  dividing  the  fumm  of  zr  and  by  i ;  fo  that  if  we  fuppofe  r  — 2  and 
s  —  2,  then  the  Equation  laft  propofed  may  be  expreft  thus ,  4^  —  aa  — 

Note.  When  no  known  number  appears  to  be  drawn  into  the  middle  terra  of  the 
Equation,  then  i  (  or  Unity  )  rauft  in  that  cafe  be  alwayes  taken  for  the  Coefficient  5 
fo  in  this  Equation  aa^'^—  3©  >  the  middle  term  a  implies  14,  to  wit,  theProduft 
or  a  multiplyed  by  i ,  and  therefore  i  is  the  Coefficient, 

Note  alfo.  When  the  higheft  unknown  Power  or  Degree  is  multiplyed  by  any  number 
greater  than  i  ,  then  every  term  or  member  of  the  Equation  muft  be  divided  by  that  num- 

faid  higheft  unknown  Power  may  be  clear’d  from  any  Coefficient 
unlefs  It  be  I  ;  as  before  hath  been  ffiewn  in  Se^.  5.  Chaf.  12. 

Thefe  things  being  premifed  by  way  of  Explication ,  I  proceed  to  the  Refolution  of 
Equations  which  fall  under  any  of  the  three  forms  before  fpecified. 

V.  The  Arithmetical  Refolution  of  Equations  which  fall  under  the  firji  of  the 
three  Forms  before  fpecified  in  Sed.  I.  of  this  Cbiipter. 

^VEST.  I. 

1.  What  is  the  number  reprefented  by  d  in  this  Equation  ?  ^  6a—  yy 

2.  Which  Equation,  if  c  be  aftumed  to  fignifie  6,  and  b  $$  , 

may  be  expreft  thus . . .  .  ,  ^  da ca  —  o 

RESO  LVTIO  N. 

5.  To  refoive  the  faid  Equation  imports  the  fame  thing  as  to  folve  this  Queftion ,  vizi 
There  is  an  unknown  number  (reprefented  by  ^  )  which  isfuch,  that  if  to  its  Square 
you  add  the  Produif  made  by  the  multiplication  of  that  unknown  number  by  (?,  (or  c,) 
the  fumra  will  be  5  5  ^  (  or  ^  j)  what  is  that  unknown  number  a  ?  Airifw.  c  .  found 
out  thus,  ’ 

4.  Let  the  Square  of  half  the  Coefficient  6  (or  c)be  added  to  each  part  of  the  Equation 
propofed ,  to  the  end  its  firft  part  may  be  made  a  compleat  sSquare,  (  according  to  SeU.  4,' 

9.  )  whence  this  Equation  arifeth , 

44+5^-Hp  =  <^45  or,  aad^^cd-\-%ccz=.h-Y\cc. 

La  f  Theni 
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c  Then  by  extrafting  the  fquare  Root  oi  each  part  of  the  laft  Equation  (  according  to 
Se^.  q,  and  5.  of  Chap.  8.  )  this  Equation  arifeth  ; 

^  -h  3  8  , _ 

Or,  a  +  ic  — 

6,  Wherefore  by  tranfpofition  (or  equal  fubtraaion  )  ot  3 ,  or  icy  the  number  a  fought 

will  be  made  known ,  viz,,  _ _ 

^  =  5-  =  V :  ^  +  4^^^  :  — 

I  fay  the  number  a  fought  is  5  ,  which  will  folve  the  Queftion  propofed ,  as  will 

appear  by,  ,  . 

^  ^  •  The  Proof. 


If 


I 


a  =  5  » 

- -  TL  ^  j 

6a  —■  30; 
-6a  ~  5  5* 


Then  confequently  .  . 

And 

Therefore  .... 

Which  was  the  Equation  propofed. 

Note.  Every  Equation  which  falls  under  this  firfl:  Form  may  be  ppounded  by  either 
of  two  Roots ,  whereof  one  is  Affirmative  or  greater  than  nothing ,  and  the  other 
Negative  or  lefs  than  nothing.  As  in  the  Equation  propofed,  to  wit,  ^j— •  6^  • —  5  J  i 

forSmuch  as  according  to  the  Rules  of  Algebraical  Multiplication  ,  —  multiplyed  by 
produceth  +  ,  and  fo'in  this  fenfe  the  fquate  Root  of  64  may  be  —8  as  well  as  -1-8  ; 
therefore  the  fquare  Root  of  the  Equation  aa  6a  — j-*  5?  • —  tiq  m  the  fourth  ffep  may  be 

this,  to  wit, . .  •  •  •  ^^-3  — 

Whence  ,  by  tranfpofition  of^-  3,  a  Negative  Root^ 


a 


1 1 


55  may  be  expounded  by  — 11, 


or  value  of  a  is  difeovered ,  to  wit , 

I  fay  the  Root  a  in  the  Equation  aa  6a  = 

(  befides  -1-  5  j)  as  will  be  manifeft  by 

The  Proof 

If  .  ..•••••  ^  —  “““ 

Then  .  * . aa  ^  -j- 

And . 66. 

Therefore,  as  before,  aa  •\-6a  =  5 

Negative  Roots  are  oftentimes  or  good  ufe  to  find  out  Affirmative  Roots ,  as  hcreattcr 
will  appear  in  Chap.  1 1.  of  the  fecond  Book,  , 


Here  the  Rules  of  and  - 
Algebraical  Multiplication 
Addition  are  to  be  refpe^fed. 


'  10 

and 


,  "^VESr.2, 

1.  What  is  the  number  reprefented  by  in  this  Equation  ?  .  .  'p  aaaa  —j—  Saa  —  4  8, 

2. '  Which  Equation ,  if  be  put  for  8 ,  and  /  for  48 ,  may  be? 

exprefl  thus  ,. . . 

PESO  Lvr  JON.  / 

3.  To  refolve  the  faid  Equation  imports  the  fame  thing  as  to  folve  this  Queftion, 
viz,.  There  is  an  unknown  number  reprefented  by  a,  which  is  fuch,  that  if  to  its  Biqua¬ 
drate  or  fquared  Square  you  add  the  Produft  made  by  the  multiplication  of  the  Square 
of  that  unknown  number  a  by  8,  (or  the  furam  willbe  48,  (or  /j)  what  is  the 
unknown  number  a  ?  Anfva.  a.  found  out  in  the  fame  manner  as  before  in  ^efi.  i .  viz. 

4.  Let  the  Square  of  half  the  Coefficient  8  (or  d)  be  added  to  each  part  of  the  Equation 
propofed,  to  the  end  its  former  part  maybe  made  a  compleat  Square ,  according  to 
Se^,  4.  Chap.  9.  )  whence  this  Equation  arifeth ; 

aaaa Saa-]-  16  ■=  64  y 
Or  ,  aaaa  -\-  daa  j^dd. 

5.  Then  by  extracting  the  fquare  Root  of  each  part  of  thelaft  Equation  (  according  to 
SeB.  4,  and  p.  of  Chap.  8.)  this  Equation  arifeth, 

4  =  8  i  _ 

Or^  aa-{-id  ■=  ^/ \dd: 

6.  Whence  by  equal  fubtraCtion  or  tranfpofition  of  4  (ort^)  there  will  arife 

aa  —  4 

Or,  aa  ~  id. 


There- 


Chap.  15. 


7.  Therefore  by  extrading  the  Square  Root  of  each  part  of  the  lafl  Equation  ^  the 
number  4  fought,  will  be  made  known  ,  vi^ _ 

a  r=  z  —  V(2):V /'-j-*  —  td- 

I  fay  the  number  a  fought  is  2 ,  which  will  folve  the  Queftion  propofed  ,  as  will 
appear  by 

"The  Proof. 


If  '  n 

ii  •  •  •  •  • 

2  j 

Then  confequently 

s 

•  *  •  •  •  •  I  7 

4, 

And  •  .  .  .  . 

•  •••*•  tun 

16, 

Alfo  .... 

3^  j 

Therefore  .  .  . 

^Esr.  3. 


1.  What  is  the  number  reprefented  by  ^  in?  -  t 

this  Equation  ? . .  -5  '  ‘  =  857. 

2.  Which  Equation  ,  if  g  beputfor  4,  and  hi  ,  , 

for  8-3  7  ,  may  be  exprefl:  thus  ^  f  —  h, 

RE*SO  LVTJO  N. 


3.  To  refolve  the  faid  Equation  imports  the  fame  thing  as  to  folve  this  Queftion,  t/k. 
There  is  an  unknown  number  reprefented  by  a ,  which  is  fuch,  that  if  to  its  cubed  Gube 
or  fixth  Power ,  you  add  the  Produd  made  by  the  multiplication  of  the  Cube  of  that 
unknown  number  by  4  (or  g')  the  fumm  will  be  837  ,  what  is  that  unknown  number  a  f 
Anfxv,  3.  found  out  in  the  fame  manner  as  before ,  viz.. 

4.  By  adding  the  Square  of  half  the  Coefficient  4  (  or  ^  )  to  each  part  of  the  Equation 
propofed  ,  this  Equation  arifeth  ; 

aaaaan 4  r=:  841, 

Or ,  aaaaM  gaao,  »-j-<  ^gg  =  h  -j-  ^gg- 

5.  And  by  extrading  the  vSquare  Root  of  each  part  of  the  laft  Equation  this  arifeth . 

2  —  29. 

Or ,  aaa\-  ig  ^  :h \gg :  ^ 

<^,  Whence  by  tranfpofition  of  2  (  or  )  this  Equation  arifeth  ^ 

—  ^7* 

Or  ,  aaa  —  */:h^\--  ^gg ;  — >  ~g. 

7.  Therefore  by  extrading  the  Cubick  Root  of  each  part  of  the  laft  Equation  the  num¬ 
ber  a  fought  will  be  made  known ,  viz. 


a 


=  5  =  V(3)  — 

I  fay  the  number  a  fought  is  3 ,  which  will  folve  the  Queftion  propofed ,  as  will 

appear  by 

The  Proof. 


If  •  •  . . .  a  —  3 , 

Then  confequently  .  .  .  ...  aaa  ~  27, 

And  ..  .  ..  .  .  .  nAdAdu  7^P  3 

Alfo . =  108, 

Therefore  ....  aMaact’^^  /\ddA  =  8370 

Which  was  the  Equation  propos’d  to  be  refolved. 

V  I.  From  the  Refolution  of  the  three  laft  Queftions  the  following  Canon  is  deduced 
for  the  refolving  of  all  Equations  which  fall  under  the  firft  of  the  three  forms  before 
fpecified  in  SeiE.  i.of  th\%Chdper. 


V  CANON. 

Add  the  Square  of  half  the  Coefficient,  or  (  which  is  the  fame  thing  )  a  quarter  of  the 
Square  of  the  whole  Coefficient ,  to  the  given  Abfolute  number, 

Extrad  the  Square  Root  of  that  fumm. 

From 
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aa  -j-  6atrz 
HA  -|-  ca  r=:  h 


h~\-\cc. 


From  the  faid  Square  Root  fubtraft  half  the  Coefficient,  and  referve  the  Remainder. 
Laftly,  when  the  unknown  number  v;hich  is  multiplyed  by  the  Coefficient  in  the 
middle  terra  of  the  Equation  is  expreft  by  a  fingle  letter  only,  as  rf,  then  the  Remainder 
before  referved  is  the  number  fought  -  but  if  the  faid  unknown  number  in  the  middle  term 
be  a  Square,  as  aa,  then  the  Square  Root  of  the  Remainder  referved  is  the  number  fought . 
if  a  Cube ,  as  aaa ,  then  the  Cubick  Root  of  the  faid  Remainder  (hall  be  the  number 
fought ;  if  any  higher  Power  ,  then  the  Root  for  the  kind  rauft  be  extra(5fed  out  of  the 
faid  Remainder ,  which  Root  fliall  be  the  number  fought. 

/  .  An  Example  of  the  Canon, 

I .  Let  the  preceding  i .  be  here  repeated, 

viz,.  What  is  the  number  reprefented  by  a 

in  this  Equation  ? . . 

Or,  what  is  the  value  of  a  in  this  Equation,  .  .  i 

RESOLVTION. 

3.  To  the  given  abfolute  number  .... 

4 .  Add  the  Square  of  half  the  Coefficient  6,'? 
to  wit,  the  Square  of  3,  which  is  .  •  .J 

5.  The  fumm  is  .  ........ 

6.  The  Square  Root  of  that  fumm  is  .... 

7.  From  that  Square  Root  fubtraft  half  the  Co-? 

efficient  6,  to  wit, . *0 

8.  The  Remainder  is  the  number  ^fought,  to  wit,  5 

Whence  it  is  manifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to  i. 

A  Jecond  Example  of  the  Canon, 

1.  Let  the  preceding  2.  be  here  re-'p 

peated,  What  is  the  number  reprefented  >  .  .  84^  —  48 

by  a  in  this  Equation  ? . ^ 

2 .  Or  what  is  the  value  of  a  in  this  Equation,  .  .  .  aaaa  -j-  daa  =  / 

RESO  LVTIO  N. 

3.  To  the  given  abfolute  number . 

4.  Add  the  Square  of  half  the  Coefficient  8,7 
•  to  wit,  the  Square  of  4  ,  which  is  .  .  .3 

5.  The  fumm  is . 

6.  The  fquare  root  of  that  fumm  is  .... 

7.  From  which  fquare  root  fubtra6f  half  the? 

Coefficient  8,  to  wit, . J 

8.  The  Remainder  is  the  value  of  aa,  to  wit,  . 

9.  Laflly,  the  fquare  root  of  the  faid  Remainder?  ,  ... 

gives  the  number  a, . j  ^  v  (2)  :  y / 

Whence  it  is  evident  that  the  Anfwer  is  the  fame  as  was  before  found  to 

A  third  Example  of  the  Canon, 

1.  Let  the  preceding  ^efl.  3.  be  here  re-' 

peated ,  -viz.  What  is  the  number  repre-! 
fented  by  a  in  this  Equation  ?  .  .  . 

2.  Or  what  is  the  value  of  a  in  this  Equation  , 

RESOLVTION, 

3.  To  the  abfolute  number  .  ..... 

4.  Add  the  Square  of  half  the  Coefficient  4,  to  wit, 

5.  The  fumm  is  .  . . 

6.  The  fquare  root  whereof  is  ....  . 

7.  From  that  fquare  root  fubtraft  half  the  Co-? 

efficient  4 ,  to  wit ,  .  .  .  .  .  .  .^ 

8;  The 


V  /  -h  4^^ — 


aaaaaa  /^aaa  =  837,’ 
aaaaaa  ^^aaa  =  h. 


837 

h. 

4 

841 

2p 

2 

ti*  ■ 
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8.  The  Remainder  is  the  value  of  aaa^  to  wit,  .27  |  V  ^ 

9.  Therefore  the  Cubick  Root  of  that  Remain- >  |  /  r  ^  \  ^T. 

der  (ball  be  the  number  ^  fought ,  .  .  ?  | 

Whereby  it  is  raanifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to  ^efi.  3 . 

Example  4. 

If  i  ,  •=  b  ( or  3 5  ,)  what  is  ,  . 

AytpWa  •  »  •  •  O’  —  ^  i  b  •"!  ^  j  ^  I  o  o  o  cT  j  c»  , 

tor  the  Coefficient  drawn  into  the  middle  term  a  being  i ,  its  half  is  j ,  the  Square 
whereof  is  5.,  which  added  to  the  abfolute  number  35  makes  35^,  whofe  Square  Root 
is5riloi,  from  which  fubtrafting  (or  fl)  to  Wit ,  half  the  Coefficient  i, 
the  Remainder  jTolot »  is  the  number  d  fought,  Which  here  happens  to  be  irrational, 
that  is ,  inexpreffible  by  any  true  number  ,  but  by  continuing  the  extraftion  of  the  faid 
Square  Root  of  the  faid  35^,  you  may  approach  infinitely  near  the  exadl  number  a. 

Example  5. 

If  .  ,  :  aa-\--U  =  what  is  a  —  ? 

An[vi>.  .....  a  ■=.  — “*4— ^r* 

The  Learner  mufl:  remember  to  reduce  a  Fraftion  to  its  lead  Terms,  before  he  goes 

about  to  exiraft  any  Root  out  of  it, 

Example  6i' 

If  .  5^  =  2,’ 

‘C  t  =  4> 

A  j  -c  '  ^  r  -  lessee 

And  if  .  2  ,•  aa>-\ - a  =  - - ; 

r  qrr 

f  What  is  .  .  .  .  L  .  .  ^  ? 

.  . . ^  ^ 

if 

■  Example  7*  . 

If  .  :  :  aaaa\-^aa  =  what  is  4—  ? 

jinfw.  .....  i  ^  =  "j* 

V IL  The  Arithmetical  Refolution  of  Equations  which  fall  under, the  fecond 
of  the  three  Forms  before  expreffed  in  I.  of  this  Chapter. 

^ESr.  T. 

1.  What  is  the  number  reprefented  by  4  in  ^  ^  ^  ^  ^^--104  =  24. 

this  Equation  ? . . 

2.  Which  Equation,  by  afluming  b  to  repre-p,  a  __  l 

fent  10  ,  and  to  fignifie  24,  maybe  ex-^  •  •  •  44—  ^4 

preft  thus,  .  . . . 

'  RBSOLVTION. 

2.  Let  the  Square  of  half  the  Coefficient  i  o  (or  b)  be  added  to  each  part  of  the  Equgion 
’  propofed ,  to  the  end  its  firft  part  may  be  made  a  corapleat  Square,  (according  to  belt,  q, 
Chaf,  9.)  whence  this  Equation  arifeth  j 

aa  — '  1 04  -4“  ^  5  ' —  49  » 

Or,  44 —  ba  ,  j-  > 

4.  Then  by  extrafting  the  Square  Root  of  each  part  of  the  lafl  Equation  (according  to 

SeUt,  4,' and  of  C%.  8.  )  this  Equation  arifeth  ; 

.  a  —  5  —  7> _ ^ 

Or,  4  —  ^/'W'\bb\  11'” 

5.  Wherefore  by  equal  addition  of  5,  or  t^,  the  number  a  fought  will  be  made  known, 

uiz,,  a  —  12  \b 

6.  But  forafmuch  as  the  fquare  Root  of  44  —  1 04  2  5  in  the  third  dep  may  be  5  4 

as  well  as  4  —  j  ,  (for  either  of  thofe  Roots  being  muliiplyed  by  it  felf  will  produce 
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the  fame  Square  aa —  therefore  let  5  —  a  be  fet  inftead  of  -5 

in  the  fourth  flep  j  whence  this  Equation  arifeth  ,  viz. 

^  —  a  —  7 , _ 

Or ,  •  ^  —  V-  4^ : 

7*  Therefore  by  tranfpofition  ,  another  value  of  a  arifeth,  to  wit, 

a  —  —  2  — V '  : 

Which  latter  value  of  ^  is  Icfs  than  nothing ,  and  fuch  it  will  alwayes  be ,  as  mayeafily 
be  proved  from  the  laft  Equation.  For  is  manifeftly  greater  than  ,  and 

confequently  the  fquare  Root  of  the  former  will  be  greater  than  the  fquare  Root  of  the 
latter ,  viz.  greater  than  \b  ,  therefore  lb  —  ^/:  ;  (  that  is  a  ) 

will  be  lefs  than  nothing,  for  if  a  greater  quantity  be  fubtraded  from  alefs,  the  Re¬ 
mainder  will  be  a  negative  quantity,  that  is  lefs  than  nothing,  as  before  hath  been  ftiewn 
in  Algebraical  Subtradion,  From  the  preraifes  it  is  evident  that  the  Equation  propounded, 
to  wit ,  aa  • —  10^  i  z  2 q.  (  and  likewife  every  Equation  which  faileih  under  the  fecond 
form  of  Equations  before-mentioned  )  is  explicable  by  two  Roots ,  whereof  one  is  real 
or  affirmative,  whofe  value  is  before  expreft  in  the  fifth  flep.  and  the  other  negative 
or  lefs  than  nothing,  the  value  whereof  is  expreft  in  the  feventh  flep. 

I  fay  the  real  or  true  number  a  fought  in  the  Queflion  propofed  is  12,  as  will  appear  by 

,  The  Proof. 

If . k  ••*••••«=  12, 

Then  confequently  .  .......  144, 

•And  .  .  ^  .  io<?  —  120, 

Therefore  .  <......  4^— 104  24 . 

Which  was  the  Equation  propofed. 

Moreover ,  according  to  the  Rules  of  Algebraical  Multiplication  and  Subtradion ,  the 
negative  value  of  4,  to  wit  —  2  before  found,  will  conftitute  the  Equation  firfl  propofed  ; 

For  if  .....  .....  4  ~  2  , 

Then  confequently . 44  =  -1-  4, 

•^nd . .  1 04  irr:  20  , 

Therefore . .  aa — 104  tr:  —]-»24j  as  before. 


'^Esf,  2. 

e 

I ,  *  What  IS  the  number  reprefented  by  4  *  in  >  -  n 

this  Equation?  ... 

2*  Which  Equation ,  if  p  be  put  for  (5,  and? 
d  for  27,  may  be  expreft  thus,  .  .  .  .>  •  •  •  —  faa-=z  d 


Kt,  iiU  hUT  10  N. 

3.  Let  the  Square  of  half  the  Coefficient  6  (or  p)  be  added  to  each  part  of  the  Equatior 

propofed ,  to  the  end  its  firfl  part  may  be  made  a  compleat  Square  (  according  to  SeB:,  4 
Cha,^.  5>.  )  whence  this  Equation  arifeth  j  ^ 

6 —j  —  ^  ^ 

Or  ,  4444  — —  paa  ^pp  —  d  *-1—  4pp* 

4,  Then  by  extrading  the  fquare  Root  of  each  part  of  the  lafl  Equation  (  according  tc 
i’<?S.4,  and  of  Chap.  8.)  this  Equation  arifeth,  viz. 

aa  —  2  r::  6 , 

44  — Ip  V'd-j-'-^pp: 

y.  Whence ,  by  equal  addition  of  3  (ot  ip,)  there  will  arlfe 

44  ~  p , 

Or ,  44  =:  ^:d  Ipp  ;  ±p, 

6.  Wherefore  by  extrading  rhe  fquare  Root  of  each  part  of  the  lafl  Equation  I  the 
number  4  fought  will  be  made  known  ,  viz. 

t  r  r  L  r  ~  5  =  V(2)  :  -j- -Ip  : 

I  ay  the  number  a  fought  is  3  ,  which  will  folve  the  Queftion  propofed  •  as  will 

appear  by  '  “  '  -  -  ^  ^  ’ 


The 


Chap.  1^,  Kefolution  of  Ouadratifk^  Equations. 


If 


'I^he  Proof, 


Then  confequently 
And  .... 
A!fo  .  .  .  .' 
Therefore  .  . 


a  — 


5 


*  •»....  z  p  ^ 

aaaa  =  81, 
6^4  =:  54  , 
•  •  •  •  aaaa — 6aA  ~  27. 

Which  was  the  Equation  piropofed  to  Be  refolved. 


J^EST.  3i 

1.  What  is  the  number  reprefented  by  a  in? 

this  Equation  ? . r  •  •  aaaaaa 

2.  Which  Equation,  if  »;  be  put  for  2,  and? 

for  48 ,  may  be  expreft  thus,  .  .  .  ^  •  .  daaa'Aa 

•  REso  Lvriojsr. 

to  each  part  of  the  Equation 

iT“ai  BSsiT*  ■ t  ” 


•  laaa  r=  48 

•  Tnaaa  —  ^ 


Or, 


aaaaaa 

hHaaaa 


^aaa 
maaa  • 


%9 


I  = 

TU-  u  ''ii-  ~  f  -U  \mm. 

^  2a  .  the  fquare  Root  of  each  part  of  the  lad  Equation  (  according  to 

Sect.  4,  and  5.  of  Chap.  8. )  this  Equation  arifeth  j  ” 

aaa  '  1  •—  '7  ' 

/  3  _ _ 

,  rxTi...  u  1  =  ^xg2fr^2m: 

5.  Whence  by  equal  addition  of  i  (or  \fn  )  there  arifeth 

aaa  =:  8  , 

-  -  3  aaa  m  a/:  “-I—*  ~,nim  •  ►-I—*  — »* 

(5.  Wherefore  by  extraaing  the  Cubick  Root  of  each  pa'rt  of%he  lad  Equation ,  the 
number  ^  fought  Vvill  be  made  known ,  viz.  x:quauon  ,  me 

I  fay  the  number  a  fouglit  is  2  ,  which  will  folve  the  Queftion  propofed  •  as  will 
appear  by  r  r  >  <» 

The  Proof. 

If 

Then  confequently . aaa  ~  Z 

A  rirf"?  ^ 

. . aaaaaa  =64, 

. .  ...  2  aaa  —  16, 

Therefore . aaaaaa  — 2  aaa  —  \\ 

Which  was  the  Equation  propofed  to  be  refolved. 

V  I  I  I.  From  the  Refolution  of  the  three  lad  Queftions  the  following  Canon  is  dc-  ' 
duced,  for  therefolving  of  all  Equations  which  fall  under  the  fecond  of  the  three  Forms 
before  fpecificd  in  Se^.i,  of  this  Chapt. 

CANON.  . 

rs  the  fame  thing)  a  quarter  of  the 

Square  of  the  whole  Coefficient,  to  the  given  Abfolute  number.  .  ■  ^ 

Extra^  the  Square  Root  of  that  fumm. 

To  the  faid  Square  Root  add  half  the  Coefficient,  and  referve  this  furnin. 

*  c  -  unknown  number  which  is  drawn  into  the  Coefficient  in  the  middle 
r^r  isexpreff  by  a  fingle  letter  only,  as  a,  then  the  Summ  before 

referved  is  the  number  fought ;  but  if  the  faid  unknown  npmber  in  the  middle  terra  be 
a  as  aa,  then  the  Square  Root  of  the  Summ  referved  is" the  number  fought- 

^  ^  t.-  u  aaa ,  then  the  Cubick  Root  of  the  faid  Summ  Ifiall  be  the  number  fought  ’ 

is  ‘=  “  ■» 

M- 


;  > 
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dA 


An  Examj)le  of  the  Jaid  Canon, 

1.  Let  the  preceding  SeU.j.  of  this 

Chdpt.  be  here  repeated,  viz,.  What  is  the^ 
number  reprcferued  by  a  in  this  Equation 

2.  Or,  what  is  the  value  of  a  in  this  Equation?  ^ 

RE  S  O  LVT 10  N. 


ica  =  24 
aa  —  ha  = 


3.  To  the  given  abfolute  number  .  .  .  ^  24 

4.  Add  the  Square  of  half  the  Coefficient  10,?  ^ 

to  wit,  the  Square  of  $■,  which  is  .  . 

5.  The  flimm  is . .  .  )>  49 

6.  The  Square  Root  of  that  fumm  is  .  .  .  J>  7 

7.  To  which  Square  Root  add  half  the  Co- 7 

efficient  10,  to  wit, . ^ 


.5 


<• 


8.  The  Summ  is  the  number  a  fought,  to  wit,  ^  i?  |  V: 

Whence  it  is  manifeft  that  the  Anfwec  is  the  fame  as  was  before  found  to  ^efi,  i. 
in  Sed.  7.  .  .  ‘ 

A  Jeconcl  Example  of  the  Canon  in  Seft.  8. 

1 .  Let  the  preceding  ^efi,  2 ,  in  SeB,  7.  of  9 

this  Chapt.  be  here  repeated, What  is  the  >  ^  .  aaaa  —  6aa  =27 

number  reprefented  by  a  in  this  Equation  ?  j 

2 .  Or,  What  is  the  value  of  a  in  this  Equation?  ^  i 

RESO  LVTIO  N. 

3.  To  the  given  abfolute  number  .  .  .  .^27 

4.  Add  the  Square  of  half  the  Coefficient  6,^ 

to  wit,  the  Square  of  3  ,  which  is  .  .  .  ^  ^ 

5.  The  iiimm  is . ^3^ 

6.  The  fquare  Root  of  that  fumm  is  .  .  .  >  5 

7.  To  which  fquare  Root  add  half  the  Co-? 

efficient  ^ ,  to  wit . . ^ 

8.  The  Summ  is  the  value  of  aa  ,  to  wit ,  .  ^ 

$).  Therefore  the  fquare  Root  of  the  faid  Summ  ? 

lhall  be  the  number  fought ,  to  wit , 


3 

9 


aaaa  —  paa  ■=.  4. 


d. 

in- 

d-v\pp. 

V  -d-f-pp  : 

if 


V:  d  ipp :  ip. 


V  (2)  :  Vd-h  ipp“htp  : 


Whence  it  is  manifeft  that-the  Anfwer  is  the  fame  as  was  before  found  to 
in  SeB.  7. 

A  third  Example  of  the  Canon  in  Se^f.  8. 

1 .  Let  the  preceding  3.  in  SeB.y,  of  thisp 

Chdpt.  be  here  repeated  ,  viz..  What  is  the>  .  .  aAaaaa^ — zaaa  —  48, 

number  reprefented  by  a  in  this  Equation 

2,  Or,  What  is  the  value  of  a  in  this  Equation  ?  ^  .  aaaaaa  —  njaaa  =  g* 

RESO  LVTIO  N. 

g- 

g  \nim. 


3. 

To  the  given  abfolute  number  .  . 

.  >  - 

48 

4- 

Add  the  Square  of  half  the  Coefficient  2 

•,  to? 

T 

wit,  the  Square  of  i,  which  is  *  . 

.  .5 

A 

5- 

The  fumm  is . 

•  • 

49 

6. 

The  fquare  Root  of  that  Summ  is  . 

•  > 

7 

7* 

To  which  fquare  Root  add  half  the 

Co-  ? 

efficient  2? ,  to  wit . . 

i 

8. 

The  fumm  is  the  value  of  aaa  ,  to  wit, 

8 

\rn. 

*J  .g~\- imm  . -|- 


fliall  be  the  number  4  fought,  to  wit ,  •  ^  V  (3)  •  4^^  V  • 

Whereby  it  is  manifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to^efi.  3. 
in  S«B,  7.  * 

Example 


Chap,  15.  Kefolution  of  Quadr at kk^  Equations. 

Example  4. 

If  .  .  ,  aa — a  —  ^  (or  1122,)  what  is  i  =  ? 

Artfw.  .  .  4  =  +  =  34.  • 


9* 


If  :  : 

’And  if 
What  is 
Anfw. 


Example  5. 


— 


^  =  373  if  j  whah's  ii 


a 


—  ?  ‘  ^ 


Example 


*•  9 


aa 


sc 


•a 


r  I  , 

J  —  2 , 
r  =r  4 
I  ')SSCC 


20. 


1 X.  the  Arithmetical  Refilution  of  Equations  'CohichfaU  under  the  lafi  of  the 
three  Forms  before  expreU  in  Sed.  I.  of  .  Chapter. 

^VEST.  I.  ' 

1.  What  is  the  number  reprefented  by  ^  in  this  Equation  ?  ^  ^  104  —  44  =24, 

2.  WhichEquation,  ifcbeaffumed  tofignifieio,and»putfor24,i 

may  be  expreft  thus  . . J 

RESO  LVTION. 

3.  Let  the  Equation  propofed ,  by  tranfpofition  of  its  Terras  ,  be  reduced  to  an  Eqiiatiori’- 
of  thefecond  of  the  three  Forms  before  expreft  in  *ye^?.  i.  viz.  Firft,  by  tranfpofition 
of  —  aay  this  Equation  arifeth  ; 

X  c  4  —  2  4  *— I — ■  44, 

Or  >  ca  nr;  ft  44  • 

4.  Likewife  by  tranfpofition  of  24  (  or  this  Equation  arifeth  ; 

104  - -  24  =  44  ,  .  * 

^3r  ,  ca  •—  ^  44 , 

5.  And  from  the  laft  Equation  by  tranfpofition  of  104  (  or  ca")  there  will  atife 

—  24  =  aa  —  104', 

Or ,  —  ^  =  44  —  ca . 

6.  Which  laft  Equation,  by  tranfpofing  each  part  of  it  to  the  contrary  Coaft ,  may  be 

expreft  thus  j  ’  •  >v.  ^ 

aa  — — '  1 04  :  :  —  24  )  •' 

Or ,  '  aa  —  ca  —  —  n. 

7.  Now  let  the'  following  procefs  be  made  as  before  in  the  Refolution  of  Equations  of 
the  fecond  Form  ( in  Se^.  7.  )  viz.  Let  the  wSquare  of  half  the  Coefficient  i  o  (or  c') 
be  added  to  each  part  of  the  laft  Equation,  to  the  end  its  former  part  may  be  made 
a  compleat  Square  (according  to  SAi.  4.  Chap.  ^.)  whence  this  Equation  arifeth 

'44  104-j-«  2  5"  =  25  .24  =  I  ,  " 

Or,  aa  —  ca  ^cc  =  — >  n.  ■ 

8.  Then  by  extrafting  the  Square  root  of  each  partof  the  laft  Equation ,  (according  to  Se^, 
4,  and  5.0!  Chap.^.)  this  Equation  arifeth,  viz. 

^  —  5  =  I  j 

Or,  .  .  .  .  4'  —  tc  —  ^  '.\cc  - — 

9.  Whence  by  equal  addition  of  5(or^c)  one  value  of  4  wiU  be  made  known ,  viz. 

a  —  6  —  ^  '.\cc  —  n\  '  ■ 

10.  But  forafmuch  as  the  Square  root  of  44  —  104-1-25-  in  the  feventh  ftep  may  be 
5-7-4  as  well  as  4 — 5,  (  for  either  of  thofe  Roots  being  raukiplyed  into  it  felf,  will[ 

'  '  .  M  2  produce 


li'Jt 

If 


I 


9^ 
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produce  aa —  -j-  25,)  therefore  let  j  —  a  be  fetinftead  of  4 —  5  in  the  eighth' 

ftep,  whence  this  Equation  will  arife ,  viz.. 


7—4  =  1  , _ 

Or,  i;c — >4  =  ^/'.\cc  — «: 

II,  Whence  by  due  tranfpofition  another  value  of  a  is  difcovered,  to  wit  , 

4  =  4  =  \c  —  V  :  \cc  —  n-. 


12.  I  fay  the  number  a  fought  may  be  either  6  or  4 ,  for  either  of  ihefe  numbers  will 
conilitute  the  Equation  propofed ,  as  will  appear  by. 


Proof, 


If 


Then  confequently  .  . 

And  •  •  ,  ,  •  , 


•  •  44  2  6 


104  =  60 
IG4 - 44  =  24 


»  Therefore 


Which  was  the  Equation  propos’d  to  be  refolved.  * 

Again ,  .  . 


Jf 


.  4=4, 

.  44  =  1 6  , 

1 C4  =  40 , 


Then  confequently 


And  .  ,  .  , 

1  herefore  .  , 


IC4  —  44  =  34;  as  before. 


13.  But  to  the  end  that  both  the  values  of  a  before  expreft  in  the  ninth  and  eleventh 


Equations  may  be  real  or  Affirmative  numbers,  (  that  is ,  each  greater  than  nothing  )  the 
given  numbers  in  the  Equation  propofed ,  and  (likewife  in  every  Equation  of  the  third 
Eorm  aforefaid  muft  be  fubjedf  to  this  following 


HPT  ER  MIN  AT  ION. 


The  Abfolute  number  given  muft  not  exceed  the  Square  of  half  the  Coefficient. 

The  reafon  of  this  Determination  is  evident  by  the  faid  ninth  and  eleventh  Equations ; 
for  the  latter  part  of  each  of  them  fliews,  that  the  given  Abfolute  number  is  to  be  fubtraded 
from  the  Square  of  half  the  Coefficient,  and  therefore  it  ought  to  be  lefs,  or  equal  to  the 
faid  Square ;  Therefore  when  in  any  Equation  of  the  third  form,  the  given  Abfolute  num¬ 
ber  exceeds  the  Square  of  half  the  Coefficient  that  Equation  is  irapoffible ,  and  likewife  the 
Qu^ftion  that  produced  it. 

Jt  is  alfo  evident  by  the  faid  ninth  and  eleventh  Equations ,  That  when  it  happens  that 
n—-^cc.,  then  \cc  —  n  —  o,  and  confequently  each  value  of  4  is  equal  to  \c . 
When  the  Abfolute  number  happens  to  be  equal  to  the  Square  of  half  the  Coefficient, 
then  the  two  values  of  4  will  be  equal  to  one  another ,  each  value  in  that  cafe  being  equal 
to  half  the  Coefficient :  But  when  it  happens  that  the  Abfolute  number  is  lefs  than  the 
Square  of  half  the  Coefficient,  then  thofe  two  Roots  or  values  of  4  will  be  unequal.  But 
here  is  to  be  noted ,  that  although  in  this  latter  cafe  the  Equation  be  alwayes  explicable 
by  either  of  thofe  two  unequal  Roots  or  numbers ,  yet  the  Queffion  that  produced  the 
Equation  will  fometimes  be  anfwered  only  by  one  of  thofe  Roots  or  numbers,  (  as  hereafter 
^will  appear  in  Chap.  16.  and  by  the  latter  way  of  refolving  the  16.  Ouefi-, 

of  the  fame  Chapt.J 


9VESr.  2. 


I,  What  is  the  number  reprefented  by  4  in? 

this  Equation  ? . .  .  .3  *  *  * 

Which  Equation,  if  r  be  put  for  7,  and  s7 


RESOLVTION. 


3.  Let  the  Equation  propos’d,  by  Tranfpofition  of  its  Terras  (after  the  fame  manner  as  in 
the  third,  iourth,  fifth,  and  fixthftepsof  the  preceding  j.SeU.g.)  be  reduced 
to  an  Equation  of  the  fecond  of  the  three  Forms  before  expreft  in  SeU,  1,  fb  this 
Equation  will  arife  ,  viz. 


4444  —  544  =r  —  4  , 
4444 —  raa  =  — - 


4.  Then 


X 
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Then  by  adding  (  as  in  the  former  Examples )  the  Square  of  half  the  Coefficient  c 
(  or  r  )  to  each  part  of  the  lafl:  Equation  ,  there  arifeth  ^ 

aaaa  —  tX-*  ™  --  _ ^  ^ 

'*  1  4  4  T’  -  4  > 

v-'t  j  AiiAA  *—  Yah  ~~~  ^yy  — *  s  • 

$.  And  by  extrading  the  vSquare  Root  of  each  part  of  the  laft  Equation  this  arifeth  • 

aa—  f  ~  f j  _ _ 

Or  ,  aa  —  if  =  V ;  ^Yy  —  i  ; 

6,  Whence  by  equal  addition  of  i  (or  ir,)  this  Equation  arifeth,  viz, 

aa  =  f  or  4 , _  ’ 

Or,  aa  =  -f  -h  V:Vy-^s: 

7.  Therefore  by  extrading  the  Square  Root  of  each  parr  of  the  lafl  Equation  ohd 

value  of  4  will  be  made  known,  viz*  ^  ^ 

'  =  2  =  V  iff  —  s: 

o*  But  lOrafinuch  as  the  (quare  Root  of  4444  ^ 44  ’~X~'  in  the  fourth  flep  may  be 

—  44  y  as  well  as  44  —  f- ,  (for  either  of  thofe  Roots  being  multiply  ed  by  it  felf  will 
produce  444a  —  i)  therefore  let  i  —  44  be  fet  inftead  of  44  —  f  in  the 

fifth  flep ,  whence  this  Equation  will  arife } 

=  t, _ 

Or ,  Ir  —  44  =  */:  ~rr  —  s: 

5,  Whence  by  due  tranfpofition  this  Equation  arifeth  ; 

44  —  \  or  _ 

Or ,  ^  44  —  \r  —  •Xrr  — ■  a  ; 

I  o.  Wherefore  by  extrading  the  fquare  Root  of  each  part  of  the  lafl  Equation,  another 
value  of  4  is  difeovered ,  to  wit , 

^  =  X  =  V  (2) :  if  —  V  iff  —  5\ 

I  fay  the  number  4  fought  may  be  either  2  or  i ,  for  either  of  thefe  numbers  will 
conflitute  the  Equation  propqfed,  as  will  appear  by 

*The  Proof, 

lf*»*«*  4  - - 2  , 

.  Then  confequently . 4a  ~ 

■And . aaaa  ==:  16', 

Alfo  .  ,  *  ^aa  —  20, 

Thercfoie  •  •  ,  ,  ,  ^aa^—a^aa  ~~~  4* 

Which  was  the  Equation  propos’^d  to  be  refolvcd. 

-Again ,  Jf . . . ^  =  i ,  / 

Then  ......  •  ^  44  i  , 

And . a44a  —  i  ^ 

Alfo . ~  5 , 

Therefore,  ...  .  .  <^44  —  4444  ~  4;  as  before, 

^psr.  3. 

1.  What  is  the  number  reprefented  by  4  in  this  Equation  ?  ^  9444  —  44444a  =  S. 

2.  Which  Equation,  if  d  be  put  for  9 ,  and  r  for  8 , 7  , 

may  be  expreft  thus,  . . aaaada  ~  t, 

t 

PESO  LVTIO  M 

3.  Let  the  Equation  propos’d,  by  tranfpofition  of  its  Terms  (  after  the  fame  manner  as  in 
the  third  ,  fourth ,  fifth ,  and  fixcK  Reps  of  the  preceding  ^efi.  i.  Se^.  9.  )  be  reduced 
to  an  Equation  of  the  fccond  of  the  three  forms  before  expreft  in  SeB^.  i,  fo  this 
Equation  will  arife,  vi^. 

444444  —  9444  ■=.  —  8 , 

Or ,  444444  — '  daaa  —  —  t  * 

4.  Then  by  adding  the  Square  of  half  the  Coefficient  9  Qotd)  to  each  part  of  the  laft 
Equation ,  there  arifeth 

444444 - 9444  j  ==  -  8  , 

Or  ,  444444  —  daaa  -[-*  ^dd  =  ^dd  -  t . 
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■■ 


5.  And 


t 
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5.  And  by  extracting  the  Square  Root  of  each  part  of  the  lafl:  Equation  this  arifeih , 

Or,  —  t: 

6  Whence  by  equal  addition  of  i  (or  t^)  this  Equation  arifeth ; 

aaa  =  -f  or  8  , 

Or  j  ' —  2  ^ ^ *  4-dd  t  * 

7.  Therefore  by  extrading  the  Cubick  Root  of  each  part  of  the  Equation,  one  value  of  a 
will  be  made  known ,  viz.  _ 

4  =  z  m  V  (3)  •  V:  W  . 

8  But  forafmuch  as  the  Square  Root  ot  aaaaaa  —  +*  4  lourth  itep  may 

*  be  I  -  as  well  as  44^  —  f ,  (  for  either  of  thefe  Roots  being  multiplyed  by  it  felf^ 
will  produce  the  fame  Square  aaaAaa  —  9444 therefore  let  ®  — 444  be  fee 
inftead  of  444  —  7  in  the  fifth  Rep ,  whence  this  Equation  will  be  made,  vpz, 

7  -  444  =  i  y _ _ 

Or,  —  444  ”  *J'.''^dd  t: 

p,  Whence  by  due  tranfpofition  this  Equation  arifeth  ,  viz. 

2  ——  . 

Or,  444  ~  '^d — ^/I'^dd  t: 

1  o.  wherefore  by  extrading  the  Cubick  Root  of  each  part  of  the  laft  Equation,  another 
value  of  4  is  made  known ,  viz, 

4=1  =1/(3)  :id —  Vidd  -t: 

I  fay  the  number  a  fought  is  either  2  or  i,  for  either  ot  thefe  numbers  will  conRitute 

the  Equation  propofed  •  as  will  appear  by 

The  Proof. 

If  ‘  ^ 

Then  confequently  .  .  .  •  4  •  •  •  .  ■  ■  S  y 

And  .  \  .  .  .  .  (  •  4  •  •  •  ■  ■■  ^4*  J 

Alfo  .  ..  ....  ....  paaa  —  7^ » 

‘  Therefore . 9444  —  aaaaaa  —  8 , 

Which  was  the  Equation  propofed  to  be  refolved. 

Again , 

If . a  =  I 

Then  confequently . aaa  =  i  , 

^nd  ...  444444  “  ,  I  , 

Alfo  ...  .......  *•  paaa  —  9 , 

Therefore  ......  .  9444  —  aaaaaa  —  8 .  as  before. 


X.  From  the  Refolution  of  the  three  laR  QueRions  the  following  Canon  is  deduced 
for  the  refolving  of  all  Equations  which  fall  under  the  laft  of  the  three  Forms  before 
fpecified  in  SsT.  i .  of  this  Chapt. 

CANON. 

From  the  Square  of  half  the  Cocfiicient ,  or  (  which  is  the  fame  thing  )  from  a  quarter 
of  the  Square  of  the  whole  Coefficient ,  fubtrad  the  Abfolute  number  given. 

ExtraCl  the  Square  Root  of  that' Remainder. 

Add  the  faid  Square  Root  to  half  the  Coefficient ,  and  alfo  fubtrad  it  from  half  the 
Coefficient ,  referving  the  Suram  and  Remainder. 

LaRly  ,  when  the  unknown  number  which  is  multiplyed  by  the  Coefficient  in  the 
middle  term  of  the  Equation  isexpreft  by  a  Tingle  letter  only,  as  4,  then  the  Summand 
Remainder  before  referved  are  the  two  numbers  fought ,  each  of  which  will  conftitute 
the  Equation  propofed  ;  but  if  the  faid  unknown  number  in  the  middle  term  be  a  Square, 
as  44  ,  then  the  Square  Root  feverally  extraded  out  of  the  Summ  and  Remainder  referved 
fliall  be  the  two  numbers  fought ;  if  a  Cube,  as  aaa ,  then  the  Cubick  Root  feverally  ex- 
traded  out  of  the  faid  Summ  and  Remainder  fliall  be  the  two  numbers  fought ;  if  any 
higher  Power,  then  the  Root  for  the  kind  muft  be  extraded  feverally  out  of  the  faid  Summ 
and  Rcmaindcn,  which  Roots  fhall  be  the  two  ntimbers  fought. 


/  - 
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Example  of  the  faid  Canon, 

1.  Let  the  preceding  .  in  SeSl.^.  of  this  Chaft.be  here  repeat-?  _ 

ed  ,  What  is  the  number  reprefented  by  a  m  this  Equation 

2.  Or,  What  is  the  value  of  a  in  this  Equation  ?  .  i  ,  ca  — 

RESOLVT  ION. 

3.  From  thcfqUare  of  half  the  Coefficient  10, 

to  wit ,  the  fquare  of  9 ,  which  is  *  . 

4.  Subtrad  the  given  abfolute  number  .  . 

y.  The  remainder  is  ......  . 

6.  The  fquare  root  of  that  remainder  is  . 

7.  To  which  fquare  root  add  half  the  ( 

efficient  i  o ,  to  wk ,  .  .  .  i  . 

8.  The  fumm  is  the  greater  value  of  a  fouj 

to  wit,  ...  . . 


aa 


24 


25 

icc. 

9 

24 

n. 

;> 

I 

\cc  —  n. 

I 

V'-tcc — n: 

i 

5 

A 

%c» 

Q 

6 

2^  H"*  V  :  —  H  : 

4 

~c  —  ^  :\cc-^  ft: 
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raa 


4444  s. 


:rr. 


s. 

X 


-  - -  , 

leffer  value  of  4 ,  to  wit ,  .  .  . 

Either  of  which  numbers  6  and  4  found  out  in  the  two  lafi:  fteps  will  conffitute  the 
Equation  propofed,  as  before  hath  been  proved  in  the  Anfrver  to  i«  in  Sed.^e 

of  this  Chapt, 

A  fecond  Example  of  the  Canon  An  Sedf.  lO.* 

1.  Let  the  preceding  2,  in  SeB.  9.  of  this  Chapt.  be  here^ 
repeated ,  viz.  What  is  the  number  reprefented  by  a  in  this^ 

Equation  ? . .  . 

2.  Or,  What  is  the  value  of  4  in  this  Equation  ?  . 

RESO  LVriON. 

3.  From  the  fquare  of  half  the  Coefficient  5,7 

to  wit,  the  fquare  of  ^ ,  which  is  .  .  .3 

4.  Subtract  the  given  abfolute  number  .  .  ^ 

y.  The  remainder  is  ......  . 

6.  The  fquare  root  of  that  remainder  is  .  .9 

7.  To  which  fquare  root  add  half  the  Coeffi-  ^ 

cient  y ,  to  wit . . 5 

8.  The  fumm  is  the  greater  value  of  44,  to  wit, 

9.  But  fubtrafting  the  faid  fquare  root  from 

half  the  Coefficient,  the  remainder  is  the 
leffer  value  of  aa ,  to  wit , . 

1  o.  Therefore  the  fquare  root  of  the  fumm  in  7 
the  ftep  is  the  greater  value  of  4 ,  to  wit,  > 

1 1 .  And  the  fquare  root  of  the  remainder  in  the  ? 
ninth  ftep  is  the  leffer  value  of  4 ,  to  wit ,  ^ 

Either  of  which  numbers  2  and  i  found  out  in  the  two  laff  fteps  will  conffirute  the" 
Equation  propofed,  as  before  hath  been^proved  in  the  Anfrver  to  2.  in  Sed.  9. 

of  this  Chap,  ■  ' 

A  third  Example  of  the  Canon  in  Sect.  10.  ,  ,,  * 


2i. 

4 

4 

9. 

i- 

2 

i. 
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Yr 


V :  Ar  —  s : 


—  j:. 


'.\rr  —  SI 


V(2)  —  d  \rr  — S'. 


\j 


I .  Let  the  preceding  £lue^.  3 .  in  Stii.  9*  of  this  Chapt.  be 
here  repeated,  viz.  What  is  the  number  reprefented 
by  a  in  this  Equation  ? 


7444 


444444  =  ^ 

j  ..j 


Or,  What  is  the  value  of  a  in  this  Equation  ?  . 

RESOLVtiO.N. 


^  ^aaa  —  444444 


3 .  From  the  fquare  of  half  the  Coefficient  9,  to? 

wit,  the  fquare  of  f ,  which  is  ,  .  .  .3 

4,  Subtrad  the  given  abfolute  number  .  4 


o 


lid. 


5.  fh'e 
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idd  —  t : 


8 


Id^-l-  ^ ;  \dd  —  t  ■ 


id  —  V  •  idd  —  t  : 


“^(3 )  2^  V  4^d 


5.  The  remainder  is . ^ 

6.  The  fquare  root  of  that  remainder  is  .  ,  J> 

7.  To  which  fquare  root  add  half  the  Coeffi-^ 

cient  9 ,  to  wit ,  .  ...  .  ,  . 

8.  The  fumm  is  the  greater  value  of  aaa,  to  wit,  ^ 

9.  But  fubrrading  the  faid  fquare  root  from  halt 

the  Coefficient ,  the  remainder  is  the  lefler 
value  of  aaa  >  to  wit , . „ 

I  o.  Therefore  the  Cubick  root  of  the  fumm  in  7 
the  eighth  flep  is  the  greater  value  of  ^,to  wit,  f 
1 1.  And  the  Cubick  root  of  the  remainder  in  ? 
the  ninth  ftep  is  the  leffer  value  of  a,  to  wit,  ^ 

Either  of  which  numbers  2  and  1  found  out  in  the  two  laft  fteps  will  conftitute  the 
Equation  propofed,  as  before  hath  been  proved  in  iht  zAnfwerio  ^efl.  inSeB. 
ot  this  Chap. 

Example  4. 

I.  If  djf^x  feprefent  fuch  known  numbers  that  hf  is  greater  than  and , 

,  If  —  M  . 

What  is  a  equal  to? 


V'  (3):  — ^\dd  —  t 


tyinfw.  a  is  equal  to  i  ,  and  alfo  to 


hg-)rdg-{-bf>\-df* 

Which  values  of  a  are  alfo  found  out  by  the  Canon  in  the  tenth  SeUion  of  this  Chap. 
but  I  lhall  leave  the  Operation  as  an  exercife  for  the  induflrious  Learner,  and  in  the  next 
place  fliew  the  ufe  of  the  Rules  before  delivered  in  this  fifteenth  Chap,  in  the  Refoiution 
of  various  Arithmetical  Q^eftions. 


C  H  A 


X  VI. 


Various  Arithmetical  Q^eflions,  produewg  Equations  that  fall  under 
fome  of  the  three  Forms  in  Sefi.  i.  of  the  foregoing  Chap.  15. 
and  are  refolvahle  by  their  rejfeBive  Canons  in  Seft.  6,8,  and  1  o, 
of  the  fame  Chapt. 

^JJEST.  I. 

THere  are  two  numbers  whofe  difference  is  16  C  or  c ,)  and  the  Produdl:  of  their 
multiplication  is  35  (  or  ^  j)  what  are  the  numbers  t 


RE  SO  LVTION. 


Numeral, 


A 


Literal. 


1 For  the  leffer  of  the  two  numbers  fought  put  ^ 

2.  Then  by  adding  to  the  faid  leffer  number  the  7 

given  diffirence  16  (or  c  ,)  thegreater  num- >  4^-  a-^c 

ber  fought  will  be . ^ 

3.  Therefore  from  the  two  lafi:  ffeps  the  Pro- > 

duft  made  by  the  mutual  multiplication  of >  aa^i6a  Aa-\-CA 

the  two  numbers  fought  will  be  .  ...  .S 

4.  .Which  Produif  muff  be  equal  to  the  given  Produd  3d  (or  ^  )  whence  this  Equation 

arifeth,  viz,.  aa  -L  i6a  —  3d, 

Or ,  aa  -j-  ca  z=z  b . 

y.  Which  Equation  being  refolved  by  the  Canon  in  d.  of  Chap,  i  5.  the  value  of  /*, 
or  the  leffer  number  fought  by  this  Queftion  will  be  difeovered  >  viz, 

A  —  z  lb ice ic. 

6.  To 


iVv 


Chap,  1 6. 


prodncing  Quadratick^  Eqiidttons. 


97 


A - C 


AA  —  ca 


•d  To  which  leffer  number  adding  the  given  difference  I5  (or  c)  the  greater  number 
fought  will  alfo  be  made  known ,  ■  , 

2 -\~  1 6  —  I  8  —  ^  :b-\^  \cc  :^\c. 

Otherwife  thus  y  1 J 

1.  For  the  greater  of  the  two  numbers  fought  put  ^  a'  • 

2.  Then  by  fubtra^^ing  from  the*faid  greater^X 
number  the  given  difference  1 6,  (or  e  )  the>  a  —  i6 
Icfler  number  fought  will  be 

3.  Therefore  from  the  two  laft  fleps,  the  Pro-> 

dua  made  by  the  mutual  multiplication  of  >  ‘  6H 

the  two  numbers  fought  will  be  .  .  .  [  ' 

4.  WhichProduamuftbeequalto  ihe  given  ProdHft  36.  (or  b{)  whence  (his  Equation 

arijeth,  vik,,  *  t 

. .  ,  ^  ~  =  L  :  - 

5.  Which  Equation  being  refolved  by  the  Canon  in  SeEt,  8.  of  Chap,  i  ^  the  value  of  4 

to  wit,  the  greater  number  fought  will  be  difeovered ,  viz.  * 

A  —  1 8  d  '  b  *-1—  ~^c !  ’~j~'  jC. 

<S.  And  by  fnbtrading  from  the  faid  greater  mimbcf  the  gitien  difference  1 6  f  or  c  A  the 
leller  number  fought  will  alfo  be  difeovered ,  ■ 

I  S  '  •  I  ^  ^  2  ^  *~j~*  •  f _  ~C 

From  either  of  thofe  vvayes  of  Refolution ,  the  numbers  fought  are  found  1 8  and  2 
which  will  folve  the  Queftion  propofed;  for  their  difference  is  i^;  and  theProdud  of 

their  multiplication  is  3  6  ,  as  was  preferibed.  ’  -  • 

Moreover,  the  twolaftftepsof  each  Refolution  by  Literal  Algfe  give  one  and  the 
fame  Canon  to  folve  the  Queftion  propofed. .  ■ 

CANO  Id.  ' 

To  the  given  Produa  add  the  Square  of  half  the  given  difference  •,  and  eitraa  the  faUarb 
Root  of  that  fummj  then  to  the  feid  fquarc  Root  adding  half  the  given  difference  and 
from  the  faid  fquare  Root  fubtraaing  the  faid  half  difference ,  the  Summ  and  Remainder 
Inall  be  the  two  numbers  fought. 

Therefore  the  difference  and  the  Rcdangle  (  or  Produa  of  the  multiplicati^  )  of  rfny 
two  (uimbers  being  feveraliy  given  ;-the  numbers  themfelvcs  Ihali  alfo  be  given  bv  the 
faid  Canon.  °  ^ 


a 


a 


^^ESr.  2.  '  ^  \ 

There  are  three  numbers  in  Geometrical  proportion  continue<J  j  the  difference  of  the 

extremes,  that  is,  of  the  firff  and  third  is  1 6  (or  c,)  and  the  mean  is  6  (or  m  what 

are  the  extreme  Proportionals  ?  ‘  ^ 

RESO  LVriON. 

1 .  For  the  leffer  of  the  two  extreme  Proportio-  7 

nals  fought  put  .  .  . . f 

2.  Then  by  adding  to  the  faid  leffer  extreme  the 
given  difference  ot  the  extremes ,  to  wft  ,16' 

(ore,)  the  greater  extreme  will -be  .  .  . 

3.  Therefore  the  Reaangle  contained  under 

the  extreme  Proportionals ,)  to  wir,  the  Pro-| 
dud^  made  by  their  mutual  multiplicaiion)( 
flialTbe . ^ 

4.  WhichReaangle  (  or  Produa  )  muff  (by  SeEl.  i.  Chap  i  3.  )  q«al  to  the  Square 
ot  the  given  mean  Proportional  6  {or  my)  hence  this  Equation  ; 

t.  T-  Aa-j^i6a  z=  ^6,  or,  aa-j-^ca  —  mm. 

J.  Which  Equation  being  refolved  by  the  Canon  in  Sea.  6.  Chap.i^.  the  value  of  4,. 
or  the  leffer  of  the  two  extreme  Proportionals  fought  will  be  made  known ,  viz. 


4  -j-  1 5 


aa  -J-  I  (a 


i 

d-\-e 


aa  - 1-  ca 
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AX 
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ca  —  ax 


7  Tn  «,hirh  leflerTxtreme  Proportiom\  adding  1 «  (or  <■)  the  given  diflcrence  of  the 
eltrels  thetteaur  of  the  two  extreme  Proportionals  wil  alfo  betl.fcoveted, 

1  fay  the  two  extretnl  Propottionala  fought  are  a  and  .8  between  wh.ch  theg.ven 

S  RefolJdon  give  Ste  following'canon  to  find  out 

the  extreme  Proportionals  fought. 

a . ^  I  -  CANON. 

To  the  Square  of  the  given  mean  Proportional  add  the  Square  of  half  the  8* 
ference  of  the  extremes ,  and  extraft  the  fquare  Root  of  that  fumm  ,  then  to  the  fatd  fquare 
S^o  adlg  ha^  he  M  d.fference,  and  from  the  Paid  fquare  Root  fubtraa.ng  the  fame 
ha^differe^nee  the  Summ  and  Remainder  (hall  be  the  extreme  Proportionals  fought 
Therefore  if  of  three  numbers  in  continual  proportion  the  ^  *  • 

difference  of  the  extremes,  the  extremes  Ihall  be  given  feverally  by  the  faid  Ca  . _ 

^EST. 

There  are  two  numbers  whofe  fumm  is  ao  (or  r.)  and  theProduft  of  their  multipli- 
cation  is  3^  (orTi .)  what  are  the  numbers . 

RESOLVTJON. 

\  ^ 

I.  For  one  of  the  numbers  fought  put  .  .  i» 

a.  then  by  fubtrafling  that  number  from  the 

given  fumm  ao  (or  e,)  the  Remainder  will  be 
the  other  number  fought ,  to  wit  j  •  • .  ; 

,  3 ,  Therefore  the  Product  of  the  multiplication  ? 

.  w'wch  SurmSl  u'iqml  t'o  the  given  Produft  whence  this  Equation 

Or  •  cx  —  XX  —  ^  • 

C  which  Equation  being  refolved  by  the  Canon  in  SeB.  ’V 

’ '  of  r  wh?ch  are  the  others  fought  by  this  Qgeftion  w.11  be  difcovered ,  a-«. 

’  c  1 8  = 

“  1  a  =:  te—  V:  i«  — »:  ,  '  _ 

1  fay  the  numbers  fought  are  i8  and  a  ,  for  their  fumm  is  ao,  and  the  Produft  of 

by  imers  in  the  lad  ftep  of  the 
Refolution,  l4  expteft  by  words ,  they  will  give  the  following  Canon  to  folve  the  Qgeftion 

CANON. 

From  the  Square  of  half  the  given  Summ  fubtraft  the  given  Produa ;  and  extraa  the 
fquare  Root  of  the  Remainder ,  then  to  the  faid  half  Summ  adding  the  faid  fquareRoot, 
and  from  the  faid  half  sSumm  fubtrading  the  fame  fquare  Root ,  the  Summ  and  Remainder 

fhall  be  the  two  numbers  fought.  .  .  i*  •  x.  r 

Therefore  the  Summ  and  Reaangle  (  or  Produft  of  the  multiplication  )  of  any  two 
numbers  being  feverally  given,  the  numbers  therofelves  fliallalfo  be  given  feverally  by  the 
faid  Canon. 

^VEST.  -4.  . 

There  are  three  numbers  in  continual  proportion  •  the  fumm  of  the  extremes  is  ao, 
(ore,)  and  the  mean  proportional  is  6,  (or  m  {)  what  are  the  extremes . 

RESOLVTION. 


For  one  of  the  two  extreme  proportionals  ? 
fought  put  .  .  .  .  •  ,  ,  .  .  •  i 


X 


a.  Then 


2.  Then  by  fubtra£ling  that  extreme  from  20 
(or  c)  the  given  fumm,  the  Remainder  will  be 

-  the  other  extreme ,  to  wit . . 

.  Therefore  the  Reftangle  contained  under  the' 
extreme  proportionals,  (to wit,  theProdutft^ 
of  their  multiplication)  fliall  be  ,  . 

.  Which  Redangle  (or  Produd)  roufl  (  according  to  i.  Cliap,  he  equal  to 
the  Square  of  the  given  mean  Proportional  6  (or  m,')  whence  this  Equation  arifeth,z^#^. 

‘2-oa  —  atn  —  35, 

}  ca  —  aa  —  mm . 

.  Which  Equation  being  refolved  by  the  Canon  in  Seth.  i  o.  Chap.  1 5-.  the  two  values 
of  4 ,  which  are  the  numbers  fought  by  this  Queftion  will  be  difcovered,  viz, 

:  \cc  ■—  mm'. 

C  2  =  fc  —  i  \cQ  —  mm : 

I  fay  the  two  extreme  Proportionals  fought  are  1 8  and  2  ,  between  which  the  given 
number  6  is  a  mean  Proportional ;  for,  as  18  is  to  5 ,  fo  is  6  to  2; 

Moreover ,  if  the  two  values  of  a  which  are  expreft  by  letters  in  the  laft  ftep  of  the 
Refolution  be  expreft  by  words ,  they  will  give  the  following  Canon  to  find  out  the 
extreme  Proportionals  fought; 

CANON, 


From  the  Square  of  half  the  given  fumm  of  the  extreme  Proportionals  fubtrad  the 
Square  of  the  given  mean,  and  extrad  the  fquare  Root  of  the  Remainder  j  then  to  the  faid 
half  fumm  adding  the  faid  fquare  Root ,  and  tfom  the  faid  half  fumm  fubtrading  the  fame 
fquare  Root ,  the  Summ  and  Remainder  (hall  be  the  two  extreme  Proportionals  fought. 

Therefore  if  of  three  numbers  in  continual* proportion  the  mean  be  given,  as  alfothe 
fumm  of  the  extremes ,  the  extremes  themfelves  (hall  be  given  feverally  by  the  faid  Canon. 


^VEST.  5* 

There  are  two  numbers  whofe  diSerence  is  15,  (or  J,).  and  if  the  Produd  of  the 
multiplication  of  the  faid  two  numbers  be  divided  by  2,  (or  f ,)  the  Quotient  will  give 
the  Cube  of  the  leffer  number  j  what  are  the  numbers  ? 

RES  O  LVriO  N, 

1.  For  the  leffer  number  fought  put  .  .  .  ^ 

2.  To  which  adding  the  given  difference  1 5-. 

(or  dj)  the  fumm  ftiall  be  the  greater  number, 
to  wit, . \ 

3.  Therefore  the  Produd  of  the  multiplication  ^ 

of  the  two  numbers  is  .....  .  .  .  S 

4.  Which  Produd  bciQg  divided  by  2  (  or  c)  ? 

the  Quotient  will  be  .  .  .  ,  .  . 

y.  From  the  firft  ftep  the  Cube  of  the  lefter 
number  is 


4 

a 

4  ■+*  ly 

4-j--  d 

aa>~]r  154 

•*[  •• 

44  I  ^4 

44  *~|-*  da 

2 

€ 

444 

irft  ftep  the  Cube  of  the  lefter? 

•••*••  ****3 

6.  Which  Cube  muft  (as  the  Queftion  requires)  be  equal  to  the  Quotient  in  the  fourth  ftep,- 

whence  this  Equation  •  44  is  4 

■*  ’  444  —  ‘ 


Or, 


444  ~ 


44  •“j-<  da 


7.  Which  Equation  being  duly  reduced  (  according  to  SeB.  2,  4,  3,  y  of  Chap.  12.) 
there  will  arife  44  —  j4  =  , 

I  d 

.  c  c 

Therefore  the  laft  Equation  being  refolved  by  the  Canon  in  SeU:,  8.  Chap*  if.  the, 
yaloe  of  4  ,  to  wit ,  the  lefter  number  fought  will  be  difcovered ,  vi^, 

4  =  3  =  :  *-h  — 

4CC  2e 

■  '  ^  •  N  2  f  To 


I  Kefolntion  of  Arithmetical  Qmfltions  Book  I. 

To  which  lefltT  number  adding  the  given  difference  i  5  (  or  ^  )  the  fumm  ihall  be  the 
greater  number  fought ,  to  wit ,  _ _ 

3  -I-*  15  m  18  —  ^  * 

J  ‘  ^  c  ^CC  2C 

10  I  fay  the  two  numbers  fought  arc  3  and  18,  which  will  fatisfie  the  conditions  in 
the  Queftion,  for  their  difference  is  15,  and  if  the  Produft  of  their  multiplication  54 
be  divided  by  2  ,  the  Quotient  is  27  ,  which  is  the  Cube  of  the  leifer  number  3  , 

as  was  required.  ,  •  -n  •  .  r  11  • 

I I  But  if  the  Equation  in  the  eighth  ftep  be  expreft  by  words ,  it  will  give  the  following 

Canon  to  find  out  the  leffer  number  fought ,  to  which  adding  the  given  difference ,  the 

ereater  number  is  alfo  given. 

^  '  CANON. 

Divide  the  given  difference  by  the  given  Divifor ,  alfo  divide  1  (  or  Unity  )  by  the 
quadruple, of  the  Square  df  tfie  given  Divifor,  add  thofe  two  ppotients  together,  and 
extract  the  fqua^e  Root  of. the  fumm;  then  toThisTquare  Root  add  the  Quotient  that 
arifeth  by  dividing  ^  by  the  double  of  the  given  Divilor  j  fo  Ihall  the  fumm  be  the  leffer 
of  the  two  numbers  fought ,  which  increafed  with  their  given  difference  will  give  the 

greater  number. 

^EST.  6. 

There  are  tw^  numbers  whofe  difference  is  2  (or^/j)  and  the  fumm  of  their  Squares 
is  130  (or  Cj)  what  are  the  numbers? 

RESOLtl: 

1 .  For  the  leffer  number  fought  put  .  .  . 

2.  Then  to  that  leffer  number  adding  the  given 

difference  2  (  or  )  the  fumm  Hull  be  the 
greater  number  ,towitt.  .  .  .  •  • 

3 .  Therefore  from  the  firft  ftep  the  Square  of 
the  lefler  number  is  • 

4.  And  from  t!ie  fecond  ftep  the  Square  of  the 

greater  number  is . 

5.  Therefore  from  the  two  laft  fteps  the  fumm 
of  the  Squares  of  the  two  numbers  fought  is  ^ 

6.  Which  fumm  muff  be  equal  to  the  given  fumm  of  the  Squares  130  (or  c,)  whence 
this  Equation  arifeth,  viz.. 

laa  -j-*  4^  4  =  130J 

Or,  ^aa  -j-*  “ida  -1-  dd  =  c. 

7.  Which  Equation ,  after  due  Redudion  according  to  the  Rules  of  the  twelfth  Chapt. 

will  give  this  Equation,  viz,  aa  2a  ■=  63, 

Or,  aa  da  —  -^c  —  ^dd.  ^ 

8.  Therefore  the  Equation  in  the  laft  ftep  being  refolved  according  to  the  Canon  in 
'  Se^.  6.  Chap,  i  s^.  the  value  of  ^ ,  to  wit ,  the  leffer  number  fought  by  the  Queftion 

will  be  made  known,  viz.  _ _ 

r=:  7  =  V;  tc  —  ^dd: — ^d. 

9.  To  which  leffer  number  adding  .thg  given  difference  2  (or  d)  the  fumm  (hall  be  the 

greater  number  fought ,  to  wit ,  _ 

7  -1-  2*  =  9  —  V  :  .  .  ,  r  C 

10.  I  fay  the  two  numbers  fought  are  9  and  7;  for  their  difference  is  2,  and  the  lurom  ot 

their  Squares  is  130,  as  was  preferibed  by  the  Queftion. 

11.  Moreover,  from  the  eighth  and  ninth  ftep  arifeth  this 

CANOT^.  ■  - 

From  half  the  given  fumm  fubtrad  the  Square  of  half  the  given  difference ,  and  extrad 
the  fquare  Root  of  the  Remainder ;  then  from  this  fquare  Root  fubtrad  half  the  given  dif¬ 
ference  ,  the  Remainder  (hall  be  the  leffer  number  fought,  to  which  adding  the  given 
difference  the  fumm  fliall  be  the  greater  number.  _ _ 


CION, 


a 

a-Y'  2 


1 

^  aa  '■j—'  4  ^  *~i~*  dr 


a 

a  d 


aa 


aa  -j-*  ida  dd 


^  zaa  ►“I'-'  4*^  ""H  4  |  ^aa  2  da  --I-*  dd 


■'5 

ii- 


Chap.  1 6. 


producing  Qmdratich^  Equations, 


10,1 


XP^sr,  7. 

There  are  two  numbers  whofe  famm  is  14  (  or  h^')  and  the  fumm  of  their  Squares  is 
100  (or  r,)  what  are  the  numbers  ? 

RESO  Lviio  N. 


14 


3- 

4- 

y* 

6. 


a 


aa 

ihap-'hh 

laa  — >  bb 


1 .  For  one  of  the  numbers  fought  put  a  a 

2.  Which  fubtrafted  from  the  given  fumm  14 

(or  b)  leaves  the  other  number  .  . 

The  Square  of  the  firft  number  is  .  .  .  )>  ma 

The  Square  of  the  other  number  is  .  . 

The  fumm  of  the  faid  Squares  is  .  ..  .  ^  laa  —  2  8a‘-l-^  ip6 

Which  fumm  muft  be  equal  to  100  (or  c)  the  given  fumm  of  the  Squares ,  whence 
this  Equation  arifeth ,  2aa  —  284^196  —  10©, 

Or,  2aa< — ^ba^  bb  •=±  c. 

7.  Which  Equation ,  after  due  Rcduftion ,  according  to  the  Rules  of  the  twelfth  Chaftt 
will  give  this  following  Equation; 

I  —  4^  j 

'^r  ,  ba  —  aa  z:=.  ibb  —  fc. 

8.  Which  Equation  being  refolved  by  the  Canon  in  Se5i.  10.  Chap.  15:  the  two  values 
of  a ,  which  are  the  numbers  fought  by’  this  Queftion  ,  will  be  difcovcred ,  viz, 

_  5  ^  +  V  ♦  2^  —  tbh. 

~  C  6  :=  \b  \  \c — -  ^bb, 

I  fay  the  numbers  fought  are  8  and  6\  for  their  fumm  is  14,  and  the  fumm  of  thei^ 
Squares  is  100,  as  was  prefcribed. 

10.  .Moreover,  if  the  two  values  of  a  which  are  expreft  by  letters  in  the  eighth  ftep 
be  expreft  by  words  there  will  arife  this 

CANON. 

From  half  the  given  fumm  of  the  Squares  fubtradl  the  Square  of  half  the  giveji  fumm 
of  the  two  numbers ,  and  extrail:  the  fquare  Root  of  the  Remainder ;  then  adding  the 
faid  fquare  Root  to  the  faid  half  fumm  of  the  numbers ,  the  fumm  of  this  addition  lhall  be 
the  greater  number  ;  but  fubtrailing  the  faid  fquare  Root  from  the  faid  half  fumm  of  the 
numbers ,  the  Remainder  fhall  be  the  lefler  number. 


A 


^EST.  8. 

There  are  three  numbers  in  Geiometrical  proportion  continued;  and  fuch,  that  if  the 
difference  between  the  fumm  of  the  extremes  and  the  mean  be  rtiultiplyed  by  the  fumrri 
of  the  extremes,  theProduft  will  be  irzo  (Or  b^)  but  if  the  faid  difference  be  multi¬ 
ply  ed  by  the  lumra  of  all  the  three  Proportionals,  the  Produil:  will  be  1456  (or  Cj) 
what  are  the  Proportionals  ? 

RES  O  LVTIO  N 

1.  For  the  difference  of  the  fumm  of  the? 

extremes  and  mean  put  .S 

2.  Then,  according  to  the  Queftion ,  the  fumm? 

of^the  extremes  is . 3 

3.  From  which  fumm  if  the  difference  in  the. 
firft  ftep  be  fubtrafted,  the  Remainder  will  bej 
the  mean  proportional ,  to  wit , 

4.  Therefore  from  the  two  laft  fteps  the  fummi 
of  all  three  proportionals  is 


a 


1120 

a 


1120 

2240 
a 


a 


a 


a 


a 

2b 


A 


a 


ttiii 


But  (  according  to  the  Queftion)  if  the  fumm  of  all  the  three  proportionals  be  multi- 
plyed  by  the  difference  of  the  fum’m'of  the  extremes  and  the  toean ,  the  Produdf  muft 
be  equal  to  1456  (ore-)  therefore  from  the  firft  ar/d  fourth  fteps  this  following 
Equation  arifeth,  viz. 

2240  aa  i4y^j 

Oci  '^b  — *  =2  ^ 

6,  Which 


I 


1.0  2 
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6,  Which  Equation  being  reduced  according  to  the  Rules  of  the  twelfth  the  value 

of  a  will  be  difcovered ,  viz. 


a  ■==.  ^  —  c. 

7*  Therefore  from  the  fixih  and  fecond  ffeps,  the  furam  of  the  extremes  is  alfo  known,  viz 

40  =  ^  ■=:  the  fiimm  of  the  extremes. 

—  c 

8.  And  from  the  fixth  and  third  Reps ,  the  mean  proportional  is  alfo  given ,  viz, 

€  —  b 


12  =: 


the  mean. 


-  ^  izh  —  Cl 

g,  Laflly ,  the  fumm  of  the  extremes  of  three  continual  proportionals  being  given  40, 
as  alfo  the  mean  1 2  ,  the  extremes  Ihall  alfo  be  given  feverally  by  the  Canon  of  the 
fourth  ^eflion  of  this  Chapt.  to  wit,  4  and  35.  therefore  the  three  continual 
proportionals  fought  are  4 ,  12  and  36  ,  which  will  faiisfie  the  conditions  in  the 
QueRion  propofed ,  as  will  appear  by  • 

The  Proof.  ? 

I.  4  ,  12,  -^6  are  -H- ;  for ,  4  x  —  ii  x  12. 

II.  4-1-  ^6  —  I  into  36  4^4  rri  1 120.  ^ 

III.  4  4-  36  — T2  into  44-124-36  =  145'Sr 


XpEsr.  9. 


There  aretwonumbers  whofefummis  id  (or^,)  and  the  fumm  of  their  Cubes  is  j 20 
(or  c  5)  what  are  the  numbers  ? 

PESO  LVTIO  N. 


a 

lo  — -4 


A 

b—>a 

444 


1 .  For  one  of  the  numbers  fought  put 

2.  Then  by  fubtrading  that  number  from  the 

given  fumm  10  (  or  the  other  number 
remains ,  to  wit , . .  _ 

3.  The  Cube  of  the  former  is . ^  aaa 

4.  And  from  the  fecond  flep  the  Cube  of  the  latter  number  is 

1000  ■ —  3004  4—  —  444, 

Or,  bbb  —  "^bba  4-  3^44  —  444. 

4.  Therefore  the  fumm  of  the  two  Cubes  in  'the  third  and  fourth  Reps  is 

1000  3004  4—  30^^, 

Or  ,  bbb  ■ —  3  bba  -j-  3  bM , 

5,  Which  furammuft  be  equal  to  520  (or  c)  the  given  fumm  of  the  Cubes,  whence 

this  Equation  arifeth,  1000  —  3004  4^  3044  =: 

"  Or,  bbb  —  ^bba  -I—  3^44  —  c. 

6,  Which  Equation,  after  due  Redudion  according  to  the  Rules  of  the  twelfth  Chapt*  will 

give  this  Equation ;  16  =  104—44, 

^  ,  bbb  —  c 

Or ,  - - -  =  bA  —  44  , 

lb 

7.  Therefore  the  lafl:  Equation  being  refolved  by  the  Canon  in.ye^.  10,  Chap,  15.  the 
two  values  of  4,  which  arc  the  numbers  fought  by  this  Queftion,  will  be  difcovered,  w*. 


4 


=  8. 

3^  1 2 

,,  M  c  bb  _ \ 

•^b  —  ^  i  ^  * 

lb  12 


8.  I  fay  the  two  numbers  fought  are  8  and  a  j  for  their  fumm  is  10,  and  the  fumm  o£ 
their  Cubes  is  j  20,  as  was  prefer  ibed. 

g.  Moreover ,  if  the  two  values  of  4  which  are  exprefl:  by  letters  in  the  feventh  (Icp 
be  exprefl:  by  words ,  they  will  give  this 

CANON, 

From  the  Quotient  that  arifeth  by  dividing  the  given  fumm  of  the  two  Cubes,  by  the 
triple  of  the  given  fumm  of  their  fides,  fubtrad  f*  of  the  Square  of  the  laft  mentioned 

fumm> 


Chap.  i6. 


producing  Qiudratick^  Equations. 


.103 


furrim  »  and  extraft  the  fquare  Root  of  tfie  Remainder  ;  then  adding  the  faid  fquarc  Root 
to  half  the  faid  fumm  of  the  Tides  of  the  two  Cubes ,  and  alfo  fubtrafting  the  faid  fquare 
Root  from  the  faid  half  fumm,  the  h’uram  and  Remainder  (ball  be  the  fides  or  num¬ 
bers  fought. 


10 

2a 


a 


lO 


as 


a 

b  —  4 
2/1  —  b 
da, 


ic. 

There  are  two  numbers  whofe  fumm  is  i  o  (or  ^,)  and  the  proportion  which  their 
diiference  beareih  to  the  fumm  of  their  Squares  is  as  2  to  2  9 ,  (  or  as  ^  to  i  5)  what  are 
the  numbers  ?  ^ 

RESO  LVTIO  N. 

1.  For  the  greater  number  fought  put  .  . 

2.  Which  fubtra^ed  from  the  given  fumm  10  > 

(or  b')  leaves  the  leffer  number  .  .  *0 

3 .  Therefore  the  difference  of  the  two  numbers  is 

4.  And  from  the  firft  ftep  the  Square  of  the> 

greater  number  is  .  .  . . A 

5.  And  from  the  fecond  ftep  the  Square  of  the  Icffer  number  is  • 

100  «—  20a  ^  aa  y 
hb  —  2  ba  aa  • 

6.  And  from  the  two  laft  fteps  the  fumm  of  the  Squares  of  the  two  numbers  fought  is 

100  -  2  0/»  -4-  2/l/«, 

Or,  bb  ^  2ba  -}-  laa. 

7.  Then  according  to  the  Queftion ,  the  difference  in  the  third  ftep  muft  be  to  the  fumm 
of  the  Squares  in  the  fixth  ftep  as  2  to  29  ,  (  or  as  r  to  j  ;  )  vU, 

2  ,  29  i:  2a  —  10  •  100  —  20a  4*  31^^  j 

Or,  r  ,  s  ::  -24  — <  b  ,  bb  —  2ha  -j-  244. 

8.  Which  Analogy  may  be  converted  into  this  following  Equation,  (according  to  the 

Theorem  in  13-) 

zoo  — •  404  4  444  —  584  *—  290, 

Or,  rbb  > —  2r^4  4  'i-raa  —  T-sa  —  sh. 

9.  Which  Equation,  after  due  Reduftion  according  to  the  Rules  in  the  12^  Cha}U  will 


produce  this  Equation  5  —  aa 


Or, 


rbb  4  _  ■*'4" 


a 


aa. 


zr 


10.  Therefore  by  refolving  the  Equation  in  the  laft  ftep  according  to  Seii.  10.  Chap.  1 5. 
the  two  values  of  4 ,  or  the  two  Roots  of  that  Equation  will  be  made  known ,  viz. 


a  = 


_ 

2r  ^  qrr  4 

1 1  The  lelTer  of  which  two  Roots  or  numbers,  to  wit  7,  is  the  greater  number  fought 
by  this  C^eftion  5  and  confequently  ,  the  faid  7  being  fubtraded  from  the  given 
fumm  I  o  ,  the  Remainder  3  is  the  leffer  number  fought. 

I  fay  7  and  3  will  folve  the  Queftion,  for  their  fumm  is  i  o  ;  and  their  difference  4  is 
to  the  fumm  of  their  Squares  58 ,  as  2  to  29  ;  which  was  preferibed. 

12.  NoU.  Although  the  value  of  4  in  the  Equation  in  the  ninth  ftep  may  be  either 
or  7  (  for  that  Equation  may  be  expounded  by  as  well  as  7 ,  )  7  pnly, 

t(f  wit,’the  leffer  value  of  4,  fhall  be  the  greater  number  fought  by  this  Queftion. 


For  that  the  greater  value  of  4,  to  wit,  7— 4’-:7-4  V* 


ss 


bb  I 

- :  can  never  be 

4 

equal  to  either  of  the  two  numbers  fought ,  I  prove  thus  5  Firft ,  it  is  manifeft  by  each 
of  the  values  of  4  expreft  by  letters  in  the  tenth  ftep ,  That  if  ^  —  ,  then 

confequently  ^ ,  and  the  two  values  of  a  are  equal  one  to  the  other ,  each 

^  being 


2r 


04 
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being  equal  to  -L-  -[  •  —  ,  that  is ,  ^  j  and  therefore  in  this  firfl:  cafe ,  neither  of  the 

two  values  of  a  can  poffibly  be  equal  to  either  of  the  two  numbers  fought;  for  that 
which  is  equal  to  the  (umni  of  two  numbers  muft  needs  be  greater  than  either  of  them. 

Secondly  ,  If  —  cr*  — 
ir  z 


,  which  is  a  necelTary  Determination  to  make  the  Queflion 
po/Iible ,  then  the  greater  value  of  a  ,  that  is , 


,  ss  bb  . 

V  •* - :  IS  ma- 

<  rr 


■  ^  2.  4 

nifeff  ly  greater  than  b  the  given  fumm  of  the  two  numbers  fought ,  and  therefore  it  cannot 
be  equal  to  either  of  them.  Whcretore  the  faid  greater  value  of  a  cannot  in  any  cafe  be 
equal  to  cither  ot  the  two  numbers  fought.  Which  was  to  be  proved. 

But  the  faid  lelfer  value  of  a,  is  the  greater  of  the  two  numbers  fought ,  and  consequently 
they  are  given  Severally  by  this  following  ’  / 

CANON.  v/.'  -u-.  ..i 

13.  From  ^  the  Quotient  that  arifeih  by  dividing  the  Square  of  the  latter  term  of  the  given 
Reafon  by  the  quadiuple  of  the  Square  of  the  firft  term,  fubtraft  a  quarter  of  the' 
Square  of  the  given  fumm  of  the  two  numbers  fought ,  and  extract  the  Iquare  Root  of 
the  Remainder  ,  then,  fubtraft  that  Square  Root  from  the  fumm  of  the  Quotient  that 
arifeth  by  dividing  the  latter  term  of  the  given  Reafon  by  the  double  ot  the  firft  and 
the  half  of  the  given  fumm  of  the  two  numbers,  fo  the  Remainder  lhall  be  the  greater 
number  fought;  which  fubtrailed  from  the  faid  given  fumm  leaves  the  lelfer  number. 

14.  From  the  premifes  this  following  Queftion  may  eafily  be  Solved,  The  fumm 
of  two  numbers  being  given ,  fuppofe  f  (  or  ^ ,)  and  their  difference  being  equal  to 
the  fumm  of  theirr  Squares ,  to  find  the  numbers. 

,  Firff,  fuppofe  .r  —  s-=-  i  ,  (  becaufe  (he  Terms  of  the  Proportion  in  this  Queftion 
are  equal  to  one  another^,)  then  the  two  values  of  a  before  expreft  in  the  tenth  ftep  will 
be  converted  into  ihefe ,  viz..  - 

.  _L  ^ 


a 


5 


hb 


^  4 

I  -1-  ^  ,  T  —  hh 

— -  —  v;  - - 


The  left’er  of  which  varlues  of  ^  ,  to  wit,  f.  Is  the  greater  of  the  two  numbers 
fought,  and  therefore  the  faid  f  being  fubtraded  from  f  the  given  fumm  leaves  -  for 
the  lelfer  number.  I  fay  f  and  -  will  Solve  the  Qiieftion  ,  for  their  difference is 
equal  to  the  fumm  of  their  Squares. 


£lVESr.  II.  ‘  ‘ 

There  are  two  numbers,  theProdudof  whofe  Multiplication  is  48  (or  /»,)  and  the 
difference  of  their  Squares  is  2  8  (  or  ^  .  )  what  are  the  numbers  ? 

RESOLVE  ION. 

1.  For  the  greater  number  put . )> 

2.  Then  dividing 48  (or p)  by  4,  the  Quotient? 

is  the  lefl'er  number ,  to  wit ,  .  .  .  .  ^ 

3.  From  the  firft  ftep  the  Square  of  the  greater? 

number  is . i  o 

4.  And  from  the  Second  ftep  the  Square  of  the? 

leffer  number  is . V 


5 .  Therefore  the  difference  of  the  faid  Squares  is  ;>  —  2304 

6.  Which  difference  muft  be  equal  to  the  given 
Equation  arifeth,  viz. 


4 

4 

-li. 

4 

4 

44 

2304 

44 

4444  —  23  04 

4444 — 

44 

44 

1?. 


304 


Or, 


44 

—  pp 


44 


28 


d. 


7.  Which 
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7.  Which  Equation,  after  due  Reduaion  according  to  the  Rules  of  the  twelfth  CW 

will  produce  this ;  ,  aaaa  —  28^^*  —  2304 ,  ^  ' 

Or  ,  aaaa  —  daa  —  pp , 

8.  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Se^.  8.  Chap,  i  e. 
.  the  value  ot  a,  to  wit ,  the  greater  number  fought  will  be  difeovered  ,  viz. 

Vv^hence  the  greater  number  is  found  8,  by  which  if  the  given  Produft  48  be  divided 
the  Quotient  6  is  the  lefler  number  fought.  ,  ' 

I  fay ,  the  numbers  8  and  6  will  folve  the  Queftion  .  for  the  Produa  of  their 
multiplication  is  48,  and  the  difference  of  their  Squares  ^4  and  36  is  28  as  was 
preferibed.  ’ 

^Moreover ,  the  Equation  in  the  eighth  ftep  gives  a  Canon  to  find  the  greater  of  the  two 
numbers  fought ,  by  the  help  whereof  and  the  given  Produa  the  leffcr  number  fiiall  be 
alfo  given. 

CANON. 

To  the  Square  of  the  given  Produa  add  the  Square  of  half  the  given  difference  of  the 
Squares ,  and  extraa  the  fquare  Root  of  that  fumm  •  then  to  the  faid  fquare  Root  add 
the  faid  half  difference,  and  extrad  the  fquare  Root  of  this  fumm ,  fo  fiiall  the  laft  fquare 
Root  be  the  greater  of  the  two  numbers  fought ;  laftly ,  by  the  faid  greater  number 
divide  the  given  Produd  of  the  multiplication  of  both  numbers,  and  the  Quotient 
(hall  be  the  leffer  number. 


^EST.  12. 

There  are  two  numbers  the  Produd  of  whofe  multiplication  is  48  (  or  />  )  and  the 
fumm  of  their  Squares  is  100  (  or  t  j)  what  arc  the  numbers?  * 

RESO  LVriON 

1.  For  one  of  the  numbers  fought  put  ...  J> 

2.  Then  dividing  4 8  (or  p)  by  <1,  the  Quotient p 

will  give  the  other  number,  to  wit*  .  . 

3.  From  the  firft  ftep,  the  Square  of  one  of  the? 

nutnbers  is  ...  . . ^ 

4*.  And  from  the  fecond  ftep  the  Square  of  the 
other  number  is . 


\ 


5 .  Therefore  the  fumm  of  the  faid  Squares  is  )> 

6.  Which  fumm  mufl:  be  equal  to  the  given  furai 

arifeth ,  viz.  aaaa  -j—  2304 

aa 

n 


a 

a 

-li 

-t-  1 

a 

a 

aa 

aa 

2304 

PP 

aa 

aa 

aaaa^\-'  2304 

aaaa  -I-*  pp 

aa 

100 


Or, 


=  c . 


7.  From  which  Equation,  after  due  Redudion  by  the  Rules  in  Chap.  12,  this  will  arife, 

fp  =  —  maa. 

8.  Which  laft  Equation  being  refolved  by  the  Canon  in  StB.  1 0.  Chap.  1 5 .  the  two  values 
of^,  which  are  the  numbers  fought,  will  be  difeovered  ,  viz,. 

8  =  1/  ( 2)  :  tc V 


a 


pp: 


^  ^  =  V(2):t^ — V  —  PP' 

9*  }  ^  and  ^  are  the  numbers  .required ;  for  the  Produd  of  their  multiplication 

is  48,  and  the  fumm  of  their  Squares  6a.  and  35  is  ico  ,  as  was  preferibed.  From 
the  laft  ftep  alfo  arifeth  this 

CANON. 

From  the  Square  of  half  the  given  fumm  of  the  Squares  of  the  two  numbers  fought 
fubtrad  the  Square  of  the  given  Produd  of  their  multiplication ,  and  extrad  the  fquare 
Root  of  the  Remainder  •  then  to  half  the  faid  fumm  add  the  faid  fquare  Root ,  and  trom 

“  0  '  the 


r 


o6 
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the  faid  half  fumm  fubtrad  the  faid  fquare  Root;  laftly ,  extrad  the  fquarc  Root  of 
the  fumm  of  that  Addition  ,  and  alfo  of  the  Remainder  ot  the  latter  Subtraaion  ,  folhaU 
thefe  two  fquare  roots  be  the  numbers  fought  by  the  Queftion  propos’d. 


OVEST.  15. 


There  are  two  numbers  whofe  fumm  is  1 4  (or  and  if  the  fumm  of  their  Squares 
be  multiplyed  by  the  fumm  of  their  Cubes,  the  Produa  is  72800  (or  c  ;)  what 
are  the  numbers  ? 

RES  O  LVTJOEr. 


4^-. 

- 4  -j-  f  ^ 

aa  +  ^4  -)-< 

aa  — 'ha-f  \bh 
2Aa^\bb 


1 .  For  one  of  the  numbers  fought  put  .  .  >• 

2.  Then ,  that  their  fumm  may  be  14  (  or  ^ ,)  ? 

the  other  number  mufl:  be  .  ,  .  .  .S 

^ .  The  Square  of  the  firft  number  is  .  .  ,  ^  44  *-1^  1 44  49 

4.  The  Square  of  the  latter  number  is  .  .J>  44 —  144  +  49 

5.  Therefore  the  fumm  of  their  Squares  is  >  244  +  98 

6.  Again ,  the  Cube  of  the  firfl:  number  will  be 

444  ■+•  2144+  1474  +  345  , 

Or  ]  444  +  t^44  +  \bba  +  ibbb  • 

7.  And  the  Cube  of  the  latter  number  will  be 

• —  444  +  2144  - —  1474  +  343  I 
Or  ^  —  444  +  i^44  —  ^bba  +  ^bbb . 

8.  Therefore  the  fumm  of  the  Cubes  in  the  two  laft  fteps  is 

4244+  686,  Or,  3^44  -^ibbb'. 

9.  Which  fumm  of  the  Cubes  in  the  laRftep  being  multiplied  by  the  fumm  of  the  Squares 

in  the  fifth ftep,produceth  844444  +  548844  +  67228, 

Or  ,  6bat^aa  +  zbbbaa  +  fbbbbb . 

10.  Which Produa  in  the lafi:  ftep muft  be  equal  to  72800  (or  c)  the  Produa  given 
in  the  Q^ftion ,  whence  this  Equation  arifeth ,  vi^, 

844444  +  548844  -j-*  67228  =:  72800, 

Or,  6baaaa  +  zbbbaa  +  Ibbbbb  =  c. 

11.  And  from  that  Equation ,  after  due  Reduaion  according  to  the  Rules  of  the  twelfth 

Chapter ,  this  will  arife  •  4444  +  --faa  z=z  --f , 

Or ,  4444  +  fbbaa  =  - x\bbbb  . 

12.  Which  Equation  being  refolved  by  the  Canon  in  SeU.  6.  oiChap.  15.  the  value  of  4 

will  be  difeovered ,  viz.  _ _ 

4  =r  I  =;  V  (2  )  :  V  ^  +  tt\bbbb  .  —  ^bb  : 

1 3 .  Therefore  from  the  twelfth ,  firft  and  fecond  fteps  the  two  numbers  fought  are 

made  known ;  • 


7  +  1  —  8  =  V  (2  )  :  V  -^  +  r^ibbbb. 


ibb: 


7  —  1  =  6  =  ib  -^^-r^i^bbb.  —  ^bb  : 

I  fay  the  numbers  fought  are  8  and  65  for  their  fumm  is  14  ,  and  if  100  the 
fumm  of  their  Squares  be  multiplyed  by  728  ,  the  fumm  of  their  Cubes,  the  Produa 
will  be  72800,  as  was  preferibed. 

Moreover ,  the  thirteenth  ftep  gives  a  Canon  to  find  out  the  numbers  fought. 

CANON.  ■> 

* 

Divide  the  given  Produft  by  fix  times  the  given  Summ .  then  to  the  Quotient  add 
of  the  Biquadrate  of  the  given  fumm ,  and  extraa  the  fquare  Root  of  the  fumm  of  that 
addition  j  then  from  the  faid  fquare  Root  fubtraft  j  of  the  Square  of  the  given  fumm,  and 
cxtra6f  the  fquare  Root  of  the  Remainder  j  laftly ,  add  this  fquare  Root  to  half  the  given 
fumm  and  fubtrait  it  from  the  faid  half  fumm ,  fo  (hall  the  Sumna  and  Remainder  be  thjp 
two  numbers  fought. 

SVEST. 


I 


chap.  i6.. 


frodncing  Qmdratick^  Eqnattotis, 


1  O' 


X^Esr, 

There  arc  two  numbers  the  Produft  of  whofe  multiplication  is  20  (or  ^,)  and  the 
fumm  of  their  Cubes  is  i8c>  (or  <r;)  what  are  the  numbers? 


RESOLVTJON. 

3.  For  one  of  the  numbers  fought  put  * 

2.  Then,  by  dividing  the  given  Product  207 
(or  b')  by  the  other  number  will  be  . 

3.  Therefore  from  thefirftftep,  the  Cube  of 

the  firft  number  is  .  *  .  .  . 

4.  And  from  thefecondftep  the  Cube  of  the  7^ 

other  number  is  .  .  i  ^ 

5.  Therefore  the  fumm  of  the  faid  Cubes  is  .  ^ 


4 

20 

a 

aaa 

8000 


aaa 

aadaaa  8000 
aaa 


4 

b 

a 

bbb 

aaa 

aaaaaa  -I--  bbb 


6.  Which  fumm  muft  be  equal  to  i  8p  (  or  r  )  the  fumm  given  in  the  Queftion ,  whence 
this  Equation  arifeth,  viz.. 

aaaaaa  -(-8000  _  , 

- -  =  189, 


Or, 


aaa 

aaaaaa 

aaa 


bbb 


=  b 


7.  Which  Equation  being  reduced  according  io  SeB.  2,  3,  and  j.  of  Cha-p.  12.  there 
will  arife  8000  =  i^gaaa  —  aaaaaa., 

Or  ,  bbb  r=  caaa  —  aaaaaa . 

S.  And  by  refolving  the  Equation  in  the  laft  ftep  by  the  Canon  in  Sebi.  10.  Chap.  15.  the 
two  values  of  a,  which  are  the  numbers  fought  by  this  Queftion,  will  be  made  known, 

^  _  5  J  ~  V(  3  )  ♦  d\cc  —  bbb : 

4  =  V(3):i^ — 

5.  I  fay,  the  numbers  fought  are  5  and  4;  for  the  Produd  of  their  multiplication  is  20, 
and  the  fumm  of  their  Cubes  125  and  6^  is  189,  as  was  preferibed. 

Moreover,  from  the  two  values  of  a  expreft  by  letters  in  the  eighth  [ftep,  the 
following  Canon  arifeth  to  find  out  the  numbers  fought. 

CANON.  '■ 

From  the  Square  of  half  the  given  fumm  fubtrad  the  Cube  of  the  given  Produd, 
and  extrad  the  fquare  Root  of  the  Remainder ;  then  add  the  faid  fquarc  Root  to  half 
the  given  fumm  ,  and  alfo  fubtrad  it  from  the  faid  hall  fumm  ;  laftly ,  extrad  the  cu- 
bick  Root  of  the  fumm  of  that  addition,  and  likewife  extrad  the  cubick  Root  of  the  latter 
Remainder,  fo  ftiall  thefe  Cubick  Roots  be  the  numbers  fought. 

^^EST.  15. 

There  are  two  numbers  the  Prod ud:  of  whofe  multiplication  is  20  (or  b ,)  and  the 
difference  of  their  Cubes  is  61  (or  ;)  what  are  the  numbers? 

RESO  LVTIO  N.  ' 

1 .  For  the  greater  of  the  two  numbers  fought  put 

2.  Then  ,  by  dividing  the  given  Produd  20  ^ 

(or  b)  by  a,  the  leffer  number  will  be  .  .5 

3.  Therefore  from  the  firft  ftep  the  Cube  of^ 

the  greater  number  is . S 

4.  And  from  the  fecond  ftep  the  Cube  of  the  ? 

leffer  number  is . 5 

5.  Therefore  from  the  two  laft  fteps,  the  dif¬ 

ference  of  the  Cubes  of  the  two  numbers, 
fought  is . _ 

6.  Which  difference  muft  be  equal  to  6i  (or  1^)  the  difference  given  in  the  Queftion  ^ 
whence  this  liquation  arifes ,  viz.. 

aaaaaa  —  8000 


a 

a 

20 

b 

a 

aaa 

8000 

m 

aaa 

aaa 

aaaaaa — •  8000 

aaaaaa  —  bbb 

3  ^ 

dldldt  • 

aaaaaa  —  bbb  _  ^ 


aaa 


O  2 


aaa 


Which 


t 
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7.  Which  Equation,  alter  due  Reduftion,  ^according  10  2,  ^jZT\6  ^ Chap.  12.)  will 

give  this  that  follows,  viz,.  aaaaaa — 6\am  =  8000, 

Or  ,  aaaaaa  —  daaa  —  ^  hbb  . 

8.  Therefore  by  refolving  the  Equation  in  the  laft  ftep  by  the  Canon  in  8.  Chap,  i  y. 
the  value  of  4 ,  to  wit ,  the  greater  number  fougKt  will  be  made  known ,  viz,. 

4  =  ^  r=  VC?) V  . 

p.  Whence  the  greatjer  number  fought  is  found  5  ,  by  which  if  the  given  Product  20  be 

*  divided  ,  the  Quotient  will  give  4  for  the  leifer  number  required. 

I  fay ,  the  numbers  5  and  4  will  folve  the  Queflion  propofed  ;  for  the  Produdl  of 

their  multiplication  is  20  ,  and  the  difference  of  their  Cubes  125  and  6415  <5 1 ,  as  was 

preferibed.  r  1  .  c 

Moreover ,  the  Equation  fn  ,the  eighth  ftep  gives  a  Canon  to  hnd  out  the  greater  ot 

the  two  numbers  fought ,  by  the  help  whereof  and  the  given  Product  the  Icffer  number 

is  alfo  given.  , 

CANON. 

To  the  Square  of  half  the  given  difference  add  the  Cube  of  the  given  Produft,  and  extraft 
the  fquare  Root  of  the  filmm  of  that  addition ;  then  add  the  faid  fquare  Root  to  half  the  given 
difference  and  extraft  the  cubick  Root  of  thisfumm,  fo  lliall  the  faid  cubick  Root  be  the 
greater  of  the  two  numbers  fought  j  by  which  greater  number  if  the  given  Produd  be 
divided  the  Quotient  (hall  be  the  leffer  number  fought. 


16. 

A  Merchant  having  bought  certain  Clothes,  fells  them  at  1 7^  I  (or  b)  the  Cloth ,  and 
then  found  that  by  every  loo  L  (or  c)  that  he  had  laid  out,  he  gained  as  many  pounds 
as  he  paid  for  one  Cloth  5  what  was  the  fii  ft  coft  of  a  Cloth  ? 


RBSO  LVriON. 


a 


174  —  ^ 


b  —  4 


1 .  For  the  firft  coft  of  one  Cloth  put  .  .  .  j> 

2.  Which  firft  coft  being  fuhtraded  from  the' 
money  for  which  the  Merchant  fold  one( 

Cloth,  there  will  remain  the  gain  of  one( 

Cloth ,  to  wit , 

Then  find  what  was  gained  in  laying  out  100  /.  (or  c,)  viz.,  fay  by  the  Rule  of  Three, 
If  .  . .  1725  —  1004 


A 

I 


Or, 


a. 


A 


i7t 
b  - 


lOO 


a 

cb  —  ca 


Whence  the  gain  of  1 00  /.  is  found 


1725 - 1004 


or 


4 

cb  —  ca 


a  4  , 

4.  But  according  to  the  Queftion  the  gain  of  1 00  /  (or  c)  muft  be  equal  to  the  firft  coft 
of  one  Cloth  ,  therefore  from  the  firft  and  third  fteps  this  Equation  arifeth,  viz.. 

_  1725  —  1004  cb'-^CA 


4 


Or,  4  = 


4  4 

y.  Which  Equation,  after  due  Reduftion  (  according  to  2,  and  3,  of  Chap.  12. )  will 
'  give  this  that  follows ,  44 -1- 1004  —  T725, 

Or ,  44  •+•  f4  =:  cb  . 

6.  Therefore  by  refolving  the  Equation  in  the  laft  ftep  by  the  Canon  in  Sebt,  6,  Chap,  i  y. 
the  value  of  4 ,  to  wit,  the  firft  coft  of  a  Cloth  will  be  difeovered ,  viz. 

4  =  ly  V:  cb^-^cci  — 

I  fay’  the  firft  coft  of  a  Cloth  was  15/,  as  will  appear  by  the  Proof ;  For  if  a.CIoth 
he  bought  for  i  5/.  and  fold  for  17^  /.  the  gain  is  1.  Then  if  15  /.  gain  2;*:  /. 
it  will  follow  that  100  /.  will  gain  15  /,  which  is  equal  to  the  firft  coft  of  a  Cloth;  as 
was  preferibed# 


Another 


Chap.  i6. 


producing  Qmdratich^  Equations. 


1 05) 


Another  iv^y  of  refolving  the  preceding  Quefl:.  16. 

I.  Let  the  fame  things  be  given* as  before,? 

.  ^ 


a 


then  for  the  gain  of  one  Cloth  put 

2.  Which  gain  being  fubtraded  from  thc> 
money  for  which  one  Cloth  was  fold,  wiil>  17^  —  a 
leavethefirftcoftof  a  Cloth  ,  to  wit,  . 

3.  Then  find  what  was  gained  in  laying  out  100  /.  (or  c,)  and  fay  by  the  Rule  of  Three, 


a 


■  a 


If 

Or, 


174 

^  —  a 


a 


a 


a 


100 


1 00a 


1  004 


17^  — a 
ca 

or 


ca 


17: 


Whence  the  gain  of  1 00  L  is  found 

4.  But,  according  to  the  Quefiion,  the  gain  of  100  /.  (or  c)  mufi  be  equal  to  the  firfi: 
coft  of  one  Cloth  j  therefore  from  thefecond  and  third  Heps  this  Equation  arifeth,  vU. 


h  a  • 


1004  ,  ^ 

__  - —  jj  a.  Or,  - - 

I  7t  —  ^ 

5.  Which  Equation  ,  after  due  Redudion  according  toSdi.  2,  and  3.  of  Chap,  12,  will 
give  this  that  follows,  viz. 

aa  ■=  Or,  C4 -1-2^4  —  ad  -^hh. 


^^4- 


6*  Therefore  by  refolving  the  Equation  in  the  laft  ftep  by  the  Canon  in  SeSi.  i  o.  Chap.  i  y. 
the  two  values  of  a ,  or  the  two  Roots  of  that  Equation  will  be  made  known ,  viz. 


a 


i.^2. 

4 
4 


=  rC 


-zC 


I-.  b  ^  :  icc  -\~  cb: 

b 


4 


V  :  H- 


The  lelTer  of  which  two  Roots  or  numbers,  to  wit  ^  or  2^  /.  is  the  gain  of  a  Cloth, 
which  fubtraded  from  1 7:5  /.  leaves  1  s  /•  for  the  firft  coft  of  a  Cloth ,  as  before. 

Note.  Although  the  value  of  a  in  the  Equation  in  the  fifth  ftep  may  be  either 
or  ^  ,  (  for  that  Equation  may  be  expounded  by  as  well  as  ~  ,)  yet  f  only,  to  wit, 
the  leftcr  value  of  a  fhall  be  the  gain  of  a  Cloth  .  for  ^--5  is  greater  than  i  ,  and 
confequcntly  the  gain  of  one  Cloth  would  exceed  the  money  for  which  one  Cloth  was 
fold.  Which  abfurdity  appears  alfo  by  the  greater  value  of  a  as  ’tis  expreft  by  Letters 
in  the  fixth  ftep  ,  for  \c  -J-  b  -j-  y';  ^cc  -j  •  cb  :  is  manifeftly  greater  than  b. 


XP£St.  17. 

Each  of  two  Captains ,  whereof  one  had  a  IclTer  number  of  Souldiers  in  his  Company 
by  40  (or  than  the  Other  ,  diftributed  equally  among  the  Souldiers  of  his  own  Com¬ 
pany  1200  (or  c)  Crowns ,  whereby  it  happened  that  the  Souldiers  of  the  lefter  Company 
had  5  {ox  d)  Crowns  a  piece  more  than  the  Souldiers  of  the  greater  Company ;  the 
Queftion  is  to  find  the  number  of  Souldiers  in  each  Company  ,  and  how  many  Crowns 
each  Souldier  received. 

RE  S  O  LVT  id  N. 


1.  For  the  number  of  Souldiers  in  the  leflerp 

Company  put . 3 

2.  To  which  adding  40  {ox  b')  the  fumm  Will 
give  the  number  of  Souldiers  in  the  greater 

‘  Company,  to  wit, . 

3.  Then  if  i2©o  (or  c)  Crowns  be  equally' 

divided  among  the  Souldiers  of  the  lefler( 
Company  ,  the  Quotient  or  fliare  Of  every^ 
Souldier  will  be . 

4.  Likewife,  if  1200  (or  c)  Crowns  be  equally' 

divided  among  the  Souldiers  of  the  greater( 
Company,  the  Quotient  or  lhare  of  every( 
Souldier  will  be  .  ...... 

y.  To  which  latter  Qiiotient adding  y  (or  d)\ 
Crowns ,  the  fumm  is . ; 


(  a 


a 


+*40 


1 10© 
a 

1200 

4-^-4© 

y4-|-  1400 
4  40 


4 


4  b 


a 


4+^ 

da  -I-  dlr^\-^  c 


a  -j-*  b 


6.  But 


I  !0 
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6.  But  according  to  the  Queflion  the  fumm  in  the  lafl:  ftep  muft  be  equal  to  the  Quotient 
in  the  third  Hep ,  whence  this  Equation  arifeth  ,  viz,. 

1400  _  1200  da db  c  _  c 

- j -  —  - y  Ur  , - 

a  -j-  40  a  a -j-* b  a 

7.  From  which  Equation  after  due  Reduftion  according  to  Sebi.  2,  3,  and  y.  of  Chap.  12. 


this  will  arife  ,  viz.. 
Or, 


aa,  =  9^00, 

aei  ha  — 


8.  Therefore  the  Equation  in  the  lafl  Hep  being  refolvcd  by  the  Canon  in  Se^.  6,  Chap.  1 
the  value  ol  ,  to  wit ,  the  number  ot  Souldiers  in  the  leffer  Company  will  be  dif- 
covered ,  viz,. 


=  80 


be 


bb 


d 


From  the  eighth ,  firft ,  and  fecond  fteps  it  is  evident  that  the  lelfer  Company  confifted 
of  8g,  and  the  greater  120  Souldiers;  which  numbers  will  fatisfie  the  Conditions  in  the 
Q^eftion.  For  the  difference  of  the  two  Companies  is  40  Souldiers  5  alfo m  15, 
and  -fit  =  10  .  whence  it  is  manifeft  that  the  Souldiers  of  the  lefler  Company  re¬ 
ceived  I  5  Crowns  a  piece ,  the  Souldiers  of  the  greater  Company  i  o  Crowns  a  piece , 
and  confequently  the  Souldiers  of  the  leffer  Company  had  y  Crowns  a  piece  more  than 
the  Souldiers  of  the  greater  Company,  as  was  preferibed. 


^EST.  18. 

Two  Merchants  fell  linnen  Cloth  in  this  manner,  viz,  each  fells  5o  (  or  b')  Ells ,  and 
the  firft  Merchant  felling  2  (ore)  Ells  lefs  for  one  pound  than  the  fecond,  receives  for 
for  his  60  Ells  5  (  or  pounds  more  than  the  fecond  Merchant  for  his  60  Ells.  The 
Queftion  is  to  find  how  many  Ells  each  Merchant  fold  for  i  pound  ? 

RESO  LVTIO  N. 

1.  For  the  number  of  Ells  which  the  firft  p  i 

Merchant  fold  for  1  /.  put . ^ 

2.  To  which  number  of  Ells  adding  2  (orc,)^ 

the  fumm  will  be  the  number  of  Ells  which  >  a  -j-  2  4  ^ 

the  latter  Merchant  fold  for  1  /,  to  wit ,  .  . 

3.  Then  find  how  much  money  the  firft  Mer¬ 
chant  received  for  his  60  Ells,  viz.  fay  by 
the  Rule  of  Three  , 

If  4  .  1  ;;  60  . 


a 


Or,  a  ,  1  ii  b 

whence  the  firft  Merchants  total  money  is  found- 

4.  Find  likewife  how  much  money  the  lattter  1 
.Merchant  received  for  his  60  Ells,  viz.  fay, 

If  •  1  :i  60  ,  — — . 


6q 


z,a  ~\"  70 

a  A"  2 


whence  the  latter  Merchants  total  money  | 
is  found 

5.  To  which  latter  fumm  of  money  adding? 

5  (or  pounds,  the  fumm  will  be  ,  .  ^ 

6,  But  according  to  the  Queftion  the  fumm  of  money  in  the  laft  ftep  muft  be  equal  to 
the  fumm  in  the  third  ftep ,  whence  this  Equation  arifeth ,  viz. 

_  60  daA~^dcA-"b  _  b 


da  '-j-'  dc^^jb 

a  c 


a 


-1-2 


Or, 


a  - 


'  \ 


7,  Which 


I 


chap.  1 6. 


prodncing  Quadraticl^^  Equations. 


Ill 


-7.  which  Equation,  after  due  Redudiori  according  to  3,  and  5.  oi  Chap.  iz. 

will  give  this  that  follows,  aa -I- la  =.  24, 

^^r ,  aa  —  j ' . 

a 


8,  Which  Equation  in  thelaft  ftep  being  refolved  by  the  Canon  in  SeB.6.Chap,  15.  the 
value  of  to  wit  the  number  of  Ells  which  the  firft  Merchant  fold  will  be  made  known, 

_  /  he  I  €C  ■ 

4  V :  — r-  -H - :  —  f  f 


VIZ, 


a  “ 


a 


4 


^  ^  4  , 

I  lay  the  firft  Merchant  fold  4  Ells  for  i  pound,  and  the  fecond  6  Ells  for  r  pound ,  as 
will  appear  by  the  Proof.  For  if  4  Ells  give  i  pound ,  then  60  Ells  will  give  1 5  pounds. 
Again,  if  6  Ells  give  one  pound,  then  60  Ells  will  give  10  pounds.  Whence  it  is  raanifeft 
that  the  firft  Merchant  fold  his  60  Ells  for  f  pounds  more  than  the  fecond  fold  his  60  Ells, 
and  fold  two  Ells  lefs  for  1  pound  than  the  fecond  Merchant  fold  for  one  pound. 

^EST.  ip. 

'  Two  Societies,  whereof  one  exceeds  the  other  by  4  (or  men,  divide  two  equal  fumms 
of  Crowns ;  the  men  of  tifc  leffer  Society  have  8  (or  c)  Crowns  a  piece  more  than  thofc 
of  the  greater :  and  the  number  of  Crowns  which  each  Society  receives  exceeds  the 
number  of  men  of  both  Societies  by  1 72  (  or  d.  )  The  Queftion  is,  to  find  the  number 
of  Men  in  each  Society ,  and  the  number  of  Crowns  which  each  Society  had  ? 

RESOLVTION. 

1 .  For  the  number  of  men  of  the  lelfer  Society  put 

2.  To  which  number  adding  4  (  or  ^,)  the"' 

fumm  will  be  the  number  of  men  of  the 
greater  Society  ,  to  wit ,  .  .  ... 

3.  Then,  according  to  the  Queftion,  if  172 
(or  d)  be  added  to  the  fumm  of  the  men  ofj 
both  Societies ,  it  will  give  the  number  ofj 
Crowns  ftiared  by  each  Society ,  to  wit , 

4.  Which  number  of  Crowns  being  divided  by 

(  4  )  the  number  of  men  of  the  leffer  So¬ 
ciety  ,  the  Quotient  or  (hare  of  every  man 
in  that  Society  will  be . 

y.  Likewife  if  the  fame  number  of  Crowns  be 
fore  expreft  in  the  third  ftep  be  divided  by 
(  or  the  number  of  men  of 

the  greater  Society,)  the  Quotient  will  give 
the  (hare  of  every  man  in  this  Society,  to  wit, 

6,  To  which  ^orient  in  the  lafi:  ftep  adding  ^ 


4 


2^  -j-  17^ 


za 

a  > 


17(5 
a  4 

I  ca  -|-  2  OS' 


a~\-  b 


ia-\-  b  d 


1  g  -{-•  h  *-1^  d 


a 


za 


a 


^  +  4 


la^r  b  -^d^rcg  +  cb 


8-  (  or  £■  )  the  fumm  will  be .  ,  . 

7.  But,  according  to  the  Queftion,  the  fumm  in  the  1  aft  ftep  muft  be  equal  to  the 
Quotient  in  the  fourth  ftep ,  whence  this  Equation  arifeth ,  viz. 

_  24^^176  2 a-\-b-\-d<-\-‘Ca<\-cb  _  2a‘~\-b'^-a 

— ^  ^  - 

8.  From  which  Equation,  after  due  Reduftion  according  to  SeB.  2, 3 .  and  5.  of  Chap.  1 2 . 

this  Equation  will  arife,  viz.  ag  -^-  3^  =  88 


Or, 


cb 


bhA-bd 


c  c 

g.  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  m  SeB.6,  Chap.i<), 
the  value  of  4,  to  wit,  the  number  of  men  in  the  leffer  Society  will  bedifeovered  ,  viz. 

cc  ?  .  ^  . 

10,  Laftly,  from  the  ninth,  firft,  fecond,  and  third  fteps,  it  is  manifeft  that  the  number 
of  men  in  the  leffer  Society  was  8,  that  of  the  greater  12,  and  the  number  of  Crowns 

divided  by  each  Society  192 ;  which  numbers  will  fatisfie  the  conditions  m  the 
^  ^  ^  -  —  ,  .  ^  -  Quedion, 
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Queftion,  as,  will  appear  by  the  Proof:  For--|  —  24,  and  “id;  whence 
it  is  evident  that  the  men  of  the  leffer  Society  had  8  Crowns  a  piece  more  than  thofe  of 
the  greater ;  alfo  192,  the  number  of  Crowns  which  each  Society  divided ,  exceeded 
20  the  number  of  men  in  both  Societies  by  17  ^  ,  and  12  the  number  of  men  in  the 
greater  Society  exceeded  8  the  number  of  men  in  the  leffer  by  4  ;  as  was  prefcribed.  > 


■  SS>£ST.  20. 

A  Grafier  having  bought  certain  Oxen  for  270  (  or  ^  )  pounds ,  finds ,  that  if  he  had 
paid  that  fumm  for  5  (or  c  )  Oxen  fewer ,  every  Ox  would  have  coft  him  J  /.  (  or  d) 
more  than  he  paid  for  an  Ox ;  ^What  was  the  number  of  Oxen  bought  ? 

RE  S  O  LVTIO  N, 


1, 

2, 


For  the  number  of  Oxen  bought  put  .  .  ^ 

Then  find  out  the  coft  of  an  Ox,  and  fay,  ^ 

^70. 


If 


a 


2  70 

h 


a 

b 


A 


270 


Or,  a  •  b  ^ 

whence  the  price  of  an  Ox  is  1 
Subtraft  5  (or  c)  from  the  number  of'j' 
Oxen  bought ,  and  then  find  what  the  reft 
would  coft  a  piece,  faying,  . 

1C  '  ^70 

If  -  -  ,  / 


270 


Or, 


a  • 


2  Jo 

h 


a  —  ^ 

b 

a  —  c 


a 


a  —  c 


Whence  the  price  of  an  Ox  is  found  .  .) 

4.  Then  according  to  the  Queftion ,  the  laft  mentioned  price  of  an  Ox  muft  exceed  that 
in  the fecond  ftep  by  ^  /.  {or  d-^)  therefore  if  the  former  price  be  fubtradled  from 
the  latter,  the  Remainder  muft  be  equal  to  J  (  or  d ;)  whence  this  Equation  arifeth,  viz. 

170  270  _  i.  Or,  — - -  =z  d. 


-  4  > 


4  —  5  a  ^  ^ 

5.  Which  Equation  ,  after  due  Reduftion  according  to  the  Rules  in  Chap.  12.  will  give 

this  that  follows,  aa  — •  5a  =z  1800, 

Or,  —  ca  — j-  • 

#  M 

6.  Therefore  the  Equation  in  the  laft  ftep  being  refolved  by  the  Canon  in  5f^?.  i  i.Chap.i^, 
the  value  of  4 ,  to  wit  the  number  of  Oxen  bought  will  be  difeovered  ,  viz. 


4  — 


cc 


:C. 


d 

'  I  fay  the  number  of  Oxen  bought  was  45  ,  and  every  Ox  coft  6  pounds,  as  will  appear 
by  the  Proof ;  For  firft,  ^^7  6  ;  then  from  45  Oxen  fubtrafting  5 ,  the  remaining 

40  Oxen  valued  at  270  /.  will  yield  6\l.  apiece,  which  exceeds  the  former  price  61. 
by  ^  /.  as  was  prefcribed. 

*  "  “  .   • ; ^ - : - : - 

^VEST.'>  21. 

A  Merchant  buyes  linnen  Clothes  of  two  forts,  viz," (or  b)  Ells  of  one  fort, 
together  with  40  (  or  c  )  Ells  of  a  worfer  fort  for,  42  (  or  d)  pounds ;  and  he  finds 
that  in  laying  out  i  pound  upon  each  fort  he  hath  j  (or  m)  of  an  Ell  more  of  the  worfer 
fort  than  the  other  :  What  was  the  price  of  an  Ell  of  each  fort  i 

RESOLUTION, 

1 .  For  the  number  of  Ells  of  the  better  fort  of 
Cloth  which  the  Merchant  bought  for  i  /.  put 

2 .  Then  according  to  the  Queft.  the  number  of 7  ,  j. 

Ells  of  the  worfer  fort  bought  for  i  /.  will  be  C  /  ^  ^  ^ 

'  '  ‘  *  ■  3.  Find 


fort  ,  and  fay , 


whence  the  faid  full  Coft  is  found 
Find  likewife  the  coft  of  all  the  Ells  of  then 
better  fort ,  and  fay , 

If  4.1  :t  go  : 

a 

b 

a 

i  ' 

whence  the  fald  full  Coft  is  L  ,  . 

5.  Then  the  two  fiimms  of  money  found  out 

in  the  third  and  fourth  fteps  being  adde 
together  will  give  the  lull  coft  of  both  forts 
of  Cloth  ,  to  wit, . _ 

6.  Which  total  Coft  cxpreft  in  the  laft  ftep,  muft  (according  to  the  Queftion)  be  equal 

to  42  (  or  •)  whence  this  Equation  arifeth  ,  viz. 

42  ~  Or,  d  =  + 

7.  Which  Equation,  after  due  reduff  ion  (  according  to  the  Rules  in  12.)  will  give 

this  that  follows,  viz.  44  —  f , 

^  ,  c  A- b  —  dm  mb 

Or ,  44 - ’ — 2 - ^  ~  ^  • 

In  which  laft  Equation,  if  inftead  of  the  known  Coefficient  — we  take 
that  Equ#ition  may  be  expreft  thus; 

y,  mb 

S.  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  8.  Chap,  i  y, 
the  value  of  a ,  to  wit ,  the  number  of  Ells  of  the  better  fort  of  Cloth  which  were 
bought  for  1  /.  will  be  difeovered,  viz. _ _ 

4  =  3  =  V :  ^  +  if- 

Thus  it  is  found  that  3  Ells  of  the  better  fort  of  Cloth  did  coft  i  /.  and  confequently 
1  Ell  coft  \  1.  and  90  Ells  30'/.  which  fubtraffed  from  42 /.  (the  full  coft  of  both  forts,) 
leaves  1 2  1.  for  the  full  coft  of  40  Ells  of  the  worfer  fort  j  and  confequently  i  Ell  coft 
and  at  this  rate  i  1.  will  buy  3j  Ells,  which  is  more  by  j  ot  an  Ell  than  was 
bought  of  the  better  fort  of  Cloth  for  i  1.  Theretore  all  the  conditions  in  the  Queftion 
are  fatisfied. 


^EST.  22. 

A  Merchant  having  Spices,  to  wir.  Soft  weight  (  or  ^  )  of  Mace,  and  1 00  lb  weight 
(or  c)  of  Cloves,  fells  both  quantities  for  6^  {ot  d)  pounds  in  money;  whereby  it 
happened  that  he  fold  a  quantity  of  Mace  for  10/.  (or  m,)  and  the  like  quantity  ol  Cloves 
with  5o  lb  weight  (or  ;#)  more  of  Cloves  for  lol,  (or  r.)  The  Q^ieftionis,  to  find 
how  many  lb  weight  of  Mace  he  fold  for  1 0  /. 

RESO  LVriON* 

I .  Let  the  number  of  lb  weight  of  Mace  that  > 
the  Merchant  fold  for  10  /.  be  reprefented  by  S 
.  To  which  number  adding  60,  the  fumm  will 
give  the  number  of  lb  weight  of  Cloves 
that- he  fold  for  20/.  to  wit 


4 
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3.  Then  find  how  much  money  80  lb  weight 
of  Mace  was  fold  for  ,  and  fay  , 


If  .  10  ::  80  . 


a 


whence  the  money  for  w'htch  the  faid  80  lb 
of  Mace  was  fold  is . . 


Find  likewife  how  much  money  iqo  lb  ^ 
weight  of  Cloves  was  fold  for,  and  fay. 


rc 


Or,  a.A~-n  .  r  c  .  — j - . 

'  ‘  a  -  -  n 


,a  -j-  60 


whence  the  money  for  which  the  faid  i  co  lb 

-  of  Cloves  was  fold  is  •  /  1  /  1  ' 

5 .  The  fumm  of  both  the  faid  fumms  of  money?  2800^+48000  mba^\^mbn  +  rca 

found  out  in  the  third  and  fourth  ffeps  is  3  aa-\-'6oa  aaA;-‘na 

6.  Vv^hich  fumm  in  the  lafl  ftep  muft  (according  to  the  Queftion)  be  equal  to  65  /.  (or  dA 

hence  this  Equation  arifeth,  viz. 

_  28004+48000^  ^  _  mb  a  +  rca 

"  44+6C4  ’  44+«4 

Which  Equatibn',  after  due  Reduftion  (  according  to  SeB.  12.  2,3,5’.)  will  give 

this  following  Equation,  viz.  aa  +  -f f 4  =  -^ff , 


In  which  laft  Equation  if  we  take  /  inftead  of  the  known  Coefficient  — — ^ 
and  g  inflead  of  the  known  number  ^  ,  that  Equation  may  be  expreft  thus , 


aa  +  fa,  —  g* 

8/  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  SeB.  6.  Chap,  i 


-  the  value  of  4,  to  wit,  the  number  of  lb  weight  ot  Mace  that  was  fold  for  10/.  will 
be  made  known  ,  viz.  . .  „  _  ‘  •  • 


4  rr:  .  2,0  r=:  V  •  ^  "t*  \ff '  —  !/• 

Thus  it  is  found  that  20  lb  weight  of  Mace  was  fold  for  10/.  and  confequently 


80  lb  weight  for  40  /. 

Moreover ,  adding  60  to  2  0  (  before  found,)  the  fumm  80  is  the  number  of  lb  weight 
of  Cloves  that  was  fold  for  20/.  and  confequently  too  lb  of  Cloves  was  fold  for  25  /. 
which  added  to '40  /.  (  the  price  of  80  lb  of  Mace ,  )  makes  6^1.  the  preferibe^  fumm 
of  money,  for  both  quantities  of  Spices  fold. 


^EST.  23. 


Two  Merchants  entred  into  Partnerffiip  j  the  firft  brought  in  a  certain  fumm  of  pounds 
which  continued  in  Company  12  (or  b)  months,  and  the  fecond  put  in  30  /.  (or  c) 
for  17  (or  (i)  raoneths ;  they  gained  together  i  8+.  (or  mf)  whereof  the  firft  Mer¬ 
chant  had  26  /.  (or  n)  for  his  principal  and  gain.  It  is  required  to  find  how  many  pounds 
the  firft  Merchant  brought  into  the  common  Stock  ? 


RES  O  LVTIO  N. 


I.  For  the  firft  Merchants  Stock  put  .  .  .)> 


a 


cd 


4.  Then 


'^hap.  1 6. 


producing  Quadratich^  Equations, 


{.  Then  proceeding  with  thofe  two  Produfts  according  to  the  Rule  of  Fellowlhip  with 
Time  ,  find  the  gain  of  the  firfi:  Merchant ,  and  fay  , 

jP  .  _ _  'it's  A 


iSf 


124 


124' 


m 


ha 


mba 


510 


ba  H-  cd 


I  2  4  -]-  5  I  O 

Or,  ba  -j- 

Whence  the  gain  of  the  firfi  Merchant  is  found _ -  _ 

1 2  4  ^1—  5 1  o  ba  -)-  cd 
5 .  Which  gain  added  to  the  firfi  Merchants  Stock  4,  gives  for  the  fumra  of  his  Stock  ^nd  gain, 
1 244-|- 7  3  Qj.  baa'-\~*  eda  mba 

1 2  4  -j-  5 1  o  ’ 


22 


or 


mba 


ba  -|-  cd 

6,  Which  fumm  mufl  be  equal  to  the  26  /.  (  or  w)  given  in  the  Queflionj  whence  this 
Equation  arifeth ,  viz. 


1  2  44- -  7  2^4 


m  l6 


Or, 


baa  eda  mba 


n. 


i24-j-*5io  ’  ^  ba-\- cd 

j.  Then  by  reducing  that  Equation  according  to  the  jRules  in  Chaj^.  1 2,  there  ivill  arife, 

44  3544  =  iioy, 

■  Or  ,  ^  «-i 


b  b 

3.  Which  laft  Equation  being  refolved  by  the  Canon  in  Sebt.  6.  of  the  i  Chapt.  the 
value  of  4,  to  wit,  the  firfi  Merchants  Stock  will  be  found  20  pounds,  viz.  If  inilead 

of  the  known  Coefficient - - - ^  we  take  f,  and  g  inflead  of  the  given  num- 

Then  by  the  faid  Canon , 


ber 


b 


a  —  'lo  —  :  g  \ff‘.  —  \f. 

Whence  the  firfi  Merchants  Stock  is  found  20  /.  The  Proof  may  be  made  by  the 
Rule  of  Fellowlliip  with  Time,  in  manner  following. 

20  X  12  rr:  24O 
30  X  17  =2  510  ' 


750 


..  5  240'  •  ^ 

_  _ _ 1  ^10  .  12^. 

j^VEST,  2^~  ' 

Two  Merchants  entred  into  Partnerfhip ,  the  firfi  put  in  a  certain  number  of  Pounds 
for  3  (or  b)  moneths ;  the  fecond  put  in  50  /.  (  or  c  )  more  than  the  firfi  for  5  (or  d  ) 
moneths  ;  they  gained  together  140/.  (or  w? ,)  whereof  the  firfi  Merchant  had  fuch 
part,  that  if  6c/.  (or  n)  be  added  to  it,  the  furam  will  be  equal  to  the  Stock  wherewith 
he  entred  Partnerfliip :  What  was  the  Stock  and  gain  of  each  Merchant  ? 

RESO  LVT 10  N. 

1.  For  the  Stock  of  the  firfi  Merchant  put  ^ 

2.  To  which  adding  50/.  (  or  c,)  the  fumm? 
will  give  the  fecond  Merchant’s  Stock,  to  wit,  3 

3 .  Then  multiplying  the  firfi  Merchant’s  Sto  ck^ 
by  the  time  it  remained  in  Company ,  the^ 

Produ£l  is  .  . 

4.  Likewife  by  multiplying  the  fecond  Mer-^ 

chant’s  Stock  by  the  time  it  continued  in 
Company,  the  Produft  is  _ 

5.  Then  proceeding  with  thofe  two  Products  according  to  the  Rule  of  Fellowfhip  with 
Time ,  find  the  firfi  Merchant’s  Gain ,  and  fay , 

o  I 

Sa^iSo  .  140  3," 


a 

4  50 

34 

54-|-2yo 


4 

4  -1-  c 


ba 


da  •-j~‘  dc 


If 


Or ,  ha-\-da-f-  dc 


84  *-j—  250’ 
mba 

ba  "T"  da  *4“  dc  . 

Whence  the  gain  of  the  firfi  Merchant  is  found  J^Z^J^bb^Tde  * 

p  2  60  To’’ 


ba 
4204 


i6 
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6.  To  which  gain  add  6o  (or  n,)  fo  the  fumm  will  be 

-1— 1 5000  mba  +  nba  ■+-  nda  -+~  ndc 

8  m  ~t~  250’  ^  ba  -+-  da  -4-  dc 

7.  But,  according  to  the  Queftion,  the  fumm  inthelafl:  ftep  muft  be  equal  to  (^)  the 
firft’ Merchant’s  Stock,  whence  this  Equation  arifeth  ; 

mba~\-  nba-[-  ndaA-  ndc 
a  —  — 


goca  < 


1^000  


'-\-da  --['dc 


8^-1-250 

8.  Which  Equation,  after  due  Redu6lion  according  to  the  Rules  in  Chap.  12.  will  produce 
this  following  Equation,  aa  —  Sij;a  2=  i87'>> 


Or, 


ryth j-,  nb  — |—  nd  —  dc 


a 


ndc 


b  — )^  d  b  *”1—  d 

In  which  Equation  the  value  of  4  ,  to  wit,  the  firft  Merchant’s  Stock,  will  be  difeo- 
vered  by  the  Canon  in  Sect.  8.  Chap.  15,  viz.  a  z=  100  1.  And  confequently 
from  the  premifes  the  fecond  Merchant’s  Stock  was  150/.  the  gain  of  the  firft  40  /. 
and  the  gain  of  the  fecond  100  /.  All  which  will  be  evident  by  the  following  Proof 
wrought  by  the  Rule  of  FellowOiip  with  Time. 


1 00  X 
150  X 


1050 


140 


QVEST.  25. 

A  Citizen  having  bought  a  Houfe  for  a  certain  fumm  of  pounds,  fells  it  for  64  1.  (or  dy ) 
and  finds  that  his  lofs  in  i  oo  pounds  (  or  r  )  was  equal  to  a  fourth  part  (  or  »/  )  of  the 
money  that  he  paid  for  the  Houfe.  What  number  of  pounds  did  the  Citizen jpay  for 
the  Houfe  t  ^ 

RES  O  LVTJO  N. 


a 


1 .  For  the  number  of  pounds  which  the  Citizen 7 

paid  for  the  houfe  put . •  -S 

2.  Then  will  the  whole  lofs  by  fale  of  the  houfe  be  a  —  64. 

3.  Find  how  much  was  lofi:  by  100/.  (  or  c,)  and  fay , 

rc  ^  joca 

It  a  a  —  04  ;;  100  .  - 


4 


4' 


^400 


4 


Or, 


4 


d 


ca 


cd 


Whence  the  lofs  per  Cent,  is  found 


1004 


6400 


Or, 


cd 


4  4 

4.  But  according  to  the  Queftion  the  lofs  per  Cent,  was  equal  to  ^  part  of  the  money 
which  the  Citizen  paid  for  the  Houfe ,  therefore  from  the  firft  and  third  fteps  this 
Equation  arifeth ,  viz,. 

1004  —  640G  _  4  ca  —  cd 


Or, 


ma. 


A  ^  ^  . 

y.  Which  Equation,  after  due  Redudlion  according  to  the  Rules  in  Chap.  12.  will  give 

c  cd 


^00/^  -  A  A  •  2  5^  ^  O  O  • 


Or, 


.a^ 


44  = 


m  m 

6.  Therefore  by  refolving  the  faid  Equation  according  to  the  Canon  in  Sebi.  i  o.  Chap.  1 7  • 
both  the  values  of  a  will  be  difeovered,  cither  of  which  will  folve  the  Queftion  ♦  which 
values  or  numbers  are  thefe  following,  viz. 


4 


...  cc_±4cdm_ . 
4mm 

.f  .  —  4cdm 

—  Y  t  ;  - - i 


2  m  4mm 

I  fay  either  of  the  numbers  320  and  80  will  fatisfie  the  Conditions  in  the  Queftion, 
as  will  be  evident  by  the  Proof  :  For  if  a  Houfe  cofl:  320/.  and  be  fold  for  64 1.  the  lofs 
h  z  ^6  L  and  i  qo  I,  at  that  rate  of  lofs  will  lofe  80,  which  is  part  of  the  firft  Coft  320/. 

~  Again, 
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Again  ,  if  a  Hoiife  coft  8o  /.  and  be  fold  for  64 1.  the  lofs  is  1 5  /.  and  1 00  L  at  this  rate 
of  lofs  will  lofe  20  /.  which  is  likewife  ^  part  of  the  firfl:  Coll  80  1. 


^ESr.  25. 

Two  Merchants  entred  into  Partnerfliip  j  the  fummof  their  Stocks  was  16^  (or  ^  ) 
pounds ;  the  firft  Merchant  s  Stock  continued  in  Company  12  (  or  c  )  moneths ,  and  the 
Stock  of  the  fecond  8  (or  rnoncths;  they  gained  a  certain  fumm  of  pounds,  which 
together  with  their  Stocks  they  divided  between  themfelves  in  fuch  manner,  that  the  firft 
Merchant  received  67  (  or  /)  pounds  for  his  Stock  and  gain,  and  the  fecond  1 2  5  (  or  f ) 
pounds  for  his  Stock  and  gain.  It  is  dcfired  to  find  out  each  Merchant’s  Stock  and  Gain,’ 

RESO  LVTION,  ^  . 


1.  For  the  firfi  Merchant’s  Stock  put  .  .  .  )> 

2.  Then,  by  fubtraAing  that  Stock  (a)  from 


155 


a 


3 


a 


h 


■  A 


^7 


4 


4  —  39 


/■ 


5 


155-  (or  ^,)  there  remains  the  fecond  Mer-* 
chant’s  Stock  j  to  wit. 

And  if  you  fubtrad  ( 4  )  the  firft  Mer¬ 
chant’s  Stock  from  67  (or/)  the  fumm  ofjf 
his  Stock  and  Gain,  there  will  remain  his< 

Gain  only ;  to  wit . . .  . 

4.  Likewife ,  if  you  fubtraft  the  fecond  Mer- ' 
chant’s  Stock  (  in  the  fecond  fiep  )  from  1 2  6i 
(or^)  the  fumm  of  his  Stock  and  Gain,^ 
there  will  remain  his  Gain  only  -  to  wit,  ^ 

Now  according  to  the  nature  of  the  Rule  of  Fellowfliip  with  Time,  the  Gain  of  the 

firft  Merchant  67  —  4  mufi:  be  in  fuch  proportion  to  4  —  39  the  Gain  of  the  fecond 

as  the  Produd of  the  firft  Merchant’s  Stock  4  multiplyed  by  it’s  time  12  moneths,  is 

to  the  Produft  of  the  fecond  Merchant’s  Stock  i6<  — 4  multiplyed  bv  it’s  time 
8  moneths :  hence  this  Analogy,  vU.  F  yc  oy  it  s  time 

6']  —  4  .  4  —  39  1 24  .  1320  — 84, 

That  is ,  / —  4  .  4  —  b  ; :  ca  .  4b  —  da. 

6.  Which  Analogy  ,  by  comparing  the  Produft  made  by  the  multiplication  of  the  Means 
one  into  the  other,  to  the  Produd:  of  the  Extremes  ,  produceth  this  Equation ,  viz. 

1 2 — —  ji  S  ^ ^ ^  ^|—  3 ^ 

Th^t  is  y  — I —  zzz 

7,  From  which  Equation  after  due  Redudion  this  arifeth,  viz. 

44  -j-  3 474  —  2  2 1  I  o, 

db  -A-  eg  —  cb  _  dbf 

.4  _  - 


That  is , 


c  — •  d  c  i., 

.  Wherefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sebt.  6.  Chap.  i  y, 
the  value  of  4 ,  that  is ,  the  number  of  pounds  cxpre/Iing  the  firft  Merchant’s  Stock 
will  be  found  55  ;  which  fubtraded  from  165  /.  the  fumm  of  both  their  Stocks, 
leaves  no/,  for  the  fecond  Merchant’s  Stock:  then  each  of  their  Stocks  being  fub- 
traded  from  their  refpedive  Stock  and  Gain,  viz.  55  /.  from  67  /.  and  iio  /. 
from  126  1.  there  remains  12  /.  for  the  Gain  of  the  firft  Merchant,  and  16  1.  for 
the  gain  of  the  fecond  ;  whence  the  total  Gain  was  28/.  Which  numbers  will  folve 
the  Queftion,  as  may  eafily  be  proved  by  the  Rule  of  Fellowftiip^  with  Time  j  thus , 
yy  X  12  660 


1 10  X 


880 

1540 


28 


“  5 


660 

880 


12 

1 5. 


^  E  ST,  27.  -I  ■ 

'A  certain  Foot-man  A  departeth  froth  London  towards  Lincoln  y  and  at  the  fame  time 
another  Foot-man  B  departeth  from  Lincoln  towards  Ilcndon^  each  keeping  the  fame 
Road.  When  they  met,  A  faith  to  -S,  1  find  that  I  have  travelled  20  (or,^)  miles 
snore  than  you,  and  have  gone  as  many  miles  in  5f  (or  dayes,  as  you  have  gone 
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A 


A 


{a  4-.  10 


railes  in  all  hitherto  :  Tis  true  faith  B,  I  am  not  fo  good  a  Foot-man  as  you ,  but  J  find 
That  at  the  end  of  15  (or  /)  dayes  hence,  I  (hall  be  at  .  I  travel  at  many 

miles  in  every  one  of  thofe  1 5  dayes ,  as  1  have  done  in  every  day  hitherto.  The  Queftion 
i?  to  find  how  many  miles  thofe  two  Cities  are  difiant  one  from  another ,  and  how  many 
miles  each  Foot-man  had  travelled  when  they  met  one  another. 

RBSO  LVT 10  N, 

I.  For  the  defired  difiance  between  the  two  ? 

Cities  put . .  M  * 

а.  Then  forafmuch  as  the  number  of  miles  each^ 

'  Foot- man  had  travelled  when  they  met,  being 

added  together  make  the  fumra  (  ^,)  and  the 
dift'erence  between  thofe  two  numbers  was  ^ 

20  (or  c,)  for  had  travelled  20  miles  1 
more  than  B  :  Therefore  (  by  the  Theorem  1 
‘at  the  end  of  i.  Chap.  14.)  thenum-  1 

ber  of  miles  which  A  had  travelled  was  .  .J 

3.  And  (  by  the  fame' Theorem  )  the  number? 

of  railes  which  J?  had  travelled  was  .  .  .5 

4.  Then  fay,  If  in  6f  dayes  A  had  travelled 

— 10  miles,  how  many  miles  did  he 
travel  in  one  day  ?  fo  by  the  Rule  of  Three, 
you  will  find . .  •  •  • 

5.  Say  again.  If  in  dayes  B  muft  travel 

miles,  (  that  is,  all  the  miles  which 
A  had  travelled ,)  how  many  miles  raufl:  B 
travel  in  one  day  ?  fo  you  will  find  .  .  . 

б.  Say  again  ,  If  -  miles  were  tra- 


veiled  by  B  in  one  day  ,  in  how  many  dayes 
did  he  travel  -  i  c  railes  ?  fo  you  will  find^ 

7.  Say  again ,  If  miles  were  tra-^ 

veiled  by  A  in  one  day  ,  in  hoW  many  days^^ 


ja  — 10 

iA—ic 

\a — 10 

— tc 

d 

^4  T  0 

f  ^  -1^  ic 

15 

/ 

1. 

’^\a  ^-66j 

^da  -j-  -fdc 

10 


» ^ 


did  he  travel  ~a  -V—  to  miles?  fo  you  will  find  3  «  •  1  r  • 

8.  But  the  numbers  of  days  found  out  in  the  two  lafi  fteps  muft  be  equal  to  one  another ; 
for  when  A  and  B  met,  each  had  travelled  the  fame  number  ofdays,  becaufe  they 
began  their  Journey  at  one  and  the  fame  time  :  Hence  this  Equation  anfeth,  vtz.. 

-\-  66j  


71^ 


10 


:a 


That  is 


—  170 
-H  10 
^  -  tfc 


Q  In  which  Equation,  if  you  double  both  the  Numerators  and  Denominators,  and  then 
reduce  the  Equation  refulting ,  to  a  common  Denominator  ,  and  call  away  the  common 
Denominator ,  the  new  Numerators  being  compared  to  one  another  will  give  this  fol¬ 
lowing  Equation ,  viz>. 

-j-  \<;aA  —  600a  6000; 

That  is,  daa  -I-*  “idea  dec  ~  ^  faa  fee » 

I  o.  Which  laft  Equation  duly  reduced  gives  this  that  follows ,  vtz. 

I04<«  -  AA  — 

,  2dc  4'  ^  _  /•/* 

That  IS ,  — ^  '  j  —  A  —  AA  —  cc, 

1 1 .  Wherefore  by  refolving  the  Equation  in  the  laft  fiep  according  to  the  Canon  in 
Seli.  10.  Chap.  15.  the  two  values  of  a  will  be  found  thefe ,  'viz.* 

_  dc  ^Adfcc 


A  '=.  100 


/ —  ^ 

fc  —  ^/^dfec 


12.  But 


X 
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i  t  y 


12.  But  although  by  either  of  thofe  values  of  to  wit,  100  and  4,  the  Equation  in  the 
tenth  ftep  may  be  eStpounded  ,  yet  the  greater  value  only  is  the  delired  number  of  miles 
espreding  the  diftance  between  the  two  Cities  •  for  ’tis  evident  by  the  Quedion ,  that 
20  is  but  part  ot  the  number  of  miles  between  the  tv^o  Cities,  and  therefore  4  the 
lefler  value  of  a  is  much  Icfs  than  the  faid  diftance:  Wherefore  100  the  greater 
value  of  a  the  defired  number  of  miles  between  the  two  Cities.  And  confequently 
the  fetond,  third,  fourth  and  fifth  fieps  being  refolved  into  numbers,  will  Ihew,  that  when 
the  two  Foot  men  A  and  B  met  one  another,  A  had  travelled  60  miles,  and  .540  miles; 
Alfo,  A  travelled  6  miles,  and  B  4  miles  everyday  j  as  v;ill  cafily  appear  by  the  Proof. 

But  the  numbers  in  this  Queftion  mud  not  be  given  at  random  ,  for  the  Denominator 

of  the  Fradlion  ^  in  the  Equation  in  the  tenth  flep  Ihews  that  the  number  d 

j  “ 

mud  be  lefs  than  the  number  /,  otherwife  the  Quedion  is  impodible;  as  may  eafily 
be  inferred  from  the  literal  Equation  in  the  ninth  dep  :  for  if  in  that  Equation  4  be  fup- 
pqfed  greater  than  /,  then  confeqnently  dec  is  greater  than/rr,  and  after  due  tranfpo- 
fition  this  Equation  will  arife,  viz..  dcc—fcc~faa  -  aaa—idca where  if  d  he 
greater  than  /,  then  the  fird  part  of  the  Equation  will  be  a  real  quantity,  that  is,  greater 
than  nothing  ,  and  the  latter  part  lefs  than  nothing  ;  but  to  affirm  that  a  quantity 
greater  than  nothing  is  equal  to  a  quantity  lefs  than  nothing  is  abfurd  5  the  like  abfurdity 
will  follow  if  we  ruppofe  d  =  f. 

14.  Having  (liew’d  that  d  mud  neceffarily  beJefs  than  /,  I  fliall  prove  that  the  leder  value 
of  4 ,  as  it  is  expred  by  letters  in  the  eleventh  dep  can  never  be  equal  to  the  whol^ 
didance  between  the  two  Ciric?.  For  if  we  diould  fuppofe  the  leder  value  t5  be  equal 
to  the  faid  didance,  it  mud  necedarily  be  greater  than  c ,  which  the  Quedion  Ihews  to  be 
but  part  of  the  faid  didance  :  But  from  that  fuppofition,  it  will  follow  by  undeniable 
confequence,  that  d  is  greater  than/,  which  is  contrary  to  what  hath  been  before  proved. 
Now  to  prove  the  faid  confequence  j 

15.  Suppofe  the  leder  value  of  a  to  exceed  c,  viz.  {> 

d 


I  6.  Then  by  multiplying  each  part  by  / 

follows  that  _ . *  . 

I  7.  And  by  adding  yf  ^dfee  to  each  part. 


dc  fc  —  aJ  4  dfee 

f-a 


n? 

i 
> 
> 


dc  4-  —  V ^dfee  c-  fc  —  dc 


fc 

-^fc 


dc-] 
idc- 
idc  z 
^ddcc 
d  ZT'  f 


fc- 
fc- 
^dfee 
^dfee 


dc' 


-j--  x/^dfee 


^dfee 


i8i  And  by  adding  dc  to  each  part 

1 And  by  fubtraif ing  fc  from  each  part , 

20.  And  by  fquaring  each  part,  .  .  . 

zi.  And  by  dividing  each  part  by  _ 

z2,  Thus  from^i  fuppofition  that  the  leder  value  of  4  in  the  eleventh  dep  is  greater  than 
it  follows  by  jud  confequence  that  d  is  greater  than  /,  which  is  impodible,  for  it  hath 
before  been  proved  that  d  mud  be  lefs  than  /.  And  becaufe  the  Series  of  Inferences 
deduced  from  the  faid  Suppofition  ends  in  an  impodibility ,  therefore  that  which  was 
fuppofed  cannot  be  true ;  viz,.  I  he  leder  value  of  4  is  not  greater  than  c  ,  and  confe- 
quently  it  cannot  be  equal  to  the  didance  between  the  two  Cities.  Which  was  to  be 
proved. 

23.  Again  ,  by  fuppofing  d  to  be  lefs  than  /,  as  it  ought  to  be,  to  the  end  the  Quedion 
may  be  podible  ,  we  may  prove  the  leder  value  of  a  to  be  leder  than  c  ,  by  returning 
backwards  from  the  2 1  dep  to  the  15,  in  this  manner ,  viz,. 

24.  Suppofe . 

2  5.  Then  by  multiplying  each  part  by  4dccj  .  .  ^ 

2  6.  And  by  extrading  the  fquare  Root  out  of  each 

part,  ....  . 

27.  And  by  adding /c  to  each  parr,  ....}> 

28.  And  by  fubtrading  dc  from  each  part,  .  .)> 

29.  And  by  fubtrading  4dfcc  from  each  part,  j> 

30.  Wherefore  by  dividing  each  part  by  /  — d^  it  is  7 
manifed  that  the  leder  value  of  a.  is  lefs  than  r,  viz.  \  j  « 

Which  was  to  be  proved.  Wherefore  the  leder  value  of  a  cannot  poffibly  be  equal 
to  the  didance  between  the  two  Cities,  for  the  faid  didance  rayd  necedarily  be  greater 
than  part  of  it  felf, 

31.  But 


d  f. 

^ddcc  “n  4dfcc 

idc  “23  y/ 4dfcc  . 

7dc^\~fc  “21  fc  yj Sfd fee 

dc  -\~fc  “23  fc  — •  dc  4  dfee 

dc  fc  —  V A.dfcc  ”23  fc  —  dc 
dc^\~fc  — y/  Adfcc 


”23  C 


} 
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3^ 


M  .  df 


df  .  ff 


.  But  it  mwbeobitaed.  That  although  /  be  greater  than  ^  yet  how  doth  it  appear 
that  Jc  is  ereitet  than  >/^dfce ,  to  the  end  that  this  may  be  fubtraSed  from  that, 
as  theld  er  vakK  of  .«  requires,  to  make  it  fclf  a  poffibleKootof  the  Equation  in  the 
tenth  Hep  ?  In  anfwcr  to  thisObjeftion  1  liiall  in  the  next  place  prove  that 

is  5^reatei‘ than  ^ ^^cc,  , 

Forafmuch  as  thefe  quantities  are  Proportionals. 

(  for  the  Produa  of  the  extremes  is  equal  to  the 

Produft  of  the  means ,  ) . .  • 

2^  Therefore  (  per  z  j  Prop.  5.  Elem.  Emhl  )  ?> 

24.  And  by  multiplying  aU  inthelaft  ftep  by  cc ,  > 

3  c.  And  by  adding  2  to  each  part, 

36.  Wherefore  by  extracting  the  fquare  Root  out"?  ^  d\^fcc» 

of  each  part  in  thelaft  ftep  , . O 

Which  was  to  be  proved. 


0 


ddcc^-.ffcc  cr*  ^dfcc 
ddccJ[~ffcc  -\-2dfcc  cr^  ^dfcc 


Chap.  XVII. 

Concerning  Arithmetical  PROGRESSION. 


1.  A  Eithmetical  Progrejfwn  is ,  when  many  numbers  (  or  other  quantities  of  one  and 
/x  the  fame  kind  )  proceed  by  a  common  difference  or  excefs  •  as  in  theie ,  2,  4,  o. 
Riot-  \a  &c  here  2  is  the  common  difference  betwixt  2  and  4,  4  and  6  ,  6  and  8^ 
Sand’io’eS'c.’  So  i,  t,  3, 4,  T, «.  ke  in  Amhmetical  Progreffion,  i  ^ 

common  difference :  Likewife  3 , 7 , 1 1 ,  i  5, 19,  or  1 9. 1 5, 1 1 , 7,  and  3 ,  where 

4  is  the  common  difference.  •  ,  •  .  r-  i  .  .a 

I I  Arithmetical  Progreffion  is  either  continued ,  as  in  the  Examples  above  expre 

where  every  two  terras  that  Rand  next  to  one  another,  have  one  common  ditlerence  •  or  el(e 
difeontinned  or  interrupted,  as  in  thefe  numbers,  3,  S' :  9*  where  5  exceeds  3  by  2, 
and  fo  doth  1 1  exceed  p  ;  but  9  <ioth  not  exceed  5  by  2 ,  for  the  excefs  of  9  above  5  is  4. 
In  like  manner  1 8,  1 4  :  2  i ,  1 7,  are  in  Arithmetical  Progreffion  difcontinued.  ^ 

I I I  For  the  better  manifeftaiion  of  the  following  Propofitions  concerning  Arithme¬ 
tical  ProWeffion,  let  there  be  a  rank  of  numbers  in  a  continued  Arithmetical  Progreffion,  as, 

Ti^iv  19' 23,  27:^  which  numbers  may  be  reprefented  by 

AKo  let  105  the  fumm  of  all  the  terms  of  the  Progreffion  be  reprefented  by  ^5 
common  excefs  or  difference  4  by  X ;  and  the  number  of  terms  7  by  T:  ail  which 
are  here  orderly  expreft  underneath. 


r  2  =: 


Quantities  in  Arithmetical  ^ 
Progreffion  continued ;  7 


3 

7 
1 1 

t5 

19 

23 

27 


I  27  — 


a 

b 

c 

d 

e 

f 


a 

a 

a 

a 

a 

a 

a 


+.  X. 

H  ■  2X. 

‘x’  3^* 
^1-  4X. 

6X. 


The  S'uiTim  of  all  ? 

the  Terras  isw 
The  common  difference  is 

niimKpf  nf  Xi»rmc  !Q 


105 

•  4 


=:  Z  = 

=  X  == 

T 


z. 

X 


—  T  =  T. 


I V.  whence  it  is  manifeff,  that  if.  a  be  put  for  the  firR  and  leaR  term  of  an  Arirhnrie- 
tlcal  Progreffion  continued  ,  and  X  for  the  common  difference ,  then  (  according  to  the 
Definition  in  Se^.id)  the  fecond  terra  flialf  be  4-|-X  ,  the  third  ^ 2X ,  the  f^rth 
4  -U  2X ,  the  fifth  a  4X ,  '&c.  Moreover ,  according  to  the  Suppoiitions  in  Seot.  5 . 
d  rnz  a  .  b  —  A  X ,  c  a  ‘-j-*  2X  .  ^  ~  4  -{-*  3^  •  c  ~  4  4^  ^  O' c,  ^ 

V.  Therefore  it  follows,  that  the  lift  and  greateR  term  of  every  Aiithraetical 
Progreffion  continued  is  compos’d  of  the  firR  ( to  wit,  the  leaR)  term,  and  of  the  Pro- 

duft  of  the  common  difference  multiplyed  by  a  number  lefs  by  i  (or  Unity  )  than  the 

number 


■X. 


Chap.  17, 


Arithmetical  Frogrejpoft, 


i  2  I 


£ 


number  of  terms ;  as  or  a  6X  is  compos’d  of  the  firft  term  a  and  the  Produft  of  X 
multiplied  by  6  ,  which  is  Icfs  by  i  than  7  the  number  of  terms. 

'  V  I.  Therefore  the  firff  and  lad  terms  j  as  alfo  the  number  of  terms  being  feverally 
given ,  the  common  difference  fhall  be  alfo  given  ;  for  if  the  firft  (  to  wit,  the  frnalled  ) 
term  be  fubtradcd  from  the  laft,  and  the  Remainder  be  divided  by  a  number  lefs  by  i 
(  or  Unity  )  than  the  number  of  terms »  the  Qiiotient  is  the  common  difference ,  viz,. 

1  —  I 

VII.  It  is  alfomanifed  from  Se^.  ^  That  if  the  firfl  (  to  vvit,  the  leafl  )  term  hi 
equal  to  the  common  difference,  then  the  laft  term  is  equal  to  theProdud  of  the  common 
difference  (  or  firft  term  )  multiplied  by  the  number  of  terms ,  viz.  If  4  =  X  then 
-  rX-l-*6X  —  7X. 

VIII.  Therefore  in  an  Arithmetical  Progreftion  continued  whofe  firft  or  leaft  term 
is  equal  to  the  common  difference ,  if  the  laft  term  and  the  number  of  terras  be  feverally 
given,  the  firft  term  (  or  the  common  difference  )  lhall  alfo  be  given  :  For  if  the  laft  term 
be  divided  by  the  number  of  terms  ,  the  Quotient  is  the  firft  term  or  common  difference  . 

as,  if  4  r=  X,  then  £  —  X+  6X  =  7X  .  therefore  X  =  a. 

7 

I  X.  It  is  alfo  manifeft  from  Sei^.  7.  That  \Vhen  the  common  difference  divideth  any’ 
term  juft  without  any  Remainder, then  the  common  difference  is  the  fame  with  the  leaft  term 
in  that  Progreftion ,  and  the  Quotient  is  the  number  of  terms  *  but  if  any  number  remain 
after  the  Divifion  is  finifhed  ,  then  that  Remainder  is  the  leaft  term ,  and  the  Quotient  in- 
creafcd  with  i  (  or  Unity)  gives  the  number  of  terras  (ferSeft.  4,  &  y.)  Therefore 
if  any  terra  greater  than  the  leaft  be  given  ,  as  alfo  the  common  ditf  rence,  the  leaft  term, 
as  alfo  the  number  of  terms  in  that  Progreftion  fhall  alfo  be  given  ;  as  if  27  be  fome  terra’ 
greater  than  the  leaft,  and  5  the  common  difference,  by  dividing  27  by  3,-  the  Quotient  9 
is  the  number  of  terms ,  and  the  leaft  term  is  equal  to  the  common  difference  3  .  as  in  this 
Progreftion,  3,6,9,  12,  i y,  18,  21, 24, 27. 

But  if  27  be  given  as  before,  and  4  be  preferibed  for  the  common  difference ,  then  27 
divided  by  4  gives  6  in  the  Qiiotient ,  and  there  remains  3  for  the  leaft  term ,  and  7 
(  to  wit  6  +  j)  is  the  number  of  terms  j  as  in  this  Progreftion ,  3,7,11,15,  19, 

27* 

X.  If  three  numbers,  fuppofe  4,  r,  be  in  a  continued  Arithmetical  Progreftion , 

If  the  excefs  of  c  above  h  be  equal  to  the  excefs  of  ^  above  a ,  the  fumm  of  the  Extremes*= 
that  is,  of  the  firft  and  laft  Terras  lhall  be  equal  to  the  double  of  the  Mean  or  middle  Term  - 
viz.  4-I-c  —2b,  For,  ’ 

I.  By  fuppofition,  ^ 

3.  Therefore  by  adding  b  to  each  part ,  it  gives  ji. 

3.  And  by  adding  a  to  each  part  of  the  laft  Equation  )> 

Which  was  to  be  proved. 

XL  If  four  numbers,  fuppofe  4,  ^,'C,  d,  be  in  Arithmetical  Progreftion  whether 
continued  or  interrupted,  viz.  If  the  excefs  of  b  above  4  be  equal  to  the  excefs  of  d 
above  c ,  the  fumm  of  the  Extremes  ftiall  be  equal  to  the  fumm  of  the  Means ,  viz. 
d  r-=  b-\-^  c.  For  , 


c  — b  =  b —  4, 
c  —  zb  —  4, 

4  +  c  =  lb. 


a 


I. 


d  C.  for  , 

By  fuppofition ,  .  . . d  — 


—  b  —  4, 

—  c  —by 


2.  Therefore  by  equal  addition  of  4,  .  .  .  .  1>  4-j-<^ 

3.  Therefore  by  equal  addition  of  c,  .  .  .  .  .  4-|-d 

Which  was  to  be  proved. 

X  1 1.  If  there  be  as  many  numbers  as  you  pleafe  in  a  continued  Arithmetical  Pro¬ 
greftion,  the  fumm  of  the  Extremes  is  equal  to  the  fumm  of  any  two  Means  eqaally  diftant 
from  the  Extremes  and  alfo  to  the  double  of  the  Mean  when  the  number  of-Ter_m's  is  odd. 

Let  4,  be  in  Arithmetical  Progreftion  continued,  and  increafing  from  4;  I  fay 

the  fumm  of  the  Extremes  4  and  /  is  equal  to  the  fumm  of  any  two  Terras  equally  diftafi'c 

from  the  Extremes,  that  is,  to  the  lumra  of  b  and  e ,  and  to  the  fumm  of  c  and  d.  For^ 

1.  By  fuppofition,  in  regard  of  the  continued  Pro-? 

grefiion ,  .  .  •  •  . ; . j 

2.  Therefore  by  equal  addition  of  e  and  4  to  each  part,  ^ 

3.  Again,  by  Tuppofition . •  •'c* 


f —  ^  ~  b  —  4  , 

4-h/  =  b-\^ey 
c  — b  ~  e  —  dy 


CL 


4.  There'- 
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4.  Therefore  by  equal  addition  of  d  and  b,  to  each  part  c-\-d  —  b^e 

5.  Therefore  from  the  fecond  and  fourth  ftepsXf^^?  _  b-\-t. 

i.  Axiom.  I.  Jilem.  Euclid.) . . 

Which  was  to  be  proved. 

And  if  more  numbers  were  propos’d ,  the  Demonftration  would  not  be  otherwife ; 
therefore  the  firfl:  part  of  the  Theorem  is  manifeft. 

But  if  the  number  of  terms  be  odd  as  in  this  continued  Progreflion,  a, fcid,e,fygy 
then  the  furam  of  the  extremes  a  and  g  is  equal  to  the  double  of  the  middle  term  <s/,  viz. 
—  2d  i  which  I  prove  thus : 

1.  By  fuppofition  ,  in  regard  of  the  continued  Pro-? 

greffion , . .  S 

2.  And  confequently  by  equal  addition  of  c  and  d,  ^  2d 
3*  But  by  what  hath  been  proved  concerning  the  firft  ^  J_,  ^ 

part  of  the  Theorem  in  this  twelfth 
4.  Therefore  from  the  two  lall fteps,  f pe)' i,7 

Elem.  1.  Euclid.) . .  ^ 

Which  was  to  be  demonftrated.  Therefore  the  Theorem  is  every  Way'manifeft. 

XIII.  In  every  Arithmetical  Progreflion  continued ,  the  fumm  of  the  extremes  multi¬ 
plied  by  the  number  of  terms  produceth  the  double  of  the  fumm  of  all  the  terms. 

The  number  of  terms  is  either  even  or  odd  j  Firft,  let  there  be  an  even  number  of  terms^ 
i;iz.  fuppofe  thefe  fix  numbers  a,  b,  c,  d,  e,  f  to  be  in  Arithmetical  Progreflion  continued^ 

2a^\^2b-\~2C^2dy 
-j-  2^+  2/. 


d  —  c  —  e  —  d  , 
=  c  +  ff, 
=  c  +  f, 

=  2d. 


I  fay, 


6a 


,  M,  r,  j  UV. 

-Vef  —  ^ 


DE  MO  NST  RAT  10  N. 


1.  It  is  evident  that  ’I  »  . 

2.  And  by  SeB.  12.  .  . 

3.  Likev^ife,  by  the  fame  SeB. 


. . >  2^+2/  —  24  +  2/, 

.  *  .  .  .  .  it*  2  a 2  f  ±z  lb 

. ^24  ^|-  ^f~  2C  2  d^ 

4.  Therefore  by  adding  the  three  laft  Equation  together^  J>  6a^  6f  —  '^42i+2f-l-2/  ’ 

Which  was  to  be  demonftrated.  And  fo  of  others  when  the  number  of  terms  is  even^ 
Secondly,  let  there  be  an  Arithmetical  Progreflion  confifting  of  an  odd  number  of 
terms ,  fuppofe  thefe  five ,  a  ,  b ,  c ,  d  ^  e. 

J  fay,  ....  ==  2a-\^2b--\-^  2C-\-2d^\-  2e.  .  ^ 

BEMONSr  RATION.  ' 


.  }>  2  4  -J-  2  r=  2  4  -(-  2  i*, 
.  }>  =2  2^-)- 2d, 


a 


1.  It  is  manifeft  that  .  •  .  .  . 

2.  And  by  SeB.  12.  .  .  .  .  . 

3.  Likewife  by  i2i  .  .  .  .  .  )> 

And  fo  of  others  when  the  number  of  terras  is  odd. 

X I V.  Therefore  from  the  laft  Sebt.  thQ  firft  and  laft  terms ,  as  alfo  the  number  of 
terms  in  an  Arithmetical  Progreflion  continued  being  given ,  the  fumm  of  all  the  terms 
lhall  be  alfo  given :  For  if  the  fumm  of  the  firft  and  laft  terms  be  multiplycd  by  the  num¬ 
ber  of  terms  the  Produft  is  the  double  fumm  of  all  the  terms ,  and  confequently  the  half 
of  thatProdud  is  the  fumm  it  lelf.  For  example,  If  a,b,c^d,ejj be  in  Arithme¬ 
tical  Progreflion  continued  ,  and  T  be  put  for  the  number  of  terms ,  alfo  Z^for  their 
fumm  (  as  before  ;)  Then  =  2Z,  and  confequently  ^a  -j-  \Tg  —  Z. 

X  V.  Mr.  William  Oaghtrei  in  Rrobl.  4.  Chaf,  1 9.  of  his  incomparable  Claris 
Mathmat.  hath  very  elegantly  handled  20  Propolitions  about  Arithmetical  Progreflion 
continued,  which  (  for  the  more  ample  Illuftration  of  the  preceding  Rules  in  this  Book,) 
I  Ihall  explain  in  this  Se^ion ,  ufing  his  own  Symbols ,  which  are  thefe ,  viz. 

The  leaft  (  or  firft  )  term.  ^ 

The  greateft  (or  laft  )  term. 

Stands  for  <  The  number  of  terms. 

The  common  difference  of  the  terms. 

The  fumm  of  all  the  terms. 

Any 
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Any  three  of  thefe  five  things  being  given,  the  other  two  lliall  be alfo given ,  by  the 
refpedive  Canons  of  the  following  zo  Propofitions ,  which  Mr.  flates  thusi 


Given 

> 

Sought , 

By  Propof. 

(t  y 

T 

Z  and  X 

I  and  2 

A  , 

X 

T  and  Z 

3  and  4 

A  , 

«, 

Z 

. T  and  X 

5  and  6 

A  , 

T, 

X 

CO  and  Z 

7 ' and  8 

Ct  ) 

T, 

Z 

to  and  X 

9  and  10 

ct « 

X, 

Z 

CO  and  T 

11  and  12 

Hi  , 

T, 

X 

A  and  Z 

13  and  14 

T, 

z 

A  and  X 

I  5  and  1 6 

a  , 

X, 

z 

A  and  T 

17  and  18 

T, 

X, 

z 

A  and 

19  and  .20 

5 

I.  .  .  • 


PROP,  I. 

et ,  « ,  T  are  given  feverally  •  ' 

Z  is  fought. 

RESO  LVTIOm 


2,  By  Se(P*  14I  of  this  C^apt.  ,  •  • 

Which  Equation ,  if  exprefl  by  words ,  gives  this 

CANON, 

Multiply  the  fumra  of  the  firft  and  laft  terms  by  the  nu'lnbdr  of  terms,  the  Produd  (hall 
be  the  double  of  the  fumm  of  all  the  terms ,  and  confequently  the  half  of  that  Produd  . 
is  the  required  fumm  of  all  the  terms. 

Which  Canon  maybe  exemplified  by  the  following  (or  any  other)  rank  of  numbers 
in  Arithmetical  Progreflion  continued ,  viz. 

3  j  7,  'I »  I  J  ^3  >  i?- 


PROP,  II. 


I. 


5  a  ]  a ,  T  are  given  feverally  j 
'Z  X  is  fought. 


O  — r  «£ 

Tirr 


X, 


RESO  LVTIO  N, 

T 

a.  By  SeB.  6.  of  this  feventeenth  Ch^tpt . .  •  r 

Which  Equation  gives  this  following 

CANON. 

Divide  the  excefs  of  the  greatefl  (  or  lafl: )  term  above  the  lead ,  by  the  number  of  terms 
IcfiTened  by  1  (or  Unity,)  and  the  Quotient  is  the  common  difference  required. 

Which  Canon  may  be  exemplified  by  the  following  (  or  any  other  )  Series  of  numbers 
in  Arithmetical  Progreflion  continued ,  viz. 

From  the  Equation  in  the  fecond  ftep  of  Prop.  i.  and  the  Equation  in  the  fecond  itep 
of  Prop.  2.  the  Canons  of  all  the  following  1  8  Propofitions  are  deduced. 


I. 


PROP.  III.  ' 

•t ,  «  ,  X  arc  given  feverally  . 

T  is  fought.- 

RE  SO  LVTIO  N^ 

2,  The  letters  put  for  the  things  given  and  fought,  without  any  other  letter,  are  contained 
in  the  Equation  in  the  fecond  ftep  of  Prop.  1.  therefore  the  work  here  is  only  to  fet  T 
alone  in  that  Equation,  which  may  be  done  thus ,  viz* 

a.- 


a* 


1^4 
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3.  By  the  Canon  of  Prop.  2. 


> 


a 


A 


=  X, 


1 

a — 'A  —  TX — Xj 
-ct+X  =  TX, 


M 

ft 


4.  Therefore  by  multiplying  each  part  of  that  Equation  J 

by  T  —  I  s  this  arifeth  ,  viz,,  .  .  •  •  •  •  5 

5.  And  by  addition  of  X  to  each  pajrtof  the  lad  Equation,  7 

this  arifeth  . . .  S 

6.  Therefore  each  part  of  the  laft  Equation  being  divided  > 
by  X ,  the  number  T  will  be  made  known ,  viz.  § 

The  laft  Equation  gives  this  following 

CANON. 

From  the  lafl:  ( to  wit,  the  greatea  )  term  fubtraa  the  fira ,  and  divide  the  Remainder  by 
the  common  difference,  then  to  the  Quotient  add  1  (or  Unity,)  fo  lhall  the  fumm  be  the 

required  number  of  terms.  .  .  ,  f  v  1  r  l 

This  Canon  may  be  exemplified  by  the  following  (  or  any  other  )  Rank  of  numbers 

in  Arithmetical  Progreffion  continued  ; 

3  ,  7>  II ,  ^3  >  ^7- 


3- 

4- 


PROP.  IV. 

A,  ay  X  are  given  feverally  5  . 

Z  is  required. 

RBS0LV7  ION 

By  the  Canon  of  Prop.  . . 

And  by  the  Canon  of  Prop.  3 . .  ^ 

Now  if  inftead  of  T  in  the  firft  part  of  the  Equation  in  the  fecond  ftep,  you  mul¬ 
tiply  into  a-\-'A  that  which  in  the  laft  Equation  is  found  equal  to  T,  the  former 
Equation  will  be  converted  into  this,  viz. 

aa  —  AA  I  1  -  7 

-q".  a  “I”'  A  — 


Tft>*-|-'T<t  “  2Z  ^ 
TL4-1  =T, 


X 


'  Which  in  words  is  this  following 

CANON 

From  the  Square  of  the  greateft  (or  laft)  term  fubtraft  the  Square  of  the  Icaft  (  or  firfty) 
then  dividing  the  Remainder  by  the  common  difference  ,  and  to  the  Quotient  adding  the 
the  fumm  of  jthc  firft  and  laft  terras,  the  half  ot  the  fumm  of  this  addition  ftiall  be  the 
required  Sumra  of  all  the  terms.. 

The  Canon  may  be  exemplified  by  the  following  (  or  any  other  )  Rank  of  numbers 
in  Arithmetical  Progreffion  continued : 

3>  7»  II j 


19,  23  j  27- 


I. 


P  RO  P.  V. 

5  « >  » j  3re  given  feverally  j 
*  •  *2  T  is  required. 

RESOLVriO  N 

2.  By  the  Canon  of  Prop,  . . )>  T# -j-T^  =  2Z  , 

3.  Therefore  by  dividing  each  part  of  that  Equation  by?  T  = 

this  arifeth,  viz . .  a^\~A 

Which  Equation  gives  this  following 

CANON 

Divide  the  double  of  the  fumm  of  all  the  terms  by  the  fumm  of  the  firft  and  laft  terms, 
the  Quotient  is  the  number  of  terms  fought ;  as  may  be  proved  by  this  following  (or  any 
other  )  Rank  of  numbers  m  Arithmetical  Progreffion : 

3,  7i  II  ,  27- 
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PROP.  VI. 

<t ,  a> ,  Z  are  given  fcverally  ; 

X  is  required. 

RE  SO  LVr  10  N, 

I.  By  the  Canon  of  Pcoj.  4.  .  .  .  ;  ,  . -|- a+a  —  aZ; 

5.  Which  Equation  multiplied  by  X  produceth,  .  >  a»  — ttx  +  «X4- aX  =  iZX, 

4.  And  by  fubtracfting  ^1-  aX  from  each  part  of  > 

the  laft  Equation  ,  this  ariieth,  viz.,  .  .  .  J  a*.  —  2ZX  —  arX  — ^X, 

5.  Therefore  by  dividing  each  part  of  the  laft  E- 

quation  by  the  Coefficients  that  are  drawn  into  X, 
you  will  find, . 

Which  lafi  Equation  gives  this 

CANON, 

From  the  Square  of  the  lafl  term  fubtraft  the  Square  of  the  firft  (  to  wit,  the  lead  ) 
term .  divide  the  Remainder  by  the  excefs  whereby  the  double  fumra  of  all  the  terms 
exceeds  the  fumm  of  the  firfl  and  laft  terras,  fb  ffiall  the  Quotient  be  the  common 
difference  required. 

This  Canon  may  be  exemplified  by  the’following  (  or  any  other  )  Series  of  numbers  id 
Arithmetical  Progreffion  : 

3  >  7i  II  f  15  ,  15?,  23  ,.27. 


PROP,  VI  I, 


X. 


« ,  T  j  X  are  given  fcverally  j 
u  is  fought. 


RESO  LVTIO  N, 


2.  By  the  Canon  of  Prop.  2,' . •  • 

3.  Therefore  by  multiplying  each  part  of  the  faid  > 
Equation  by  T  —  i  ,  this  will  be  produced ,  ^ 

4.  And  by  adding  *  to  each  part  of  the  laft  Equation  p 

this  arifeth ,  viz. . .  .  .  .  > 

Which  laft:  Equation  gives  this 

.  CANON. 


— a  =  TX  — X, 
tti  rr:  TX  ^  ct — X. 


To  the  Produfl  made  by  the  multiplication  of  the  number  of  terms  into  the  common 
difference ,  add  the  firft  ( to  wit ,  the  leafl:  )  term ,  and  from  the  fumm  fubtrad  the  faid 
difference,  fo,  ffiall  the  Remainder  be  the  laft  term  fought. 

This  Canon  may  be  exemplified  by  the  following  (  or  any  other  )  Rank  of  numbers 
in  Arithmetical  Progreffion  continued :  '  .  . 

3,  7,  II ,  ,  19,  23  ,  27. 


PROP.  VIJI. 

^  ttj  T ,  X  3.rQ  given  feverally ; 

. C  2^  is  fought. 

RESO  LVTIO  N. 

2.  By  the  Canon  of  Prop,  i, . 'p  TwH-T*  ~  2Z, 

3 .  And  by  the  Canon  of  Prop.  7 . .  J>  TX  4-  —  X  t=:  .  . . 

4.  Now  to  find  an  Equation  that  may  confift  only  of  the  things  given  and  fought  in  this 
Prop.  8.  multiply  each  part  of  the  Equation  in  the  third  ftep  by  T  ,  and  there  will 
be  produced 

TTXH-^Ta  —  TX  =  T«. 


I 


5.  Then 
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c.  Then  ifinfteadof  T«  in  the  fccond  ftep,  you  rake  that  which  in  the  fourth  ftep  is  found 
equal  10  Tui ,  the  Equation  in  the  fecond  ftep  will  be  reduced  tp  this ,  to  Wit , 

XTX  — 2X«8  —  XX  —  iZi  j 

That  is »  ^  =  2Z. 

Which  laft  Equation  gives  this 

CANON. 

6  To  the  Produft  of  the  multiplication  of  the  number  of  terms  by  the  common  difference^ 
*  add  the  double  of  the  firft  ( to  wit,  the  leaft  )  term ,  atid  from  the  fumm  of  that  Ad- 
ditioo  fubtrad  the  common  difference  5  then  multiply  the  Remainder  by  the  number 
of  terms ;  fo  (hall  the  Produft  be  the  double  fumm  of  all  the  terms ,  and  confequently 
the  half  of  that  ProduR  is  the  required  fumm  of  all  the  terms. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progrerfion  continued : 

3.7,  II  »  15)  191  23  ,27* 


PROP.  IX. 

X ,  Z  are  given  feverally  • 
a  is  fought. 

RESO  LVTIO  N. 


2,  By  the  Canon  of  Prop,  i*  •  •  •  •  •  •  ^ 

'therefore  by  equal  fubtraftion  of  X*,  . 

4.  Therefore  by  dividing  each  part  of  the  laft? 
Equation  by  X,  this  arifeth*  ,  .  •  .  *3 

Which  lafl:  Equation  gives  this 

CANON. 


X»»-|-*T<s-  “  iZ, 

T«  =  2Z  —  Xct, 

2Z  — X^  , 
- — - • 

T 


From  the  double  of  the  fumm  of  all  the  terms  fubtradl  the  Product  of  the  multiplication 
of  the  number  of  terms  by  the  firft  (  to  wit ,  the  leaft)  tetna ,  and  divide  the  Remainder  by 
the  number  of  terms  •  fo  fhall  the  (^client  be  the  laft  term  fought. 

This  Canon  may  be  exemplified  by  the  following  (  or  any  other  )  Rank  of  numbers 
in  Arithmetical  Progreffion  continued : 


3,  7,  11  ,  15  ,  19  ,  23 ,  27. 


PROP.  X. 


cc ,  X ,  Z  are  given  feverally  • 

X  is  fought. 

RESO  LVT  ION. 

2.  By  the  Canon  of  Prop,  8.  XXX— 2X06  — TX  —  aZ, 

3.  Therefore  by  equal  fubtraftion  of  2X*  from?  "FXX XX  2Z 2X<t 

each  part ,  this  will  arife  ;  to  wit ,  .  * .  .  S  ’ 

4.  And  by  dividing  each  part  of  the  laft  Equation 

by  XX  —  X,  the  common  difference  X  will  be 
made  known,  vizr.  .  . 

Which  laft  Equation  gives  this 

C  A  NO  H- 

From  the  double  fumm  of  all  the  terms  fubtraef  the  double  Produft  made  by  the 
multiplication  of  the  number  of  terms  by  the  leaft  term  ,  and  divide  the  Remainder  by  the 
cxcefs  of  the  Square  of  the  number  of  terms  above  the  number  of  terms ,  fo  (hall  the 
Quotient  be  the  common  difference  fought. 

This  Canon  may  be  exemplified  by  the  following  (  or  any  other  )  Series  of  numbers  in 
Arithmetical  Progreffion  continued; 

3  y  7  i  II)  i5»  iPi  ^3)^7* _ 

PROP.  XL 
a  ,  X ,  Z  are  given  feverally ; 

0  is  fought. 

RESO  LVriON. 

2.  By  the  Canon  of  Prop.  4,  ...  .  .  ,  ^ » 

3.  Xhere- 


X  =r 


2Z - 2Xct 

XT  — T 
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3.  Therefore  by  multiplying  that  Equation  by  X, 7  1  v  1  v 

this  Will  be  produced  •  town,  .  i  .  .  ‘  ‘ 

4.  And  by  tranfpofition  of  ■ — aa,  this  arifeth  .  ^  aa Xa -1- Xx  —  2ZX-j-ctct, 

e.  And  from  the  laft  Equation  by  tranfpofition?  ,  ^  -v  1  x. 

of  Xa  this  arifeth  • . 3  *  '  ,  * 

6,  Which  lafl:  Equation  falling  under  thefirft  of  the  three  Forms  in  Sect.  i.  Chap.  i  5. 
of  this  Book ,  the  value  ot  «  (hall  be  given  by  the  Canon  in  SeU.  6.  of  the  faitie 
Chapt.  viz. 


«.  =  V  :  :^XX  +  2ZX  +  a*_Aa  :  —  ^X. 

Which  Equation  gives  this 

CANON. 

From  the  fumra  of  thefe  three  numbers ,  to  wit,  the  Square  of  half  the  common  dif¬ 
ference  j  the  double  Produft  of  the  multiplication  of  the  fumm  of  all  the  terms  by  the  com¬ 
mon  difference  .  and  the  Square  of  the  firfl  (to  wit,  the  leaf!:)  term  ,  fubtrad  the  Produit 
of  the  firfl  term  multiplied  by  the  common  difference ,  and  extrad  the  fquare  Root  of  the 
Remainder  j  then  from  the  faid  fquare  Root  fubtrad  half  the  common  difference ,  fo  fliall 
this  laft  Remainder  be  the  laft  and  greateft  term  fought. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical!  Progreftion  continued : 

3,  7,  II ,  15  ,  19,  23  j  27:  ^  _ 

pTopTIol 

X,  Z  are  given  feverallyj 
T  is  fought. 

RESO  LVTIO  N. 

2;  The  Canon  of  Prop.  8.  gives  this  Equation,  )>  XTT  aaT  —  XT 

3.  Where  in  regard  X  is  drawn  into  TT  (  vvhich^ 

is  the  higheft  degree  of  the  quantity  fought ,)  letf  -j-j-  j 
every  term  of  the  Equation  be  divided  by  X,^  , 

whence  this  Equation  will  arife  ;  .  .  .  .  3 

4.  Now  it  muft  be  difcovered  from  the  things  given  whether  7  a  exceeds  X,  or  is  lefs,  or 
equal  to  X.  Eirft  then  fuppofe  2  a  cr-  X,  and  then  the  laft  Equation  may  be  exj  reft  thus; 


I. 


5«T  —  XT 
X 


2Z, 

2Z 

~x" 


TT  -1- 


2a 


X 


X 


T  — 


2Z 

X 


Which  Equation  falling  under  the  firft  of  the  three  Forms  in  Se5i.  i.Chap.  ly.  the 
value  of  T  fliall  be  given  by  the  Canon  in  SeEi.  6.  of  the  fame  Chapt.  viz. 

ctX^-jXX^^  2ZX.  .  2a  — X 


T  =  V:  — 
6.  Secondly,  if  2 a 


XX  2X 

i  X ,  then  the  Equation  in  the  thjrd  ftep  fliall  be  eXpreft  thus  5 
X  -  za  


X 


2Z 

X 


7.  which  Equation  falling  under  the  fecond  of  the  three  Forms  in  SeEi.  i.  Chap.i^,  th$ 
value  of  T  fliall  be  given  by  the  Canon  in  SeEt.  8.  ol  the  fame  Chapt.  viz. 

T-  _  /  iXX  —  ccX-h^^^-h^Z'^  .  J  X— 

1  _  V :  -  * 

8.  Laftly,  if  2a  ==  X  ,  then  the  Equation  in  the  third  ftep  will  be  expreft  thus; 

TT  =  ;  Whence,  T  = 

The  three  Equations  in  the  5, 7, and  8  fteps  give  a  threefold  Canon  to  folve  this  12  Prop.vii', 
Canon  I.  iVhe^  the  donhle  of  the  leafi  term  exceeds  the  common  difference. 

9  .  To  the -Square  of  the  excels  of  the  leaft  term  above  half  the  common  difference  add  the 
double  Produd  of  the  multiplication  of  the  fumm  of  all  the  terms  by  the  common  dif-. 
ference,  divide  the  fumm  of  that  Addition  by  the  Square  of  the  common  difference  and 
extract  the  fquare  Root  of  the  Quotient  ;  then  from  the  double  of  the  leaft  term  fubtrad 
the  common  difference  and  divide  the  Remainder  by  the  double  of  the  common  difference : 
laftly ,  fubtrafting  this  Quotient  from  the  fquare  Root  befote  found ,  the  Remainder 
ftiall  be  the  number  of  terms  fought; 

This" 


.  ^ 


/ 
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This  Canon  may  be  exemplified  by  the  following  or  the  like  Series  of  numbers  in 
Arithmetical  Progrefiion  continued,  where  the  double  ol  the  leafl:  term  exceeds  the  common 
difference  of  the  terms : 

3  *  5  w  j  n  5 

Canon  II.  When  the  double  of  the  leafl  term  is  lefs  than  the  common  difference  of  the  terms. 

1 0.  To  the  Square  of  the  excefs  of  half  the  common  difference  above  the  leafl:  term,  add 
the  double  Product  of  the  multiplication  of  the  fumm  of  all  the  .terms  by  the  common 
difference ;  divide  the  fumm  of  that  Addition  by  the  Square  of  the  common  difference, 
and  extra»ff  the  fquare  Root  of  the  Quotient ;  then  from  the  common  difference  fub- 
traff  the  double  of  the  leaft  term,  and  divide  the  Remainder  by  the  double  of  the  common 
difference  ;  laflly ,  adding  this  Quotient  to  the  fquare  Root  before  found  ,  the  fumm 
lhall  be  the  number  of  terms  fought. 

This  Canon  may  be  exemplified  by  (he  following  or  the  like  Rank  of  numbers  in  Arith¬ 
metical  Progreffion  continued,  where  the  double  of  the  leaft  term  is  lefs  than  the  common 
difference ; 

2  12  ,  i7j  ^  27  ,  52,  37. 

Canon  III.  When  the  double  of  the  leafl  term  is  equal  to  the  common  difference  of  the  terms. 

11.  Divide  the  double  of  the  fumm  of  all  the  terms  by  the  common  difference ,  fo  fhall 
the  fquare  Root  of  the  Quotient  be  the  number  of  terms  fought. 

'  This  Canon  may  be  exemplified  by  the  following  Rank  of  numbers  in  Arithmetical 
Progreffion  continued  ,  where  the  double  of  the  leaft  term  is  equal  to  the  common  difference 
of  the  terms : 

3»  9i  15)  21,  27,  33  >  39- _ 

PROP.  XIII. 


. I 


,  T  ,  X  are  given  feverally  ; 
a.  isifoughr. 

RESOLVriO  N. 

2.  By  the  Canon  oi'' Prop.  7,  . . TX — X =  a, 

3.  Therefore  by  traiifpolition  of  TX  —  X,  this  Equation?  ^  _  aJ_x^_xx. 

will  arife,  which  makes  known^the  value  ot  cs  j  .  ^ 

Which  Equation  gives  this 

CANON. 

To  the  lafl:  (  that  is ,  the  greateft  )  term  add  the  common  difference,  and  from  the  fumm 
fubtraft  the  Produtft  of  the  number  of  terms  multiplied  by  the  common  difference;  fo 
'lhall  the  Remainder  be  the  firft  (  or  leaft  )  term  fought. 

This  Canon'may  be  exemplified  by  the  following  or  any  other  Rank  of  numbers  in 
Atithmetical  Progreffion  continued: 


3,7,  11,15,19 


' :)  > 


27. 


. i 


p  o  p.  X I V. 

T,  X  are  given  feverally; 

Z  is  fought. 

RESOLVTI  O  N. 

2.  By  the  Canon  of  Prop  i.  .  . . ^  Tiy-l-Tot  =  zZ, 

3,  And  by  the  Canon  or  Prop.  13 . )>  ca  4^X  —  TX  a  , 

q.  Which  latter  Equation  if  it  be  multiplied  by  T,wiil  produce^  Ta  -j-  TX— TTX  —  Ta, 

5.  Then  if  inftead  of  T<x  in  the  Equation  in  the  fecond  ftep,> 

you  take  that  which  in  the  fourth  ftep  is  found  equal  to  T*,  >  2  Ta-j-TX— TTX  =  2  Z, 
the  Equation  in  the  fecond  ftep  will  be  converted  into  this;3  _ 

6.  That  is . . ;>  2  «4-X-TX  into  T=:  2  Z. 

Which  Equation  gives  this 

C  A  NOH. 

To  the  double  of  the  laft  (  to  wit ,  the  greateft  )  term ,  add  the  common  difference ; 
from  the  fumm  fubiraff  the  Produd  of  the  number  of  terms  multiplyed  by  the  common 

difference : 


Cliap.  17.  concerning  Arithmetical  Pregreffion. 

required  furamofall  the  termV  ’  ‘he  half  Of  that  Produif  is  thd 

in  P:^g««nfi™ed^  of  number, 

.  -  3,  7,  iJ  ,  JS ,  ip,  23'>  27,  31. 

pToTTxvT”  - - - 

1.  i  .  .  5  *>  >  Z  are  given  feveralJ^ ; 

C  *  is  foughr. 

HESO  LVTIO  j\r. 


I  2^ 


2Z  — f 


2 ,  By  the  Canon  of  Pvo,p,  p, 

each  part  of  that  Equation  ?  ^  ^ 

bv  T,  this  will  arife;  ....  ^  f  :Z  —  =±-  T*.  ’ 

4.  And  by  rranrpofifion  of  _  T«  in  the  lafi  Equation  ’ 

this  will  arife;  . ^  ^  aZ  ^  T«  +  Tec  ^ 

5.  ikewife  by  tranfpofition  of  Ta>,  this  Equation  arifcth,>  2Z  — ■  Tea  —  Ta 

each  part  of  the  laft  Equation  being  di- 7  aZ  ’ 

vided  by  T,  the  value  of  a,  will  be  made  known,  f  ~t  =  a. 
which  Equation  gives  this 

n-  -a  L  j  LI  r  C^JVOPP. 

_ _  ^5  II,  1<)  ,  19,  23,  27. 


‘  I 


P  HOP.  XVI. 
<a,  T,  Z  are  given’feverally j 
X  is  fought. 

RESO  Lvr  10  N. 


y 


2.  By  ^he  Canon  of  Prop.  14.  .  .  — — , ■  ^ - 

3.  That  is  .  ;  .  .  "  7  . . >a«|X-TXinto  T=2Z., 

4.  Therefore  by  due  tranfpofition  this'  Equation'  will  anTe',  t  lr“  Z  iz  Z  ^  f  V* 

5.  Therefbre  by  dividing  all  in  the  M  Equation  by  >  aVl-rZ  ^ 

\»rL- value  of  a  will  be  made  known,  viz.  5  TT T”  “ 

Which  Equation  gives  this  '  ^ 

^  ^  canon. 

term  multiplication  of  the  number  of  terras  by  the 

^  the  double  of  the  fumm  of  all  the  terras  ;  divide  the  Remainder  bv  thf  enreft 

the  corarn'dfen*^^^  ‘he  Quotient  be 

in  AtUhraeHcrp^ogre^rE  (or  any  other)  Rank  of  numbers 

3  »  7>  1 1 5  I  19,  23  ,  27. 


!•  .  .  ei 


PROP.  XVII. 

A>  y  X ,  Z  are  given  fcverally  ; 
a  is  fought. 

RESO  LVT 10  N.  ' 


aea 


■  d<i 


a 


2*  By  the  Canon  of  Pi^op.  6, 

1  ^ 

3.  Therefore  each  part  of  that  Equation  being,  multi- ? 

plied  by  2Z  —  «  — *,  there  will  arife,  ...  .5  "" — "  2XZ — Xa — Xd^ 
4-  ence  by  equal  addition  of  you  will  find,  )>  X^t— ecu  =  2ZX, 

R  Now 


%ipi 
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Nnw  before  known  quantities  can  be  feparated  from  unknown  in  the  laft  Equation, 
we^ull  difeover  from  the  things  given  in  the  Propolition ,  Whether  <»«  4-  X«  be  equal, 
greater ,  or  lefs  than  a  Z.X  ?  Eirft  therefore , 

c,  Suppofe  •••'***  i  *1  *  1^  Xw  rZX , 

"^tx^^The"Ec[Si7tl!;fo^^  „»4-X.4-X._..  =  .»  +  X»; 

7  Whence  by  fubtrafting  ««-!-*  Xa  from  each  part,  and  by  tranf- >  Xdt  =  etet, 

'  pofition  oi—ctet,  this  Equation  arifeth  5  *.  •  *  *  *  *  ^  ^  _  ^ 

8.  Which  laft  Equation  being  divided  by  ct,  gives . ^  _  ct. 

From  the  preraifes  arifeth  this 

CJ  NON  I. 

o  When  the  fumm  of  the  Square  of  the  lad  ( to  wit,  the  greateft  )  term  and  the  ProduA 
ofthe  multiplication  of  the  faid  lall  term  by  the  common  difference  of  the  terms  is 
equal  to  the  double  of  the  Produft  made  by  the  inultiplication  of  the  fumm  and  common 
ditference  of  the  terms ,  then  the  faid  difference  is  equal  to  the  hrll  or  leaft  term  foug  . 

^  This  Canon  may  be  exemplified  by  the  following  Senes  of  numbers  in  Arithme- 

tical  Progreffion  continued : 

2,  4,  <5,  8,  TO,  12.,  I  q. 

,0.  Secondly,  fuppofe  A  „»+X«cr-2ZX^ 

II*  Then  from  the  Equation  in  the  lourth  itcp,^  etet  —  Xob  —  X®  2ZX, 

,  fZ  wth“«anon 'In  togs  “'e  kno^n  'L  . ,  and  -he  faid  Equation  falls  under 

the  fecond  of  the  three  Forms  in  SA  i .  Chjif.  1 5.  Therefore  ? ’[‘"f™'’ 

the  firft  (  or  leaft  )  term  fought  fiiall  be  given  by  the  Canon  m  SeU.  8.  of  the  tame 

Chapt.  viz.  _ _ L_ - - - rpn- 

et  rrr:  ^X  *4-  V  •  X"  4  XX  2ZX: 

From  the  tenth  and  twelfth  ft^ps  arifeth 

CANON  II. 

, ,  If  the  fumm  of  the  Square  of  the  laft  ( to  wit ,  the  greateft  )  terra ,  and  the  ProdiiA 
of  the  multiplication  of  the  faid  laft  term  by  the  common  difference  of  the  terras, 
exceeds  the  double  of  the  Produft  made  by  the  multiplication  ot  the  fumm  and  com¬ 
mon  difference  of  the  terms ,  then  to  the  fumm  firft  mentioned  add  the  Square  of  half 
■  the  common  difference  ■;  from  this  fumm  fubtraft  the  double  Product  above  mentioned, 
and  exiraft  the  fquare  Root  of  the  Remainder  •.  hftly  ,  add  the  faid  fquare  Root  to 
half  the  common  difference fo  lhall  the  Siimm  be  the  firft  (  qr  leaft  )  term  fought. 
This  Canon  may  be  exemplified  by  ihe  following  Progrciiion : 


32  72  92 


n 


j* 


X«>  -1  2  zx  j 

not  *3  2ZX, 


XcC 


elA 


—  zZX' — ^ “  X^ 


14.  Thirdly  i  fuppofe  ...  .  .  *  * 

I  5.  But  in  this  third  cafe,  to  the  end  a  poiliole^ 

Equation  may  arife ,  this  Determination  is 

neceffary ,  . . .  V  *  ,  'r.  *  -5 

16.  Then  from  the  Equation  in  the  fourth  ftep7 

by  tranfpofition  of  ww-l-Xco,  this  will  arife;  ^  .  r~  *  f  n 

17.  In  which  lafi  Equation 'all  things  are  known  but  et ,  and  the  Equation  falls  under 
the  laft  of  the  three  Forms  in  SeB.  1.  Chp.  1  Therefore  the  two  values  of  m 

.  that  Equation  fliall  be  given  by  the  Canon  in  SeSi.  i  o.  of  the  fame  Cha^t,  viz. 

tx  ■ 


Or, 


a. 


A 


-l-V 


aa 


2ZX 


—  -^X  —  ^  i  a»  “-1“"  Xffl  4XX  —  2ZX : 


8  Whetice  it  is  manifeft  ,  that  if  in  this  third  Cafe  it -happens  that  aw-l-Xa^-*  4XX 
'  =  2ZX ,  then  et  r=  iX;  that  is  to  fay ,  the  firft  (  or  leaft  )  term  lought  lhall  be 
equal  to  half  the  given  difference  of  the  terms.  But  if  in  the  faid  third  Cafe  it  happens 
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conce  rning  Arithmetical  Progrejpon,  ] 

j  .  _  j 

that  X(w  ^XX  -Z.X,  then  there  will  be  two  unequal  Roots  or  values 
of  * ,  to  wit  ,  ihofe  above  exprcft ,  by  either  of  which  the  Equation  in  the  fikteenth 
hep  may  be  expounded ;  yet  (  as  may  eafily  Be  apprehended  )  only  one  of  ihofe  values 
of  k  can  befuch  a  firft  (  or  leaft:  )  term  as  Will  agree  with  the  things  given  in  thePro- 
pofition :  But  which  of  ihofe  two  values  of  it  is  the  leaft  terjii  fought,  you  may  dif- 
cover  by  the  Proof  formed  thus,  vU.  Firft,  By  the  help  of  one  of  thofe  unequal 
values  of  a,  found  out  as  above ,  together  with  the  given  laft  (to  wit;  the  greatefl:)  terra 
and  the  given  common  difference  of  the  terms ,  you  may  find  out  (  by  the  Canon  of  the 
third  Prop,)  the  number  of  terras,  (which  muft  alwayes  be  a  whole  number,)  and 
then  by  the  fame  value  of  *,  together  with  the  faid  laft  term  and  the  number  of  terms 
you  may  by  the  Canon  of  Prop,  1,  find  out  the  fumra  of  all  the  terras ;  then  if  this 
fumm  be  equal  to  the  furam  given  in  the  Propof.  propos’d ,  that  value  of  *  by  which  the 
Proof  was  made,  is  the  leaft  term  fought*  But  if  that  Proof  will  not  fuccccd  then 
the  other  value  of  a  lliall  be  the  leaft  term  fought .  as  will  be  evident  by  the  Proof*  made 
as  before.  < 

From  the  five  laft  fteps  there  will  arife 

CANON  liL 


I  p.  When  the  furam  of  the  Square  of  the  laft  (to  wit,  the  greateft)  term ,  and  the  Prodda 
of  the  multiplication  of  the  laid  laft  term  by  the  common  difference,  is  lefs  than  the  double 
of  the  Produd  made  by  the  multiplication  of  the  fumm  and  common  difference  of  the 
terras ;  but  the  Aggregate  of  the  fumra  firft  mentioned  and  the  Square  of  half  the  com- 
radn  difference  is  not  lefs  than  the  faid  double  Produft ;  then  from  the  faid  Aggregate 
fubira6l  the  faid  double  Produd  and  extrad  the  fquare  Root  of  the  Remainder  ,  that 
done,  add  the  faid  fquare  Root  to  half  the  common  difference  of  the  terms ,  and  alfo  fub- 
trad  the  faid  fquare  Root  from  the  faid  Half  difference,  fo  the  Summ  or  elfe  the  Re¬ 
mainder  ,  (  vtz,  fuch  of  them ,  which  by  the  Proof  made  according  to  the  diredion 
in  the  preceding  eighteenth  ftep  vvill  be  found  to  agree  with  the  things  given  in  the  Pro- 
pofition,)  fliall  be  the  firft  (or  leaft)  term  fought. 

This  Canon  may  be  exemplified  by  the  two  following  Ranks  of  numbers  in 
Arithmetical  Progreftioii  continued ; 


I. 

II. 


5  »  S ,  II,  14,  17. 

7,  i7»  27. 


1. 


PROP,  XVIII. 


« ,  X ,  Z  are  given  fcvcrally  • 
T  is  required. 


RESO  Lvriojsi, 

2.  By  the  Canon  of  iq.  .  ;  .  ;  .  .  .  )>  2 «T -H  XT  —  XTT  -=  2 
5.  Therefore  dividing  every  member  of  the  faid  Equation  by  X ,  (  bccaufe  it  is  drawn 
into  TT  the  higheft  degree  of  the  number  fought,)  this  following  Equation  will  arife, 

2®T-|-XT  _  2Z 

X  “  IT’ 


That  is,  — •  TT  = 

4.  In  which  all  things  are  known  but  T ,  and  the  faid  Equation  falls  under  the  laft  of  the 
three  Forms  in  SeCh.  1.  Chap,  i  j.-  Therefore  the  two  values  of  T  will  be  made  known 
by  the  Canon  in  SeCt,  10,  ot’  the  fame  Chapt.  viz. 

X  =  ‘"H-  ,  1  j  .  ««  “1-  ®X  -|-;^XX  —  2ZX  ,, 

X  ^  XX 


X  ^  ’  * 

R  2 


3 
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5 .  But  although  the  Equation  in  the  third  ftcp  may  be  expounded  by  either  of  the  two 
Roots  or  values  of  T  above  expreft  in  the  fourth  ftep ,  yet  only  one  of  them  can  be 
the  number  of  terms  fought;  but  which  of  the  faid  numbers,  or  values  of  T  will  folve  the 
Proportion  you  may  difcover  thus ;  ,  Firff ,  If  one  of  the  two  numbers  or  values  of  T 
before  found  out  be  a  Frad ion  or  a  mixt  number ,  that  value  cannot  be  the  number  of 
terms  fought ;  for  the  number  of  terms  in  an  Arithmetical  Progreffion  is  always  a  whole 
number.  Secondly,  If  both  the  values  of  T  happen  to  be  whole  numbers,  then  the  true 
number  of  terms  fought  may  be  difeovered  by  this  Proof;  viz.  Firft  ,  by  the  help  of 
one  of  thofe  values  of  T  in  whole  numbers,  together  with  the  given  laff  (  or  greateft  ) 
term,  and  the  given  common  difference,  find  out  (by  the  Canon  of  Prop.  13.  )  the 
firft  (towit,  the  leaf!)  term;  and  then  by  the  famenumber  T,  together  with  the  firfl 
and  laft  terms,  find  out  (  by  the  Canon  of  Prop  i .  )  the  fiimm  of  all  the  terms  •  laftly. 
If  the  fumm  fo  found  out  be  equal  to  the  fumra  given  in  the  Propofition  propos’d  ,  then 
that  number  or  value  of  T  by  which  the  Proof  was  made  Oiall  be  the  true  number  of 
terms  fought.  But  if  the  Proof  will  not  fucceed  to  find  out  a  number  equal  to  the 
fumm  firjfl  given ,  then  the  other  value  of  T  is  the  number  of  terras  fought;  which  will 
be  evident  by  the  Proof  made  therewith  in  the  fame  manner  as  before. 

From  the  premilTes  there  arifes  this 

CANON. 

6.  From  the  Square  of  the  fumm  of  the  laft  (  to  wit,  the  greateft  )  term,  and  half  the 
common  difierence ,  fubtradl  the  double  of  the  Produft  of  the  multiplication  of  the 
fumra  of  all  the  terms  by  the  common  difference ;  divide  the  Remainder  by  the  Square 
of  the  faid  difiFerence  ,  and  extraft  the  fquare  Root  of  the  Quotient.  That  done,  add 
the  faid  fquare  Root  to  the  Quotient  which  arifeth  by  dividing  the  fumm  of  the  lafi: 
term  and  half  the  common  difference  by  the  difference  it  felf,  and  alfo  fubtraff  the  faid 
fquare  Root  from  the  faid  Quotient ;  fo  the  Summ  ,  or  elfe  the  Remainder  (  viz.  fuch 
of  them  which  according  to  the  preceding  fifth  flep  will  be  found  to  agree  with  the 
things  given  in  the  Propof.')  fhall  be  the  number  of  terms  fought. 

This  Canon  may  be  exemplified  by  the  three  following  Progre/lions  •  in  the  firff 
of  which  the  greater  of  the  two  values  of  T  (  in  the  fourth  ffep  )  is  the  number  of 
terms  fought ;  but  in  each  of  the  two  latter  Progreflions  the  leffer  value  of  T  is  the  num¬ 
ber  of  terras  fought. 


22 


12, 


I . 


PROP.  XIX. 

X  i  Z  are  given  feverally  j 
cc  is  fought. 


By  the  Canon  Prop.  10. 


RESOLVriON. 

••  •••  • 


2Z_-  2Tct- 


TT-T 

— 2T«  =  TTX 


4. 


in 


Therefore  multiplying  each  part  of  that  Equation? 
by  TT  —  T,  this  will  be  produced  ,  towit,  . 

In  which  laff  Equation  all  things  are  known  but 
whofe  value  after  due  Reduftion  of  that  Equation* 

will  be  found  our ,  viz.  .  . . 

Which  in  words  gives  this 

'CANON. 

Divide  the  given  fumm  of  all  the  terms  by  the  given  number  of  terms ,  to  the  Quotient 
add  half  the  given  difference  of  the  terms ,  and  from  the  lumm  of  that  addition  fubtratt 
half  the  Produdf  of  the  multiplication  of  the  faid  number  of  terms  by  the  common 
difference;  fo  fhall  the  Remainder  be  the  firft  (  to  wit,  the'leaft  )  term  required. 

This  Canon  may  be  exemplified  by  fhe  following  (or  any  other)  Series  of  numbers 

Arithmetical  Ptogreffi'on  continued  :  -  *  ■ 


12 


17,  22  , 


27,  32. 


PROP. 


/ 


Ch, 


p.  17. 


concerning  Arithmetical  Frogreffion. 


33 


PROP.  XX. 


I. 


^  ^  5  ^  ^  ^  3ie  given  feverally  . 

Z  &  is.  fought.  ’ 
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•  •  •  •  .  ^ 


aTo.- 

-2Z 

TT- 

_  T  — 

2Ta>  —  2Z 

=:  TTX 

-TX; 

a  —  ^  1 

-  iTX  ~ 

-jx. 

2.  By  the  Canon  of  Vro^  16 . 

3.  Therefore  muhiplying  each  part  of  that  Equation? 
by  TT  —  T,  this  will  be  produced,  to  wit ,  . 

q.  In  which  laft  Equation  all  things  are  known  but  a», 
whofe  value,  after  due  Reduaion  of  that  Equation’^ 
will  be  difeovered  ,  viz . 

Which  in  words  gives  this 

CANONT. 

5.  Divide  the  given  fumm  of  all  the  terms  by  the  given  number  of  terms .  m  ,1.. 
Quotient  add  halt  the  Produft  of  the  multiplication  of  the  number  of  term’s  bv  the 
c^mon  d.fFerence  given,  and  from  the  fumm  of  that  Addition  fubtraft  half  the  fahd 

difference,  the  Remainder  (hall  be  the  laft  (to  wit,  the  greateft)  term  fequirT  ^ 

ArSeSTprog^effmn'rtS^''^  ■" 

2.,  S  ■,  8,  II,  14^  17,  20. 


S«efiio»s  to  cxercife  fame. -of  the  Camas  of  the  preeediag  Propojiiiosu. 

^efi.  I .  Soppofe  40  Stones  be  fo  placed  in  a  (Ireight  line;  that  the  firft  is  diftanr  froH 
a  Basket  one  yard,  rhe  fecond  two ,  the  third  three,  and  the  reft  in  the  fame  exceft' now 
if  feme  Foot-man  undertakes  to  go  from  the  Basket  to  fetch  into  it  every  Stone  on'eaS 
another,  how  many  Yards  muft  he  go  to  perform  that  Work  ?  AnCw.  iLo  YaT 
Forafrriueh  as  tbe  Foot- man  muft  go  2  Yards  (to wit,- one  forwards,  and  the  fame 
backwards , )  to  fetch  the  firft  Stone  into  the  Basket;  4  Yards  for  the  fecond  •  ^  fo/ T 
third ,  &c.  here  is  an  Arithmetical  Progreflion  continued  whofe  6rft  (or  leafth  rem, 
the  common  difference  of  the  terms  is  alfo  2  ,  and  the  number  of  terms  is  40  •  therefore 

Ae  fumm  of  all  the  terras,  to  wir,  the  number  of  Yards  fought  will  be  found  tslo  bv  Z 
Canon  of  the  preceding  eighth  Prop.  i,  »  ^  ’  oytne 

-r  a'  Foot-men  ,  A  and  B,  depart  at  the  fame  time  from  Lndm  towards 
and  travel  in  this  manner  viz.  A  travetleth  8  (or  O  Miles  every  day  .  TIZ 
veDeth  i  Mile  the  firft  day,  2  Miles  the  fecond  day,  3  Miles  the  third  day,  and  fo  forward 
travelling  everyjday-  one  Mile  more  than  in  the  day  next  preceding :  the  Queftion  is  m 

-X'.ri;£s/  ^ .>■  “ ts 

RESOLVTIOm  ‘ 

1.  For  the  number  of  days  that  R  had  travelled  when  he  overtook  A  put  b 

2.  Then  to  find  how  many-  Miles  B  had  travelled  when  he  over- , 
took  A ,  there  is  an  Arithmetical  Progreflion  continued  wherein  I 
the  firft  and  leafttermis  i,  (to  wit,  i  Mile  which  B  travelled  the 
firft  day,)  alfo  the  common  difference  is  i,  (for  the  Queftion  faith  | 
that  B  travelled  every  day  i  Mile  more  than  in  the  day  next'pre- 
ceding,)  and  the  number  of  terras  is  a,  (  which  we  affumed  for  the 
number  of  days  that  B  had  travelled  when  he  overtook  A ;)  there¬ 
fore  the  fumm  of  all  the  terms  (  or  number  of  Miles  that  B  had 
travelled)  will  by  the  Canon  of  the  preceding  Prop.S.  be  found  to  bej 

3.  And  becaufe  A  travelled  8  (or  c)  Miles  dayly,  and  had  travelled 

the  fame  number  of  dayes  as  B  when  B  overtook  A  therefore 
8  (  or  )  multiplied  by  a  produceth  the  number  of  Miles  that 
A  had  then  travelled  •  to  wit . . 


-aa 


H- 


a 


ca 


4.  But 


»34 
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4  But  when  B  overtook  ji  ,  each  had  travelled  the  ^  1  —  ra 

Miles;  therefore  the  numbers  found  out  inthetwolaft  fteps  _  ca 

be  equal  the  one  to  the  other,  viz.  . . ^  ^  , 

5.  Which  Equation  after  due  Reduaion  gives . .  4_-2c  —  i 

Which  in  words  is  this 

From  the  double  ot  the  number  of  Miles  that  A  travelled  dayly,  fubtraa  1  (or  Unity,) 

fnniall  the  Remainder  be  the  number  of  dayes  fought.  ,  .  n  ro-  ^ 

^  When'ethe  number  of  dayes  required  «ill  befound  .5,  for  the  double  of  8  ,s  r« 

from  which  fubtraaingi,  the  Reinainder  I  <  is  the  number  of  dayes  fought  i  B  will 

overtake  A  at  the  end  of  1 5  dayes  j  as  will  be  evident  by 

The  Proof.  ' 

If  , ,  he  the  number  of  terms, and  i  the  fithCor  leaft)term,  as  alfo  the  common  difference 

ofthetermsof  an  Arithmetical  Progrelfion  continued  ,  the  fumm  of  alUhe  terms  will  (  wr 

Canon  of  Prov.  8.)  he  found  i  ao ,  being  the  number  ot  Miles  which  5  had  travelled  in 
,rdaves  (-according  to  the  Progreffion  of  i  Mile  the  firft  day,  a  Miles  the  fecond, 

5  MileLhe  third,  ^c.)  Alfo,  A  travelhng  8  Miles  every  day,  would  in  ij  dayes  have 

travelled  120  Miles.  Therefore  the  conditions  in  the  Q^eftion  are  fatisned. 

A  Merchant  difeharged  a  Debt  of  1 370 /.  by  fcveral  Payments  made  in 
this  4hner,  viz.  the  firft  payment  was  i  i  /.  the  fecond  payment  exceeded  the  firft  by  j  l. 
Ihe  Eilird  exceeded  the  fecond  by  the  fame  excefs ,  and  the  reft  of  the  payments  m  like 
manner.  The  Queftion  is,  to  find  how  many  Payments  the  Merchant  made  in  difcharg  ng 

the  faid  Debt?  Anfrv.  1 1  o ,  found  out  thus :  r  a  •  1 

There  is  given  in  the  Queftion  1 1 ,  to  wit,  the  firft  and  lead  term  of  an  Arithmetical 
PiGsreffion  continued  .  alfo  ^  the  difference  of  the  terms ,  and  1370  the  fumm  of  all  the 

terms,  to  find  the  number  of  terms,  which  (  by  Canon  i  ,oi  the  foregoing  Pr.f.  12.  of  this 

Chaft.)  will  be  found 


I  20. 


ner 


4.  If  a  Debt  of  1 370  /.  was  difeharged  by  fevcral  Payments  made  in  fuch  man- 
th^t  the  fecond  payment  exceeded  the  firft  by  ^  1.  the  third  the  fecond  ,  the  fourth  the 
third  &c.  in  the  fame  excefs,  viz.  every  following  payment  exceeded  the  next  prece  mg 
by  i  I  and  that  the  laft  payment  was  2  if  1.  What  was  the  firft  Cjo  wit,  the  leaft  )  ' 

men? ,  and  how  many  feveral  Payments  did  the  Debitor  make  ?  Anfw,  The  firft  and  lead 
Payment  was  ifA  (  found  out  by  Canon  2.  of  Prop.  17.)  and  the  number  of  Payments 
was  120  ,  found  out  by  the  Canon  of  Prof.  18. 

^Hed.  5.  A  Foot-man  travelled  124  Miles  in  8  dayes  at  this  rate,  The 
fecond  daves  journey  exceeded  the  firft  by  3  Miles ,  the  third  the  fecond  by  3  Miles,  and 
fo  forward  in  that  excefs ;  How  many  Miles  was  his  firft  dayes  journey  ,  and  how  many 
his  laft  ?  Anfw.  and  2  6  Miles  j  found  out  by  the  Canons  of  Prof  .  1 9  and  20. 

9He(l.  6.  A  Draper  bought  20  Clothes  for  20  Crowns  a  piece,  and  fold  the  firft 
Cloth  for  a  certain  number  of  Crowns  •  the  fecond  for  two  Crowns  more  then  the  firft ; 
the  third  for  two  Crowns  more  than  the  fecond  ;  and  fo  by  incrcafing  the  price  or  every 
following  Cloth  by  tWo  Crowns  more  than  the  next  preceding  Cloth ,  he  fold  the  laft 
Cloth  fof  41  Crowns.  It  is  defired  to  find  the  number  ot  Crowns  for  which  he  fold 
the  firft  Cloth  ,  and  what  he  gained  or  loft  by  all  the  Clothes.  ^ 

This  Qiieftion  implyes  an  Arithmetical  Progreftion,  whofe  number  ot  Terms  is  lo  ; 
the  common  difference  of  the  Terms  is  2  ;  and  the  laft  Term  is  41  :  therefore  by  the  Ca¬ 
non  of  Prof.  I  3.  of  this  Chapt.  the  firft  and  leaft  Term  will  be  found  3  ;  and  then  by  the 
Canon  of  Prcp.u  (  or  by  the  Canon  of  Prof.ir^.)  the  fumm  of  all  the  Terms  will  be 
found  440.  Whence  "tis  manifeft  that  the  Draper  gained  40  Crowns  by  the  20  Clothes  5 
for  he  bought  them  for  400  Crowns ,  and  fold  them  for  44°* 

7.  One  diftributed  456  Pence  among  a  certain  number  of  poor  perfons 
in  thismanner,  viz.  To  the  firft  he  gave  6  Pence,  to  the  laft  51  Pence  j  the  number  ot 
Pence  given  to  the  fecond  exceeded  that  given  to  the  firft,  the  third  the  fecond ,  and  fo  for¬ 
ward  tffthelaft  by  an  equal  excefs.  Tho  Q^ftion  is,  to  find  how  many  poor  perfons 

there  were  •  and  how  many  Pence  every  one  between  the  firft  and  laft  received? 

*  ”  To 


Chap.  1 7.  ^  concerning  Arithmetical  Frogreffion, 

To  folve  this  Queftiorij  an  Arithmetical  Progrc/fion  mufl:  be  conceived,  whofe  firfl  Telttl 
is  6  •  the  laft  Term  is  51  ;  2nd  the  fumm  of  all  the  1  erms  :  then  by  the  Canon  of 
the  number  of  Terms  will  be  found  16;  and  by  the  Canon  of  Fr/p  6.  the  com. 
raon  difference  ot  the  Terms  will  be  found  3  •  wherefore  there  were  i  <5  poor  oerfons  •  and 
irthisAmhcnetlcalProgreffion  towit,  «;  p’,  be  continued  to fhelS  VeTm 

inclufive.  It  Will  iliew  the  number  of  Pence  which  every  one  of  the  poor  perfons  received  * 
and  all  thofe  16  Terms  or  numbers  being  added  together,  make  the  given  fumm  456.  * 

8.  A  Stationer  fold  7  (ore)  Reams  of  Paper,  the  particular  prices 
whereoi  were  certain  numbers  of  Shillings  in  Arithmetical  Progreffion  -  the  price  ot  the 
fecond  Ream  ,  that  is,  of  that  next  above  the  cheapell ,  was  8  (or  i)  Shillings .  and  the 

price  of  the  laft  or  deareft  Ream  was  a;  (  or  c )  Shillings :  what  was  the  price  ot  cacti 
Keam :  ‘ 

RESOLVnON. 


1.  For  the  price  of  the  cheapefl:  or  firft  Ream  put  }> 

2.  Then  becaufc  the  price  of  the  fecond  Ream  was  8, 


a 


a 


■a 


■d 


(or  ^,)  therefore  by  fubtrading  a  from  8,  (or 
there  remains  the  common  difference  of  the  Termsi 
of  the  Progreflion ,  viz  ...  .  .... 

Then  by  the  help  of  the  leafl:  Term ,  the  common 
difference  of  the  Terms,  and  the  number  of  Terms,< 

Peek  (  by  the  Canon  of  Prep  7.  of  this  Chapt. )  the( 
lafl:  and  greateft  Term  ,  which  will  be  found 

ariSh "  5  (  or  r.)  hence  this  Equation 


4S ' —  5^ 


.  .  * 

2  a - f  4  -j-  f  ^  ^ 


48—5^  =  23 


Or, 


2  a  —  th  —  ^  Co 


From  which  Equation  after  due  Redudion  this  arifeth ,  viz, 

5  =  —  y  '—-c 


a  — 


Which  in  words  is  this 


C  J  NON. 


From  the  Produa  of  the  pr|ce  of  the  fecond  Ream  of  Paper  ( to  wit ,  of  that  next  abbye 
the  cheapen  )  mu.tiplied  by  the  number  of  Reams,  fubtraft  the  fumm  of  the  prices  of  the 
fecond  and  lali  Reams ;  then  divide  ihe  Remainder  by  theexcefs  of  the  number  of  Reams 
above  2  :  fo  ihall  the  Quotient  be  the  price  of  the  firit  (or  cheapeft)  Ream. 

_  Whence,  by  the  hdp  of  the  numbers  given  in  theQueftion,  thefe  loliowing  numbers 
in  Arithmetical  Progreffion  will  be  difcovercd,  which  folve  the  Queftion  viz  ?  8  i  r  ' 
14,  i7>  20,  23.  ^  >  5  , 

9,  One  being  asked  what  were  the  fevetal  ages  of  his  five  (  or  r )  Children  ' 
anfwered,  that  the  age  of  the  eldefl  exceeded  that  of  the  fecond  by  2  (  or  .v  )  years  •  and 
by  the  fame  excels  the  fecond  exceeded  the  third,  the  third  the  fourth,  the  fourth  the 
fifth  or  youngeR  Childs  age  ;  and  it  the  age  of  the  eldeR  Child  were  multiplied  by  the 
age  ot  the  youngeft  it  would  produce  1 2  8  (  or  c  )  years.  It’s  defired  to  find  out  the 
age  ot  every  one  of  the  five  Children. 

The  numbers  fought  by  the  Quefiion  are  in  Arithmetical  Progreflion. 

RE  S  O  LVT 10  N. 

1.  For  the  age  of  the  youngefl:  Child  (being  the  leaR  2 
Term  of  the  Arithmetical  Progrefiion  in  the  Que-C 

put . 

2.  Then  by  the  help  of  4,  x  and  r,  viz.  the  age  of  the 

youngeft  Child ,  the  common  difference  of  their 
ages ,  and  the  number  of  Children ,  feek  (  by  thef 
Canon  of  Prop.'j,  of  this  Chapt-  )  the  age  of  the|^ 
eldeft,  that  is,  the  greateft  Term  of  the  Progreflion, ' 
fo  you  will  find . .  , 

3.  Therefore  the  Produtft  of  the  multiplication  of  the? 
firftandlaft  Terms  of  the  Progreflion  is  .  .  .J 


4 


8 


44  84 


a 


-\-tx 


'X 


44 


'  txa  —  xa 
4.  Which 


I 


Kefolution  of  Quejilons  ^  S^c,  Book  I. 


t 


4.  Which  Product  niuft  bs  equal  to  128  (or  Cj)  the  Produft  given  in  the  Queftiorij  hence 
this  Equation  ,  viz.  aa-\-^'ia  =:  128  5  Or  aa-\~txa — xa  =  c. 

5 .  Wherefore,  by  refolving  the  laft  Equation  according  to  the  Canon  in  Seli.  6.  Chap,  i  y* 
the  value  of  a  ,  that  is ,  the  age  of  theyoungeft  Child  will  be  difcovered ,  viz.. 

_  o  _  V:  ttxx  —  ^txx  -|-  xx^\~.4c  :  —  tx  —  x 


2 


their  ages  fubtradl  the  faid  difference  •  then  to  the  Square  of  the  Remainder  add  four  times 
the  Product  of  the  age  of  the  eldefl  Child  multiplied  into  the  age  of  theyoungeft,  and 
extract  the  fquare  Root  of  the  furam  of  that  Addition :  then  from  the  faid  fquare  Root 
fubtraCf  the  Produdl  of  the  common  difference  of  their  Ages  multiplied  into  the  excefs  of 
the  number  of  Children  above  Udity  .  fo  the  half  of  the  Remainder  fhall  be  the  age  of 
the  youngefl  Child. 

Whence  thefe  five  numbers  are  difcovered,  viz.  8,  ic,  i  2, 14, 16  ;  which  fhew  the 
number  of  years  expre/fing  the  age  of  every  one  of  the  five  Children  :  for  the  Produdt  of 
the  fiiff  and  laft  numbers  is  128,  and  the  common  difference  is  2  ,  as  was  required, 

10.  If  the  fumm  of  6  (or  t  )  numbers  or  Terms  in  Arithmetical  Progreftion 
be  48  (or  z,')  and  theProdud  of  the  common  difference  multiplied  into  the  leaft  Term 
be  equal  to  the  number  of  Terms ;  what  are  the  numbers  of  that  Progreftion  ? 


RESO  LVT  ION-. 


1.  For  the  common  difference  of  the  Terms  put  )> 


2,  Then  according  to  the  condition  in  the  Queftion, 
if  the  number  of  Terms  be  divided  by  the  common 
difference,  the  Quotient  is  the  leaft  Term,  to  wit, 


t 


a 


3.  Now  by  the  help  of  the  common  difference,  the" 


leaft  Term,  and  the  number  of  Terms  ,  feek  (by  theC  1  7^ 
eighth  Prop,  oi this  Chapt.)  the  double  furam  of  allf  ^  a 


a 


the  Terms,  fo  you  will  find . N 

4.  Which  double  fumm  muft  be  equal  to  twice  48 ,  the  fumm  given  in  the  Queftion* 
hence  this  Equation  arifeth  ,  viz. 


a 


That  is,  i  I  —  ta 


y.  which  Equation  duly  reduced  gives 


5  ; 
2t 


t  —  I 


6.  Wherefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sell,  1 0,  Chap.  1  y.^ 
the  two  values  of  a  will  be  found  thefe,  viz. 


z  \/ ;  zz  -  —  2ttt  —  itttt 


2 


tt  —  t 


z —  —  2tttt 


7.  Each  of  which  values  of  4,  to  wit,  2  and  f  may  be  taken  for  the  common  difference 
fought.  Then  becaufe  6  is  preferibed  in  the  Queftion  for  the  Produd  of  the  leaft 


Term  multiplied  into  the  common  difference  ,  let  6  be  divided  by  the  faid  2  and  f 
feverally,  and  the  C^otients  3  and  5  ftiall  be  the  two  leaft  Terms  of  two  Arithmetical 
Progreftions,  each  of  which  will  folve  the  Queftion  :  And  therefore 
The  fix  numbers  fought  may  be  either  thefe ,  J>  3,  5,  7,  p,  n,  13. 

Orthefe  . 

In  each  or  whiop  Progreftions,  the  number  of  Terras  is  6  5  the  fumm  of  all  the  Terms 
is  48  ;  and  the  common  difference  multiplied  by  the  leaft  Term  produceth  the  number 
of  Terras.  Which  was  preferibed  in  the  Queftion. 


'The  end  of  the  Firji  BOOK* 
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Concerning  the  Cenefis  or  poduBion  of  Powers  ^  from  Roots 

Binomial y  Trinomial^  See, 

i 

Shall  take  it  for  granted ,  that  the  Reader  of  this  Second  Book  of 
Algebraical  Elements  is  well  exercis’d  in  the  Firfl: ;  and  therefore 
without  making  any  repetition  of  what  hath  been  there  explain’d  at 
large,  I  fhall  proceed  to  the  handling  of  new  matter  in  this  myfterious 
Art.  Firft  then ,  ForafmuCh  as  the  extra£tion  of  Roots  is  undoubtedly 
the  hardeft  leflfon  in  Vulgar  Arithmetick,  and  the  reafon  of  the  Rules 
.  delivered  in  moft  Treatifes  of  Arithmetic)^  for  extrafting  the  Square 

and  Cubick  Roots  is  known  but  to  few  praaical  Arithmeticians,  I  lhall  explain  what 
our  learned  Divine,  and  famous  Mathematician ,  Mr.  William  On^htred ,  hath  fuccindly 
delivered  upon  this  fubjea  in  the  twelfth,  thirteenth  and  fourteenth  Chapters  of  his  incom¬ 
parable  Clavii  Mathematics  j  to  which  end ,  in  this  and  the  following  fecond  Chapters,’ 
I  (hall  firft  Ihcw  the  Genefis  or  produdion  of  Powers,  from  Roots  binomial,  trinomial,  &c\ 
and  then,  in  the  third  and  fourth  Chapters,  their  Analyfis ;  or  the  extraftion  of  the  Root 
or  Side  out  of  any  given  Power,  whether  it  be  exprefs’d  by  number  or  letters. 

II.  U  i  Line  or  number  be  divided  into  any  two  parts ,  fuppofe  a  the  greater ,’  and 
e  the  lefter ,  thefe  connedred  by  the  fign  -j-  or  —  do  conftitute  a  bftiomial  Root ,  as 

or  the  latter  of  which  fome  call  a  refidual  Root  ,  becaufe  it  imports 

a  Remainder,  viz.  the  difference  of  the  two  Names  or  parrs  of  the  Root.  In  like  manner 
thefe  Compound  quantities,  . r  ;  a — -  h —  c-  and  the  like  ,  may  be  called  tri¬ 

nomial  Roots,  becaufe  each  of  them  confifts  of  three  Names  or  parts :  and  a  -j-  h  'j—  c  *-(-  d 
a  tjuadrinoraial  Root,  that  is,  a  Root  confifting  of  four  parts  ;  and  fo  of  others. 

I I I.  From  a  Root  binomial ,  trinomial ,  C^c.  Algebraical  Powers  may  be  produced 

in  like  manner  as  from  a  limple  Rooc,,w^.  by  a  continued;  multiplication  of  theRoot 
into  ft  felf:  As,  for  example.  The  binomial  Root  <*--{— e  being  multiplied  by  it  felf, 
that  is,  a-\^ehy  produceth  aa^\-iae’\^ee  the  Square  of  a-\-e.  Againyl 

If  the  Square  be  multiplied  by  its  Root  the  Produd  win  be 

jaae--\-iaee^\-€ee  ^  which  is  the  Cube  of  theRoot  and  if  the  faid  Cube 

be  multiplied  by  its  Root  e,  it  will  produce  the  fourth  Power ;  and  fo  you  may  proceed 

to  find  a  fifth  ,  fixth  ,  or  what  Power  you  pleafe  from  the  binomial  Root  a  -J-  e.  Rut 

for  the  greater  evidence  view  the  following  Operation.  , 

S  Binomiat 
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The  produBion  of  Fowers 


Book  IL 


Binomial  Root ,  .  a  e 

a  -j-  e 

aa  •-[-  ae 

-j-<  ae  ee 


Square  , 


Cube , 


aa  --j-  2  ae  -[-  ee . 
a  e 


-  laae  aee 

-  aae  -(-  ^  aee 


aaa  -j-  "^aae  -j-  3  aee  eee . 

^  -j-  ^ 

aaaa^  "^aaae  ~\- '^aaee aeee 

-j-  aaae  -[-  ■^aaee^  ^aeee-\-^  eeee 


Biquadrate ,  ,  .  aaaa  -j-  a^aaae  6aaee  -[-*  ^aeee -j-  eeee . 

'After  the  filme  manner ,  if  the  Refidual  Root  a  —  e  be  multiplied  by  it  felf,  the  Pro¬ 
duct  will  ht  a  a  —  lae-^  ee  the  Square  of  a  —  e.  Again  ,  if  the  Square  aa  —  2ae<-\~  ee 
be  multiplied  by  its  Root  a  —  e,  the  Produd  wiU  be  aad  —  ^aAC  -^'^aee  —  eee ,  which 
is  the  Cube  of  the  Root  a'- —  e.  And  fo  you  may  proceed  to  find  a  fourth,  fifth,  or  what 
Power  yon  pleafe  from  the  refidual  Root  a  —  e  j  view  the  following  Work, 

Refidual  Root,  .  a  —  e 

a  —  e 


*  aa  —  Ae 

—  ae  -f-  ee 

Square ,  *  .  i  aa  —  :ae^\-^ee . 

a  —  e 

aaa  — >  2  aae  -I—  aee 

■ —  aae  -}-*  2  aee  —  eee 

Cube  ^  .  aaa  —  ^aae -]->  ^aee  —  eee, 

a  —  e 

aaaa  ~  ^aaee  —  aeee 

*  —  aaae  3  a  aee  —  3  aeee  eeee 


Biquadrate ,  .  .  aaaa  —  a^aaae  -j-*  6aaee  —  /{aeee  eeee . 

m 

I 

By  thofe  two  Examples  it  is  manifeft  ,  that  the  Powers  from  the  Refidual  Root  a  —  e 
diffb  only  in  the  figns  and  — ■  from  like  Powers  formed  from  the  Binomial  Root 
tor  in  every  Power  of  a  refidual  Root,  the  figns  prefixt  before  the  parts  or 
members  of  the  Power  are  alternately  and  —  ;  vi^z.  the  greateft  or  firfi:  member 
is  affirmative  ,  the  fecond  negative ,  the  third  affirmative ,  the  fourth  negative ,  and  fo 
forwards ;  as  you  may  fee  in  the  Cube  of  4  —  e,  where  aaa  the  greateft  extreme  member 
is  affirmative ;  the  next  number  in  order  being  . —  3  aae,  is  negative  ;  the  third  member 
A-'^Ace  is  affirmative,  and  the  laft  (  to  wit,  the  leaft)  member  — eee  is  negative.  But 
in  every  Power  produced  from  a  binomial  Root  whofe  parts  are  connefted  by  as  a  A-' 
all  the  members  of  the  Power  are  affirmative, 

* 

IV.  If  according  to  the  confiruftion  in  the  laft  preceding  Seftion ,  a  Scale  or  Rank ' 
of  Powers  be  formed  from  a  binomial  Root,  as  from  aA~^  the  members  of  each 
Power  to  the  tenth  inclufive ,  will  be  fuch  as  you  fee  in  the  following  Table ,  where  the  two 
laft  Powers  are  compendioufly  expreft  according  to  Cartefim  his  way. 

.  A  Table 


Chap.  I. 


A  Table  of  Powers,  produced  from  the  Bifaomial  Root  a-i~ 


The  Root. 


^  S  ^ 

uj  w  .  /TN 

JJ  ^  ^  S  gJ  ’ 

$  3k 

• 

Jk  5  3r  ^ 

•  » 

*V  ^  n  0  ^  • 

§  1  £  S  1  1  u 

1  1  ^  ^ 

■  -  - ^..  ■  f 

/t 

M  w  „  4 

S5|&§|S®> 

H  5  ^  $  5ik 

/y* .  /•  * ».  T 

^  ^  ^  ^  ^  ^  ^ 

*»  1  r»  ,  <> 

> 

1 

G«  _ 

^00^0  Ovoos^  ^ 

i 

JN 

'O  ^ 

oo 

^4k^^4kCNVO 

5k  ^  3i  o\  -4  M  'O  'O 

G\  Ck  M  Vk 

o 


o 


O  tJ  O 

sk  St 

^  o 

^ 


o 

3k 

V. 


vy» 

3k 

x> 

«» 


o 

3k 


IM 

»  o 


^  V.  By  the  foregoing  Table  it  is  evident,  that  the  Square  of  44-.  confifts  of 

4.  ^  I4f  4-  «  i  which  fhews,  that  if  a  number  be  divided  into  anv  two  oam  ih,  Co  ' 
of  that  number  Iball  beMual  to  the  Squares  of  the  parts ,  and  to  mice^hepioiua  made 

As.lfrabedividedintottdt 


•  •  •  • 


The  Square  of  i  o  is  , 

The  produft  of  lo  multiplied  by? 

2  is  20 ,  which  doubled  makes \  * 

•  The  Square  of  2  is  . 


•  • 


•  •  • 


100 

40 

•  4 


44 

zae 

ee 


Which  three  numbers,  to  wit,  100,  40  and  47”  .  ,  ; 

added  together,  make  the  Square  of  i  z,  ^  44  ~  44  tae  -j-  ee . 

Ron"  4  4-. ""nfifts  of  fh^'r  h’’' 

uoor  4  j-  tf  comiltsor  the  Cubes  of  the  names  or  parts  of  the  Root  a  and  ^ 

made  by  the  multiplication  of  the  Square  of  the  greater 
part  a  into  the  leffer  part  dr,  and  the  triple  of  thefolid  Produa  made  by  the  raultioli- 

bVr  ^  the  Square  of  the  leffer  part  e.  This  may  be  illuftra^ted 

by  numbers  thus;  Suppofe  12  to  be  divided  into  10  and  2 ,  which  may  (a 

§  2  The 


! 


/ 
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The  Cube  of  lo  is  ...  ,  .  . 

The  Square  of  lo  is  i  qo,  which  multi- ^ 
pled  by  2  produceth  200 ,  this  tripled^ 

makes  v 

Again ,  10  multiplied  by  4  Square  ^ 
of  2  ,  produceth  40  ,  the  triple^ 
whereoi  is 
The  Cube  of  2  is 


.  ^120 


Which  four  numbers,  1000,500, 120? 

and  8  ,  added  together  make  the  Cube  of>  1728  = 

12  (or  12  X  12  X  12  ,)  that  is j  , 

After  the  fame  manner ,  the  reft  of  the  Powers  in  the  Table  might  be  expreft  bywords. 
Whence ’tis  evident  that  this  Literal  method  difeovers, many  properties  in  Powers ,  which 

in  Numeral  calculations  do  lie  in  obfeurity.  ,  , 

VI.  Moreover,  by  a  bare  infpeftion  into  the faid Table  it  may  be  perceived,  that 
the  number  prefixt  to  every  one  of  the  mean  members  of  every  Power  produced  from  the 
binomial  Root  is  compofed  of  the  two  numbers  prefixt  to  the  next  fuperiour  and 

inferiour  members  of  the  next  preceding  Power :  As  for  example  5  if  you  conceive  the 
line  upon  which  344^  is  fetto  be  continued  forth  at  length,  it  will  pafs  between  44,  that 
laa,  and24eintheforegoingfecondPower(orSquare})nowI  faythatthenuinber  3 


IS 


prefixt  to  aae  is  the  fumm  of  1  and  2  the  numbers  prefixt  to  44  and  4e.  Likewife 
the  number  6  prefixt  to  aaee  one  of  the  members  of  the  fourth  power ,  is  compofed  of 
a  and  3  the  numbers  prefixt  to  44e:  and  in  the  third  Power.  Again,  the  number  ly 
prefixt  to  aaxaee  in  the  fixth  Power,  is  the  fumm  of  T  and  lo  the  numbers  prefixt  to 
Maaae  and  aaaee  in  the  fifth  Power.  Hence  a  Table  may  be  made  to  fliew  what  numbers 
are  to  be  prefixt  to  the  mean  members  of  every  Power. 


For  the  Square. 


3.3.  For  the  Cube. 


4.6.4  fourth  Power, 

j  .  10  10  ,  5  For  the  fifth  Power. 


6  .15.  20.  ly.  6  ■  For  the  fixth  Power. 


7  .  21  .  3y 


.35  .21  .'7  For  the  fevenih  Power. 


8  .  28  .  5*6  .  70  .  56  .  28  .  8  For  the  eighth  Power. 


9  .  36  .84  .  126  .  126  .  84  .  36  .  9  For  the  ninth  Power. 


16  .  45  .  120  .  210  .  252’  .  210  .  120  .  45  ,  10  For  the  tenth  Power. 


B 


C 


In  this  Table ,  the  numbers  from  A  to  B  ^  and  likewife  from  A  io  C  y  Ao  proceed 
from  2  in  an  Arithmetical  Progreftion  having  i  (  to  wit ,  Unity  )  for  a  common  dif¬ 
ference  ;  and  every  one  of  the  mean  numbers  ftanding  between  the  fame  Terra  of  each 
Progreftion ,  is  compofed  of  the  two  numbers  which  ftand  next  above  each  mean  number 
refpeAivcly:  As,  6  which  ftands  between  4  and  4,  is  the  fumm  of  3  and  3  v;hich 
ftand  above  and  on  each  fide  of  6 ;  likewife  10,  which  is  fet  between  5  and  s  ,  is  the 
fumm  of  6  and  4  which  ftand  above  10 ;  and  fo  of  the  reft.  So  that  this  Table  may. 
be  eafily  continued  farther  at  pleafure. 

VII.  Any  Power  of  a  Binomial  or  Refidual  Root  expreft  by  letters ,  may  without 
a  continued  multiplication  of  the  Root  into  it  felf  be  eafily  formed  by  the  following 
method,  which  is  deduced  from  the  premifes,  Suppofe  the  fifth  Power  of  the 

-  -  -  -  binomial 


I 


Chap. 


a. 


from  a  Binomial  Koot, 


4» 


binomial  Root  be  defired  ;  Firft  ,  1  write  all  the  firople  Powersoft,  defcendin^ 

orderly  from  the  fifth  Power  downwards  to  the  Root  4  ;  as  J 

and  4 ,  as  here  you  lee  in  the  nrit  Columel  i  then  to 
all  thofe  Powers ,  except  the  uppermofi  aaaaa,  I  joyn 
fuch  fimplc  Powers  of  e,  that  the  fiimm  of  the  in¬ 
dices  of  both  Powers  may  <  make  $ ,  viz,.  To  4444 


(b 


44444 

4444 


(0 


444 

44 

4 


44444 

4444? 

444?? 

44??? 

4???? 

????? 


(0 


44444 

54444? 

I  0444?? 
1044??? 
5  4???? 
????? 


I  joyn  ?}  to  444,  ??;  to  44,  ???.  and  to  4,  ????j 
then  I  write  ?????  underneath,  fo  there  are  fix  diftinft 
Members  or  Terms,  every  one  of  which  confifts  of 
five  dimenfions ,  as  you  fee  in  the  fecond  Columel  • 
that  done ,  by  the  Table  in  the  foregoing  Se^.  6. 

1  find  that  the  numbers  5,  10,  10  and  5  are  to  be 
prefixt  before  the  mean  members  of  the  fifth  Power ;  and  accordingly  I  fet  5  before  4444? 
10  before  aaaee,  likewife  10  before  44???,  and  5  beiore  4????  •  laftly,  by  prefixing 
orfuppofing  it  to  be  prefixt  before  every  one  of  the  faiB  five  members*  the  fifth  Povver 
of  the  binomial  Root  4  ^-  ?  is  compleated ,  as  you  fee  in  the  third  Columel ,  and  irt 
every  refpef^  agrees  with  the  fifth  Power  in  the  Table  in  the  forgoing  skt.  4.  But  if  the 
figns  4-  and  —  be  alternately  prefixt  before  the  members  of  the  faid  fifth  Power;  according 
to  what  hath  been  faid  at  ih^  latter  end  of  SeSi.  3.  it  will  be  the  fifth  Power  of  the  Rdi- 
dual  Root  4  —  ?. 


VIII.  Lafily ,  from  a  Root  confifting  of  three,  four,  or  any  number  of  parts,  the 
Square,  Cube,  or  any  higher  Power  of  the  Root  may  be  produced  by  a  continued  multi-, 
plication  of  the  Root  intb  it  felf:  As  ,  the  Trinomial  Root  44-  being  multiplied 
by  it  felf,  its  Square  will  be  found  aa-\^2jih^\-‘zac  and  this  Square 

multiplied  again  by  its  Root  4  +  ^  -h  c  produceth  the  Cube  of  the  fame  Root ,  that  U; 
444  +  344^-  344c 34^^4-^(54k-{-..34?c  +  ^^^-J-  '^bbe  -]-???,  After  the 

fame  manner  Powers  may  be  produced  from  a  Root  confifting  of  four,  or  any  number 
of  parts.  And  if  the  conftitution  of  Powers  expreft  by  letters  be  ferioufly  confidered; 
it  will  be  fomc  help  to  difeover  whether  an  Algebraick  quantity  confifting  of  more  than 
three  Members  or  Terms  be  a  perfect  PoWer  of  not ,  and  alfo  give  ibrae  light  to  difeovee 
its  Root. 


Chap.  I  L 

Concerning  the  edmpofttion  of  Fotners  hi  numbers ,  from 

a  Binomial  Root. 


Seft.  I.  Of  the  icompojition  of  a  Square ,  from  d  number  given 

for  the  Side  or  Root, 

i.OUppofe  the  Square  of  the  Root  28  be  defired ;  FirR  write  down  the  Root  iS' 
jlJ  in  fuch  manner  that  there  may  be  fpace  enough  to  fet  one  figure  between  2  and  8, 
and  let  a  line  be  drawn  under  them ;  as  alfo  tvyo  downright  lines ,  the  one  nexf 
after  2  ,  and  the  other  after  8  ,  to  the  end  the  numbers  which  are  to  be  found  out  may 
be  orderly  placed  for  Addition:  then  let  the  Root  28  be  conceived  to  be  divided  into 
thefe  two  parts  2©  and  8,  and  let  4  be  put  for 
the  greater  part,  and  ?  for  the  lelfer.  Now 
forafmuch  as  the  Square  of  44^?  is  44- 1-24? 

4-??,  therefore  the  Square  of  28,  or  of  20 
4-  8  may  be  corapofed  thus ,  viz.  The  Square 
of  20  is  400  (or  44  ;)  the  double  of  20  is 
40  (or  24,)  which  multiplyed  by  8  (or  ?)  pfo- 
duceth  520  (that  is  24?;)  and  the  Square  of  8 
is  ^4  (or  ??;)  laftly  ,  the  faid  three  numbers  400,  320  and  6^  being  let  under  one 

anothe; 
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another ,  in  fiich  order ,  that  units  may  ftand  under  units,  tens  under  tenSj  &c.  and  added 
together  the  fumm  makes  7  84  the  Square  of  the  Root  z  8  .  as  may  eafily  be  proved  by 
muidplying  *8  into  it  felf. 

2.  When  the  given  number  or  Root  whofe  Square  is  defired  confifts  of  three  or  more 
places,  as  47803  ;  Firft,  the  Square  of  the  two foremoft  figures  towards  the  left  hand, 
that  is,  of  47 ,  muR  be  found  out  in  like  manner  as  before  in  the  firft  Example ,  fo  there 
will  ^  produced  2209  for  the  Square  of  47  ^  as  you  fee  in  the  following  Example  2. 
Secondly ,  write  47  in  a  void  place  and  annex  a  cypher  to  it ,  fo  it  makes  470  ,  this 
number  rauft  now  be  eftecraed  a ,  and  8  the  next  following  charafter  of  the  Root  muft 
be  taken  for  e;  and  then  according  to  thefe  values  of  a  and  e,  the  numbers  fignified  by  aa^ 
zacf  and  ee  being  added  together  make  128484  for  the  Square  of  478  ,  (as  you  fee 
here  underneath.)  Where  obferve,  that  to  find  the  Square  of  470,  (  that  is ,  of  4,) 
you  need  only  annex  two  cyphers  to  2209  which  was  before  found  for  the  Square  of  47. 
Thirdiyi  annex  a  cypher  to  478  (  in  a  void  place,)  and  it  makes  4780  for  a  new  value 
of  a,  and  the  next  tollowing  charader  of  the  Root,  to  wit,  o  ,  is  the  new  value  of  ^  • 
then  according  to  thefe  values  of  a  and  e,  the  value  of  aa  -j-*  2ae^ee  is  22848400^ 
'  to  wit,  aa  onlyj  for  c  =  0,  and  confequently  2^e-j-ee  =  o;  fo  the  faid  22848400 
is  found  for  the  Square  of  4780.  Laftly,  by  annexing  a  cypher  to  4780  it  makes 
47800  for  a  new  value  of  a,  and  3  the  laft  figure  of  the  Root  is  the  new  value  of  e; 
Then  according  to  thefe  values  of  a  and  e ,  the  furam  of  the  numbers  fignified  by 
zaCy  and  ee^  makes  2285126809  ,  which  is  the  Square  of  the  faid  given  Root  47803, 
as  may  eafily  be  proved  by  multiplying  the  faid  Root  by  it  felf.  Compare  the  following 
Example  with  the  precedent  dire^lions. 


Example  2.  vf  Sedf.  I. 
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Se^.  I  L  Of  the  compofition  of  a  Cube  from  a  number  given 

for  the  Side  or  Root* 

I.  Let  the  Cube  of  the  Root  28  be  defired:  Firft,  I  write  the  Root  18  in  fuch 
manner  that  there  may  be  fpaee  enough  to  fet  two  figures  betweep  2  and  8  ;  then  having 

drawn  a  line  under  2  8,  and  down-right 

^1 _ Root  propofed.  lines  as  before  in  the  Square,  I  con- 

80C0  AM  ceive  the  Root  28  to  be  divided  into 

20  and  8,  that  is,  a  and  e.  Now 
forafrauch  as  the  Cube  of  a  -j-  e  is 
compofed  of  thefe  four  members, 
aaa^  ^aee  and  eee-^  (  as  appears 
by  the  Table  in  SeSh.  4.  Chaf>.  i .  ) 
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Cube  defired. 


therefore  the  Cube  of  2o^-.8  (that  is,of  28)  may  be  compofed  thus .  inz,.  Firft,  the 
Cube  of  20  k  8000,  that  is,  aM\)  fecondly,  the  triple  of  the  Square  of  20  being 

multi- 


chap*  2. 


from  a  Binomial  ligot> 


43 


multiplied  by  8  produceth  9600  ,  ( that  is,  saae.J  thirdly,  the  triple  of  -o  being 
multiplied  by  the  Square  of  8  produceth  ^840  ,  (  that  is,  fourthly  the  Cube  of 

8  is  51  2,  (that  is,  5)  laftly  ,  the  faid  four  numbers  8000 , 9(^00 , 3840 , 51  2  being 
fet  under  one  another  in  fuch  order  that  units  may  (land  under  units  tens  under  tens  &c 

and  added  together  make  a  1 9^z  the  Cube  of  the  given  Root  28.  ’ 

2.  When  the  given  number  or  Root  whofe  Cube  is  defired  con/iHs  of  three  or  more 
places,  as  28^05  ;  Firfi:,  the  Cube  of  the  two  formofl  figures  ,  that  is,  of  2  8  muff 
be  found  out  in  like  manner  as  before  in  Example  I.  fo  there  will  be  produced  2  i  9 5  2 . 
Secondly ,  write  28  in  a  void  place,  and  annexing  a  cypher  to  it ,  it  makes  280  thii 
number  muft  now  be  cReemed  and  5  the  next  following  character  of  the  Root  muft 
be  taken  lor  then  according  to  thefc  values  of  4  ande,  the  numbers  fignified  by 
Sdocy  ^aee  and  eee  being  added  together  make  23149125-  for  the  Cube  of  285  f  as 
you  fee  in  Example  2.)  where  obferve ,  that  to  find  the  Cube  of  280,  that  is ,  of  ’  you 
nee^  only  annex  three  cyphers  to  21952  which  was  before  found  for  the  Cube  of  28 
Thirdly ,  annex  a  cypher  to  285  after  it  is  fet  in  a  fpare  place ,  and  it  makes  2850  for 
a  new  value  of  4,  and  the  next  following  Chara^er  of  the  Root  ,  to  wit,  o,  is  the  new 
value  of  f  .•  Then  according  to  thefe  values  of  4  and  e  ,  the  value  of  aaa-\~.  344^^^  34^^ 
4-r^is  231491250C0,  that  is,  444  only;  for  and  confequently  2aaeA- 

^aee-\-eee  =  o  ,  fo  the  faid  2  3  1491 2  5000  is  found  for  the  Cube  of  2850.  LaRlv 
by  annexing  a  cypher  to  2850  it  makes  28500  for  a  new  value  of  a,  and  *3  the  laR 
figure  of  the  Root  is  the  new  value  of  e  ;  then  according  to  thefe  values  of  4  and  ^  the 
lumtn  of  the  numbers  fignified  by  444,  344^,  and  eee  makes  23,156436019527, 

28503,  as  may  eafily  be  proved  by  multiplyina. 
direlfon^"^^^  cubically.  Compare  the  following  Example  with  the  pretedenf 
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Root  a 
in  Seci. 


Sed.  III.  of  the  compoption  of  a  Biquad^ate  ,  or  the  fourth  Pomr , 

from  a  number  given  for  the  Root, 

1.  Let  the  Root  28  be  propofed  ,  and  its  Biqnadrate  or  fourth  Power  defircd. 
Firft  I  write  the  Root  28  in  fuch  manner  that  there  may  be  fpace  enough  to  fet 
three  figures  between  2  and  8  ^  then  having  drawn  a  line  under  2  8  ,  and  downright  lines 
as  in  former  Examples ,  1  conceive  the  Root  28  to  be  divided  into  20  and  8,  that  is^ 

and  e  ;  now  forafmuch  as  the  Biquadrate  ,  or  fourth  Power  produced  from  the  Binomial 
'-fe  is  aaaa-^- 4aaae^6aaee-\-‘4aeee~\-eeee,  (  as  appears  by  the  Table 
4.  Chapt.  I.)  therefore  the  fourth  Power  of  20 8 ,  (that  is,  of  28) 

may  be  compofed  thus,  'VizJ 
•>\  8|  Root  propofed.  ,  the  fourth  Power  of 

— — ■  2ois  i5oooo,(thatis4<?^4j) 

fecondly,four  times  the  Cube 
of  20  being  multiplied  by  8 
produceth  256000,  that  is, 
)  thirdly ,  fix  times 
^  j  the  Square  of  20  being  mul- 
ite  delired.  tiplied  by  the  Square  of  8 

produceth  153600,  (that isj 

6aaee ;)  fourthly,  four  times  20  multiplied  by  the  Cube  of  8  produceth  40960,  (that  is,' 
fifthly,  the  fourth  Power  of  8  is  4096,  (that  is,eee^;)  laftly ,  thefumm  of  all 
the  faid  five  numbers,  to  wit,  160000,  256000,  153600,  40960,  and  4096  makes 
614656,  which  is  the  fourth  Power  of  2  8  the  Root  propofed  j  as  will  eafily  appear  by  the 
multiplication  of  2 8  Tour  times  into  it  felf. 

2.  When  the  given  number  Or  Root  whofe  fourth  Power  is  defired  confifts  of  three 

places,  as  2  8  5  ;  Firft ,  the  fourth  Power  of  the  two  foremoft  figures  2  8  muft  be  found 
out  in  like  manner  as  in  Example!,  of  ihis5^^.  fo  there  will  be  produced  614656  for 
the  fourth  Power  of  28.  Secondly,  let  28  be  fet  in  a  void  place,  and  annex  a  cypher 
to  it,  foitmakes2  8owhichmuftnowbeefteemed  4,  and  5  the  next  following  charader 
of  the  Root  muft  be  taken  for  and  then  according  to  thefe  values  of  4  and  e,  the 
numbers  fignified  by  aaady  4444^,  6aaee^  ^aeee  and  eeee  being  added  together  make 
6597500625 ,  which  is  the  fourth  Power  of  the  given  Root  285  ,  and  the  work  will 
ftand  as  you  fee  in  the  following  Example  2.  After  the  fame  manner  the  work  is  to  be 
continued  when  the  given  Root  confifts  of  more  than  three  places ,  as  is  manifefi  by  the 
following  Example  3.  .  ^ 
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Ex.impk  3.  of  Seel.  Uh 
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Sea.  IV.  of  the  compojition  of  the  fifth  Power  from  a  mmher  . 

given  for  its  Hoot* 

1.  Let  the  Root  28  be  propofed,  and  its  fifth  Power  defired  ;  FirR,  let  tfie  Root  28 

that  there  may  be  fpace  enough  to  fet  four  figures^  between 
2  and  8 ;  then  having  down  a  line  under  2  8,  and  down-right  lines  as -in  the  Examples  of 
the  precedent  ^e'Rjons,  let  2  8  be  conceived  to  be  divided  into  20  and  8,  that  is^  a  and  now 
forafmuchas  the  fifth  Power  produced  from  the  Binomial  Rootage  is  aaAaa4-  faaaae 
\-icaaaee~\^icaaeeef~$Aeeecf  ce^^^  C  as  is  manifefi  by  the  Table  in  Se^,  4.  Ch^p  1 
Thereiore  the  fifth  Power  of  20 8, 

f  that  is ,  of  28  )  may  be  compofed  thus  • 

Power  of  20  is  5200000,  a  ~  20 

yhat  is,  aaaaa  .)  fecondly,  five  times  the  e  —  8 

fourth  Power  of  20  being  multiplied  by  8  '  - 

produceth  6400000,  (that  is,  ^aaaae;) 
thirdly  ,  ten  times  the  Cube  of  20  being 
multiplied  by  the  Square  of  8  produceth 
5120000,  (that  is,  iQaanee  -P)  fourthly^ 
ten  times  the  Square  of  20  multiplied  by 
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plied  bvth  founl/pZ  .ft  fifthly ,  fi«  times  to  multi-' 

power  of  8  ft,  produceth  409500,  (that  is,  5«c«;)  fixthly,  the  fifth 

Looooo  6dtoLL^’5  ^  laftly,  theSumm  of  all  thofe  fix  numbers, 

4ich^-s4he  fifrh  p  40P600  and  32768  make^  r72io'568, 

five  times  into  felf.  ^  P^Polvd  ;  as  will  ealily  appear  by  multiplying  1 8 

in  like  manner  as  i^Pv’  ?  ®  ,  the  two  foremoft  figures  z8  mud  be  found  .out 

fifth  Power  of  aS  h>ron!ll'’  ^0  '^v-rewillbe  produced  1721  oj5S  for  the 

it  makes  280  whiVl,  '  ^  I  ^  ^  ^  cypher  to  it,  fo 

Roofmuft  be\a"en  for”T^“'^T'‘^  ^  the  next  following  chLaer  of  the 

fied  bTlLl  .1  ^  ^  “cording  to  ihefe  values  of  4  and  e,  the  numbers  figni- 

i88o^fs  being  added  together  make 

ftand  s  voufoln  '*•  will 

J  ,  I  following  Example  2.  Not  will  the  Operation  be  more  difficult 

Lr  0?  more'plac“r*’  ^  ^  confifting  of 

^  •  ilxAmplk 
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Example  2.  of  Stdc,  IV. 
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1  Fifth  Pow 

T?v  the  orecedent  Rules  and  Examples  of  this  Chapter,  tne  ingenious  ^caucivvi  c*  y 
.notch  ndfhow  tocompofethc  fmh,  fcven.h,  or  any  higher  Power  from  a  Root  gwen 
Kmber  and  confidered  as  a  Binomial  a+c,  as  before  hath  bf  odtreaed  The  mam 

boHnefs  confifting  in  a  tight  underftanding  of  ^0^^ 

5nding  out  the  numbers  anfweting  to  the  members  of  the  defired  Power 

iccording  to  the  Table  in  JeS.  4.  of  the  precedent  Cfeapt.t.  ^ 


C  H  A  P.  Ill* 

Cottcernittg  the  refolution  of  Powers  exprejl  by  numbers :  or , 
fbe  extraSlion  of  all  kinds  of  Roots  out  of  P owers  gwen 

in  nnmhers. 

Seft.  I.  Of  the  extra&ion  of  the  Square  Root  out  of  a  number  given, 

i^T  ET  it  be  obferved  in  general.  That  the  Refolution  of  every  Power  given  in 
I  number  confifts  in  a  regular  Subtraftion  of  thofe  numbers  which  arcluppofcd 
to  be  added  together  in  the  compofition  of  each  Power  rcfpeaively,  according  to 
the  Rules  of  the  laft  preceding  Chapter,  wherein  I  prefuppofe  the  Reader  to  be  vyell  exercis  d. 
And  for  the  more  ready  extradiion  of  any  Root ,  it  will  be  convenient  to  have  in  a  readinefs 
the  refpeaive  Powers  of  the  nine  Tingle  figures ;  as,  if  the  fquare  Root  be  defired,  then 
the  Squares  of  i ,  ^ ,  5 , 4,  f 7,  8,  9  will  be  ufeful ,  which  Roots  and  Squares  are  expreft 
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2  when  a  whole  number  is  propofed  and  its  Square-root  defired ,  th^  number  prq- 
pofed  mull  be  prepared  for  Extraaion ,  by  diftributing  it  into  parts  or  members  after  this 
manner;  <vlz..  Firfi  fet  a  point  over  the  firft  or  Units  place  of  the  given  number,  then 
pafiing  over  the  fecond  place  fet  another  point  over  the  third  ,  alfo  palling  over  the  fourth 
place  fet  another  point  over  the  fifth;  and  in  that  order,  if  there  be  more  places  in  the 
given  number,  points  are  to  be  fet ,  fo  that  between  every  two  points  vyhich  ftand  next  to 
one  another  there  will  be  one  place  without  any  point  over  it.  As , 
110025  for  example,  if  the  fquare  Root  of  1 1902. 5  be  defired,  I  fet  points 
as  here  you  fee ,  whereby  the  faid  number  is  diftribuied  into 
members,  to  wit ,  ii,  90,  25.  In  like  manner  if  the  fquare  Root  of  785  be  defired, 
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out  of  a  umber  given. 
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84 


84 
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the  points  will  ftand  as  here  you  fee,  whereby  the  faid  784  is  dirtribnted  into  two 
luembers  7  and  84.  The  points  fet  as  aforeiaid  iliew  the  number 
of  places  that  will  be  found  in  ihe  Root ;  for  if  there  be  two  points,  7  8  i 

there  will  be  two  places  in  the  Root  5  if  three  points ,  then  the  Root  '  ^ 

will  conlifl:  of  three  places,  ef'c.  The  points  alfo  Ihew  what  member  of  the  number 
given  belong  to  the  finding  out  of  every  fingle  Character  of  the  Root  fought,  as  is  evident 
by  the  Rules  i-  of  the  precedent  C/japf,  2.  Thefe  things  being  premifed  as 

preparatory  to  the  Extradion  of  the  fquare  Root ,  I  (hall  proceed  to’Examples. 

Example  r. 

3-  Let  it  be  required  to  extfaft  the  fquare  Root  of  7S4.  By  the  precedinp  Rule  2 
It  IS  evident  that  the  debred  Root  conhlfs  of  two  places.  vU.  of  fome  number  of  Tens 
under  too,  and  ot  fome  number  of  Unities  under  lo;  which  two  numbers  (agreeable 
to  the  compohtion  of  a  Square  in  Seli.  i.  of  the  precedent  Chapt.2.)  may  be  reprefented 
by  4  and  ^ ,  fo  that  4  and  e  lignifies  the  Root  fought .  and  confequently  the  Squarfe 
oi  4-h^,  that  IS,  aa^  is  equal  to  the  propofed  number  784.  Now  to  find 

out  the  number  of  Tens ,  (that  is,  4 ,)  in  the  Root .  (after  a  crooked  line  is  drawn  on  the 
right  hand  of  the  given  number,  that  the  Root,  like  the  Qiiotient 
in  Divifion,  may  be  fet  next  after  the  faid  crooked  line,  as  alfo 
a  down-right  line  next  after  each  of  the  points,  as  here  you  fee,) 
the  firft  work  in  the  ExtratTion  is  alwayes  to  fubtracl  the 
greatefl:  fquare  whole  number  contained  in  the  firfi:  member 
towards  the  left  hand  ,  from  the  faid  rnember  ,  and  to  write  the 

Root  of  the  faid  fquare  number  in  the  (Quotient  for  the  firft  fingle  figure  of  the  defired 
Root :  fo  4  being  the  greateft  Square  contained  in  the  firft  member  7 I  fubferibe  4 
under  7  ,  and  fet  2  the  Root  of  the  Rid  4  in  the  Qiiotient  j  then  after  a  line  is  drawn 
under  4  ,  I  fubtraff  4  from  7,  or,  400  from  784,  and  there  remains  the  Refolvend 
3H  ,  that  IS,  that  part  of  the  given  number  784  which  is  yet  to  be  refolved.  Now 
obferve,  thatthefaid  2  in  the  Quotient,  in  refpe^f  of  the  next  following  unknown  chara- 
aer  of  the  Root,  is  really  20,  which  is  the  number  fignified  by  4  in  the  Compofition  .  and 
the  Square  of  20,  to  wit,4co,is  44,  which  being  the  firft'  numbe'r  found  in  the  Com 
pofition,  IS  the  firft  number  to  be  fubtraded  in  the  Refolution.  Obferve  alfo,  that  the  next 
fingle  Charader  of  the  Root,  whether  it  happen  to  be  a  figure  or  a  cypher  is  called  ie 
which  is  yet  unknown.  *  ’ 

4.  Then  i  proceed  to  find  the  value  of  r  ,  that  is,  a  fingle  Charader  with  this  condition 
that  the  fumm  of  the  numbers  fignified  by  lae  and  ee  may  not  exceed  the  284’ 

for  from  this  number  that  fumm  muft  be  fuberaded.  Now  becaufc  (  for  the  reafon  afore- 
faid  )  4  IS  20,  therefore  24  is  40,  which  muft  be  efteeraed  a  Vivifor ,  and  fet  under 
the  Refclvend  •  then  I  divide  the  faid  Refohend  ^ 

3  84  by  40  ,  and  find  the  Quotient  9  for  the 
number  provided  it  will  anfwer  the  condition 
before-mentioned  j  and  therefore  I  make  tryal 
( in  a  waft  Paper)  to  fee  whether  9  will  fatisfie 
the  faid  condition  or  not ,  in  this  manner ,  viz,. 

If  e  be  9,  and  24  40  •  then  confequently  zae 
is  3  5o,  and  ee  is  81  •  therefore  2ae-\-€e=  441, 
this  ought  to  be  fubtraded  from  the  Rejolvend 
384;  but  441  exceeds  384,  and  therefore  can¬ 
not  be  fubtraded  from  it,  io  as  to  leave  a  real 
Remainder ,  whence  I  conclude,  that  e  muft  be 

lefs  than  9  ;  and  therefore  I  make  tryal  with  8  in  like  manner  as  before  with  9,  viz,.  If 

8,  and  24=140,  thenconrequendy  =  320,  and  ^  =  64,  therefore  2 
~  3^4  J  which  may  be  fubtraded  from  the  Refohend  3  84  ;  wherefore  I  conclude  that  e, 
(that  is,  the  figure  which  muft  follow  2  in  the  (Quotient,)  is  8,  which  I  fet  in  the  Quotient  • 
then  I  fubferibe  ^20  and  64  (before  found)  uudev  the  Ref)lvend  384,  (in  fuch  order 
that  Units  may  ftand  under  Units,  and  Tens  under  Tens ,)  and  adding  the  faid  320  and  6^ 
together,  the  fumm  is  3  84,  (  which  fome  Authors  call  the  Gnmon,  others,  the  AbUtitmm, ) 
which  fubtraded  from  the  Refohend  384  leaves  o;  fo  the  whole  Extradion  is  finilh’d, 

'  T  2  and 
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and  the  fquare  Root  of  the  given  number  784  is  found  2  8,  which  is  the  true  Root  fought  • 
for  28  multiplied  by  28  produceth  784. 

NOTE  I. 

The  firft  Operation  in  the  Extraftion  of  the  fquare  Root ,  is  alwayes  to  fubtraft  the 
greateft  fquare  whole  number  (that  is,  contained  in  the  firfi:  member  (towards  the 
left  hand  )  of  the  given  number  ,  from  the  faid  member,  and  to  fet  the  Root  of  the  faid 
Square  in  the  Quotient,  (  as  hath  been  fliewn  in  the  third  ftep,)  which  Root  is  the  firft 
figure  of  the  Root  fought.  This  work  is  no  more  repeated  in  the  whole  Extraction  .  but 
the  work  in  the  fourth  ftep  is  to  be  renewed  for  the  finding  out  of  every  following 
Character  in  the  Root. 

NOTE  2. 

After  the  firft  figure  of  the  Root  fought  is  known,  and  fet  in  the  Quotient,  let  it  be 
written  in  a  void  place  and  multiplied  by  1  o,  (  by  annexing  to  the  faid  firft  figure  a  cypher 
towards  the  right  hand,)  then  is  the  ProduCl  to  be  taken  for  the  value  of  in  order  to  the 
finding  out  of  the  firft  Divifor.  Alfo,  when  the  firft  and  fecond  Characters  of  the  Root 
are  fet  in  the  Quotient ,  and  there  be  yet  another  to  come  forth ,  then  the  number  con- 
fifting  of  thofe  two  Characters  with  a  Cypher  annexed  to  them  is  to  be  taken  for  a  new 
value  of  ct ,  in  order  to  the  finding  out  of  the  fecond  Divifor.  Likewife ,  when  the  firft, 
fecond  and  third  Characters  of  the  Root  are  fet  in  the  Quotient ,  and  there  be  yet  another 
to  come  forth,  then  the  number  confifting  of  thofe  three  Characters  with  a  Cypher  annexed 
to  them,  is  to  be  taken  for  a  new  value  of  a  j  and  fo  forwards ,  when  there  be  more  Cha¬ 
racters  in  the  Root.  The  reafon  of  which  work  is  manifeft  from  the  Compofition  of 
Powers  in  the  precedent  Chap.  2, 

But  the  letter  e  reprefents  every  fingle  unknown  figure  or  cypher  next  following  that 
part  of  the  Root  which  is  already  difeovered  and  fet  in  the  Quotient.  This  Note 
concerning  the  eftimation  of  a  and  e  is  to  be  obferved  not  only  in  the  Extraction  of  the 
Square-root,  but  of  any  Root  whatever. 

NOTE  3. 

After  the  number  fignified  by  a  is  found  out  by  Note  2.  the  Divifor,  which  (hews  how 
to  begin  the  tryal  in  fearching  out  the  unknown  fingle  Character  reprefented  by  <?,  is  con- 
fequently  known:  for  in  the  Refolution  of  every  Power  produced  from  the  Binomial 
Root  a~\-e ,  the  Divifor  confifis  of  fuch  Powers  of  a  as  are  multiplied  into  the  Powers 
of  e  j  and  becaufe  the  Square-root  of  is  aa  -j-  2ae  ee,  therefore  in  the  extraction 
of  the  Square-root  the  Divifor  is  2<«;  fo  that  when  the  number  a  is  known,  the  Divi~ 
for  2  a  is  confequently  known. 

NOTE  4. 

When  the  Divifor  is  found  out  by  Note  3.  as  alfo  the  hlatitium ,  (that  is,  the 
number  to  be  fubfraCted  , )  which  in  the  extraction  of  the  Square- root  is  compos’d  of  lae 
and  ee ,  the  two  numbers  fignified  by  zae  and  ee  muft  each  of  them  be  fet  in  fuch  order 
under  the  prefent  Refolvend,  (that  is,  the  number  remaining  to  be  refolved,)  that  Units  may 
ftand  under  Units,  Tens  under  Tens,  &c.  to  the  end  th'dX  the  Ablatitinm  may  be  rightly 
compofed  and  fvibtraCted  from  the  prefent  Refolvend. 

NOTE  ^ 

When  the  Divifor  is  not  contained  once  in  the  particular  or  prefent  Refolvend,  a  cypher 
(  to  wit,  o ,  )  muft  be  fet  in  the  Quotient;  and  then  the  Refolvend  muft  be  augmented 
with  the  next  member  (towards  the  right  hand)  of  the  Power  propofed,  for  a  new  parti¬ 
cular  Refolvend :  Alfo  a  new  Divifor  muft  be  found  out  by  Note  3  ,  and  the  like  is  to 
be  done  as  often  as  the  Divifor  is  not  contained  once  in  the  particular  Refolvend.  The 
practice  of  thefe  Notes  will  be  Ihewn  in  the  following  Example. 
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Example  2. 

5.  If  the  Square  Root  of  1185125809  be  dclired,  it  will  be  found  47805  bv  the 
precedent  Rules ,  and  the  work  will  ftand  as  here  you  fee  underneath. 
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Explication  of  Ex  Simple  2. 

The  firfl  figure  of  the  Root  is  4,  (by  the  foregoing  Note  i.)  whofe  Square  1 6  Tub* 
traaed  from  2  2  the  firfe  member  towards  the  left  hand  of  the  number  propofed  leaves  6 
^  which  the  fecond  member  8^  being  annexed,  there  arifeth  685  for  the  next  MW ’ 
Ur  to  caufe  the  fame  cfFecl,  fuppofe  o  to  be  annexed  to  4  the  firft  figure  of  the  Root 
40,  (that  is,  aP)  whofe  Square  1600  (or  aa)  fubtraded  from  2285-  the  two 
nrit  Members  of  the  number  firft  propofed,  leaves  (as  before)  \he  Refolvcnd  68  c. 

Then ,  the  firft  figure  of  the  Root  being  found  4,  the  value  of  a  is  40,  (by  Note  2  > 
which  doubled  gives  80  for  a  Divifor  to  the  Refohend  685,  (by  Note  3.)  and  then  bv 
dividing  and  making  tryal  as  is  direded  in  the  precedent  fourth  ftep  ,  the  number  e  will  be 
round  7  for  the  fecond  figure  of  the  Root ,  and  confequently  the  numbers  fignified  by 
2  4e  and  ee  are  560  and  49  ;thefe  being  fet  orderly  and  added  together  (  according  to 
Note  4, )  make  the  Jlblatitiam  609,  which  fubtraded  from  the  faid  Refolvend  68’c 
there  remains  76  to  which  annexing  12  the  third  member  of  the  number  firft  propofed* 
It  makes  7612  for  a  new  Refolvend.  ^  ^  * 

^  formoft  figures  of  the  Root  being  found  47,  the  new  value  of  a  is  470, 

Chy  Note  which  doubled  gives  940  for  a  Divifor  to  the  faid  Refolvend  7612,  (by 
Note  3.)  then  by  dividing  and  making  tryal  as  is  direded  in  the  fourth  ftep,  the  value  of  c 
IS  found  8  for  the  third  figure  of  the  Root  j  whence  the  numbers  fignified  by  z  ae  and  ee 

being  fet  orderly  and  added  together  (  aSording  to  Note  4.  )• 
make  the  AhUtitinm  7584,  which  fubtraded  from  the  Eefolvetid  7612  before-mentioned, 
leaves  28,  to  which  annexing  68  the  fourth  member  ot  the  number  firft  propofed,  it 
makes  2868  for  a  new  Refolvend, 

Again,  the  three  formoft  figures  of  the  Rootbeing  478,  the  value  of  a  is  4780,  (by 
Note  2.)  which  doubled  gives  9560  for  a  Divifor  to  the  faid  Refolvend  6^, (Joy  Note  3.) 
then  by  dividing  as  aforefaid  the  value  of  e  is  found  o  5  therefore,  (according  to  Note  5-.) 

^  Quotient,  and  becaufe  in  this  cafe  the  is  alfo  o,  the  Refolvend 

2868  from  which  the  Ablatitium  ought  to  be  fubtraded  remains  the  fame  without 
alteration;  therefore  by  annexing  09  the  laft  member  of  the  number  firft  propofed, 

to 
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to  the  faid  2868  k  makes  286809  for  anew  (and  the  lafl:  )  Refolvend :  lakly ,  by 
proceeding  as  before  ,  the  laft  figure  of  the  Root  will  be  found  3  j  fo  that  the  Square-root 
fought  is  47803  ;  tor  this  multiplied  by  it  felf  produceth  228^126809  ,  the  number 
whofe  Square- root  was  defired. 

The  premifes  may  fufiBce  to  Ibew  a  perfea  Method  of  extraaing  the  fquare  Root  ot 
a  whole  number  having  an  exaa  Square  Root,  which  1  have  explain’d  at  large,  that 
the  reafon  and  certainty  of  the  Rules  might  be  apparent;  But  this_  Method  may  be  con¬ 
tracted  into  more  practical  and  compendious  Rules ,  as  I  have  ilaewn  in  the  32*  of 

Mr.  common  Arithmetick.  ^tli  l  •  1 

6.  But  when  a  whole  number  hath  not  a  S'quare  root  exadly  expreffible  by  any  rational 
or  true  number ,  then  to  approach  infinitely  near  the  exaCt  Root ,  firif,  payrs  of  Oyphers, 
as  00,  cooo,  000000,  or  oooooooo,  C^c.  are  to  be  annexed  to  the  number  given  j  then 
eReem’ing  the  number  given  with  the  cyphers  annexed  to  be  one  whole  number,  let  its 
fquare  Root  be  extracted  according  to  the  precedent  (or  other  practical)  Rules  ;  that  done, 
look  how  many  points  were  fet  over  the  number  firft  given,  tor  fo  many  of  the  formoft 
places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the  Root ,  and  the  reft  following 
thofe  Integers  exprefs  the  fractional  part  of  the  Root  in  decimal  parts :  As,  for  example, 
if  the  fquare  Root  of  1  2  be  defired  5  1  annex  fix  cyphers  to  12,  thus,  12.000000  ,  and 

then  the  fquare  Root  of  iLoooooo  being  extracted,  it  will  be  found  3*4^4> 

:  but  becaufe  after  the  Extraction  is  finilh’d  there  happens  to  be  a  Remainder ,  I  con- 
cludr,  that  37f^f  is  lefs  than  the  true  Root,  but  is  greater  than  it.  So  that 

by  annexing  three  pairs  of  cyphers ,  you  will  not  mifs  part  of  an  Unit  of  the  ttue 
Root,  and  by  annexing  eight  cyphers  you  will  not  want  Toooo  ?  and  in  that  order 
you  may  approach  as  near  as  you  pleafe  when  you  cannot  obtain  the  exaCl:  fquare  Root  of 
a  whole  number  given. 

7.  The  fquare  Root  of  a  vulgar  FraClion  is  found  out  thus,  viz.  Firft  ,  if  the  FraClion 
be  not  in  its  leaft  terms ,  let  it  be  reduced  to  the  leaft  terms  5  then  extras  the  fquare  Root 
of  the  Numerator  for  a  new  Numerator ,  and  the  fquare  Root  of  the  Denominator  for 
a  new  Denominator ,  fo  lhall  this  new  Fraction  be  the  fquare  Root  of  the  Fraaion  pro- 
pofed.  As,  for  example,  the  fquare  Root  of  is  ^  j  like  wife ,  the  fquare  Root 
of  ~  is 

But  when  either  the  Numerator  or  Denominator  of  a  vulgar  Fraaion  hath  not  a  perfea 
fquare  Root ,  then  to  find  the  fquare  Root  of  that  Fraaion  very  near ,  firft  reduce  the 
Fraaion  to  a  decimal  Fraaion  whofe  Numerator  may  confift  of  an  even  number  of  places, 
viz.  of  two,  four,  or  fix  places,  &c,  then  extraa  the  fquare  Root  of  that  decimal  as  if  it 
were  a  wliole  number,  and  the  Root  that  comes  forth  fliall  be  a  decimal  Fraaion  exprefling 
nearly  the  fquare  Root  of  the  Fradion  propofed :  As,  for  example,  if  the  fquare  Root 
of  7^  be  defired,  1  firft  reduce  it  to  this  decimal  Fraaion  .81250000  .(  for,  as  16  . 
13  ::  100000000  .  81250000,)  then  by  extraaing  the  fquare  Root  of  .81250000 
as  if  it  were  a  whole  number,  1  find  .9013  ,  that  is  rliii  ,  which  is  near  the  fquare 
Root  of  Y6  > 

of  16- 

8.  Laftly ,  if  the  fquare  Root  of  a  mixt  number  be  defired,  firft  reduce  it  to  an  improper 
Fradion  ,  and  then  extraa  the  fquare  Root  of  that  improper  Fraftion  as  before;  but  if 
it  hath  not  an  exaa  fquare  Root ,  then  reduce  the  fraaional  part  of  the  mixt  number 
firft  propofed  to  a  decimal  Fraaion  of  an  even  number  of  places ,  and  after  this  decimal 
is  annexed  to  the  Integers  of  the  mixt  number ,  extraa  the  fquare  Root  out  of  the  whole, 
then  fo  many  points  as  were  fet  over  the  Integers ,  fo  many  of  the  formoft  places  in  the 
Quotient  are  to  be  taken  for  the  Integers  in  the  Root ,  and  the  reft  exprefs  the  fradional 
•part  of  the  Root  in  decimal  parts :  As ,  for  example  ,,  the  fquare  Root  of  ^^64  >  that  is, 
of  ^-‘6  4’  tie  found  or  5^  ;  and  the  fquare  Root  of  7f,  that  is,  of  7.666666,e7“c. 
is  2.768,  &c.  that  is,  27^^!,  ^c. 
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Sed.  1 1.  Of  ifie  extra&ion  of  the  Chbic!^  Root  out  of  a  utnuber  givcfT. 

I.  For  the  more  ready  extraction  of  the  Cubick  Root  of  a  number  given,  the  following 
Tabulet  will  be  ufeful,  which  Ihews  at  firft  fight  the  Cubick  Root  of  any  cubical  whole 
number  lefs  than  1000.  • 


ROO  TS. 

CVB  ES. 


• 

1 

2 

3  • 

4 

S 

6 

7 

8 

9 

I 

8 

27 

64 

129 

216 

343 

512 

729 

1331 
2195  i 
941 192 
231^^436019527 


When  a  whole  number  is  propofed  and  its  cubick  Root  defired,  the  number  given 
muft  be  prepared  for  Extraction,  by  diftributing  it  into  parts  or  members  after  this  manner; 
viz.  Firft ,  a  point  is  to  be  fet  over  the  Units  place  of  the  given  number ;  then  pafling 
over  the  fccond  and  third  places -towards  the  left  hand,  another  point  is  to  be  fet  .over  the 
fourth  place;  alfo  pafling  over  the  fifth  and  fixth  places  another  point  is  to  be  fet  over  the 
feventh  place’:  and  in  that  order  as  many  points  are  to  be  fet  as  the  number  propos’d  will 
admit,  and  confequently  between  every  two  adjacent 
points  there  will  be  two  places  without  points.  So  if  the 
c^ubick  Root  of  13  31  be  defired,  after  points  are  fet  as  is 
above  direaed,  the  faid  1331  will  be  diftributed  into  two 
members,  to  wit,  i  and  331.  In  like  manner  if  the  eu- 
bick  Root  of  21952  be  required,  the  points  will  ftand 
as  you  fee  in  the  Example  ,  and  the  faid  2 1 9  5  2  will  be 

diftributed  into  two  members  21  and  952  s  Hkewife  this  number  94119^  being  pointed 
in  the  faraeorder  will  be  diftributed  into «he  two  members  941  and  192;  and  this  num¬ 
ber  23156436019527  into  thefe  five  members ,  23, 1 56,  436, 019,  927.  The  points 
fliew  the  number  of  places  that  will  be  found  in  the  Root  •  for  fo  many  points  as  there 
be,  fo  many  places  will  the  Root  confift  of ;  they  likewife  fliew  what  member  of  the 
number  propos’d  belongs  to  the  extraftion  of  every  fingle  Charaaer  of  the  Root  fought. 

3.  The  given  number  whofe  cubick  Root  is  defired  may  be  conceived  to  be  produced 
from  the  cubical  multiplication  of  the  Binomial  Root  4  -j-  <? ,  and  then  the  faid  number 
will  be  compos’d  of  thefe  four  members  or  folid  numbers,  viz.  444,  3445,-  and 
eeg  (  as  appears  by  the  third  Power  in  the  Table  in  Se5i.^.  Chap  i.  )  Now  becaufe 
the  Refolution  of  a  Cubick  number ,  viz.  the  extraaion  of  the  cubick  Root,  is  deducibie 
from  the  fteps  of  the  Compofition  of  a  Cubick  number  from  its  Root ,  (  for  fuch  numbers 
as  are  added  in  the  Cortipolition  are  to  be  fubtraaed  in  the  Refolution ,)  refped  rauft  be’ 
had  to  Se^.  2.  Chap.  2.  01  this  Book.- 

Example  i. 

t 

4.  Let  it  be  required  to  extraa  the  cubick  Root  of  2  1992.  By  the  precedent  ftcond 
Rule  it  is  evident  that  the  defired  Root  confifts  of  two  places  ,  viz.  of  fomc  number^ot 
Tens  under  1 00 ,  and  of  fome  number  of  Unifies  under  i  o,  which  two  numbers,  (agreeable 
to  the  Compofition  of  a  Cube  in  SeB  2.  of  the  precedent  Chap.  2.)  may  be  reprefented 
by  4  and  e,  fothat  4  +  e  fignifies  the  Root  foughr;  and  confequently  the  Cube  of  4 

thatis,  444^-^  344^-1- tothegiven  number  2199^-. 
out  the  number  of  Tens,  (that  is,  4  >  in  the  Root,  (  after  a  crooked  hne  is  drawn  on  the 
right  hand  of  the  given  number ,  that  the  Root,  like  the  Quotient  inDivilion,  may  be  let 
liext  after  the  faid  crooked  line ,  as  alfo  a  down-right  line  next 
after  each  of  the  points,  as  here  you  fee.)  The  firft  work  in 
the  Extratftion  is  alwayes  to  fubtraa  the  greateft  Cubick  whok 
number  contained  in  the  firft  member  towards  the  left  hand, 
from  the  faid  member ,  and  to  write  the  Root  of  the  faid  C“u«- 
nnmber  in  the  Quotient  for  the  firft  fingie  figure  of  the  delired 

cubick  Root:  So  8  being  the  greateft  Cube  contained  in  the  •  , 

firft  member  21,  I  fobfetibe  8  under  21  ,  and  fet  2  the  cubiA  Root  of  the  faid  S  in  the 
Quotient,  then  after  a  line  is  drawn  under  8,  1  fubtraft  8  from  ai,  or,  8000  frotn 
21052,  and  thereremains  the  R4olvc«<i  i39P.;l'« 's.  that  part  of  the  propoied  number 
21952  whilh  is  yet  to  be  refolved.  Now  obferve,  that  the  faid  2  in  the  Quotient,- 
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in  refped  of  the  next  following  unknown  charaaer  of  the  Root ,  is  really  20,  which  is 
the  number  llgnihed  by  a  in  the  Compofition  ,  and  the  Cube  of  20  ,  ro  wit,  8000 
is  aaa,  which  being  the  firR  number  found  in  the  Compofition,  is  firR  to  be  fubtraded 
in  the  Refolution.  Obferve  aifo,  that  the  next  fingle  charader  of  the  Root  whether  it 
happen  to  be  a  figure  or  a  cypher  is  called  e ,  which  is  yet  unknown. 

5.  Then  I  proceed  to  find  the  value  of  e ,  that  is ,  a  fingle*  Charader  with  this  con¬ 
dition ,  that  the  furnm  of  the  numbers  fignified  by  3^^^)  y/ice  and  ese  may  not  exceetii' 
the  remaining  Refohend  139^2,  for  from  this  number  that  furnm  muft  be  fubtradcd. 
Now  becaufe  (for  thereafon  aforefaid)  ^  is  20 ,  therefore  3^^  =  1200,  and  34  - 

then  fubfcribing  the  faid  1200  and  under  the  i  3952,(iqfuch  order  that  Units 

may  Rand  under  Units,  and  Tens  under  Tens,  &c.  )  and  adding  them  together ,  the  furam 
is  i25o,  which  muft  be  eReemed  a  Divifor,  and  fet^  under  the  Eefolvend.  Then  by 
fuppofing  I  were  to  divide  the  faid  Refohend  13952  by  i25o  ,  1  find  the  Quotient 
exceeds  9  ,  but  r  alwayes  reprefents  a  fingle  figure  or  a  cypher,  and  therefore  it  cannot 
exceed  9. .  wherefore  I  make  tryal  with  9  (  in  a  void  plact )  to  fee  whether  it  will  anfwer 
the  before-mentioned  condition  to  which  e  is  fubjeft  ,  in  this  manner ,  viz..  Forafmucb 
as  it  was  before  found  that  344=  1200,  and  34  =  60 ,  it  will  follow ,  if  we  fnppofe 

=  9, ‘that  344^  =r  1  o?oo,  alfo  34c«’ =: 
4860,  and  eee—  729  •  therefore  344^ 
^‘^aee-\-eee  —  16389;  this  ought  to 
be  fubtraded  fxom  the  Refohend  13952, 
but  16389  exceeds  13952,  and  there¬ 
fore  cannot  be  really  fubtraded  from  it , 
whence  I  conclude  that  e  muR  be  lefs 
than  9  j  and  therefore  I  make  tryal  with 
^in  like  manner  as  before  with  9  ;  viz. 
Having  before  found  that  344  —  12  00, 
and  34  m:  60  ,  it  will  follow,  if  we  fup- 
pofe  e—Sy  that  344^  =  9600,  alfo 
34<fe  =  3  840,  and  —  5 1 2  ;  therefore 
344^  -}->  ^aee  eee  —  13952  ,  which 
may  be  fubtraded  from  the  Refohend 
13952  ;  wherefore  1  conclude  that  ^  ,  (that  is,  the  figure  which  muR  follow  i-  in  the 
Quotient,)  is  8,  which  I  fet  in  the  Quotient :  then  I  fubferibe  the  three  numbers  before 
found,  to  wit,  9600,  38^0  and  512  under  the  Refohend  13952,  (in  fuch  order -that 
Units  may  Rand  under  Units,  Tens  under  Tens ,  &c.  )  and  adding  together  the  faid  three 
numbers  fo  fubferibed,  their  furam  makes  13952,  {the  AbUtitium  f)  which  fubtraded 
from  the  Refohend  13952  leaves  o.  So  the  Extradion  is  finillfd,  and  28  is  found 
to  be  the  cubick  Root  of  the  propofed  number  21952  j  for  28  multiplied  into  it  felf 
cubically ,  viz,  28x28x28  produceth  2195?, 

NOTE  I. 

The  firR  Operation  in  the  extradion  of  the  cubick  Root,  is  alwayes  to  fubtrad  the 
greateR  Cubick  whole  number,  (that  is,  444)  contained  in  the  firR  member  (  towards  the 
left  hand  )  of  th’e  given  number ,  from  the  faid  member,  and  to  fet  the  Root  of  the  faid 
Cube-number  in  the  Quotient ;  which  Root  is  the  firR  figure  of  the  Root  fought,  as 
hath  been  Riewn  in  the  fourth  Rep.  This  work  is  no  more  repeated  in  the  whole  Ex¬ 
tradion  ,  but  the  work  in  the  fifth  Rep  is  to  be  renewed  for  the  finding  out  of  everv 
following  Charader  in  the  Root.  °  ^ 

NOTE  2. 

The  number  fignified  by  4  is  to  be  found  out  by  Note  2.  in  Sell.  i.  of  this  Chap. 
and  then  the  Bivfor  for  the  finding  of  the  unknown  fingle  Charader  reprefented  by  e 
IS  confequently  known  :  For  in  the  Refolution  of  every  Power  produced  from  the  Bi¬ 
nomial  Root  a^\-.e  the  Divifor  confiRs  of  Rich  Powers  of  4  as  are  multiplied  into  the 
owers  0  e  5  and  becaufe  the  Cube  of  4-|-eis  444 -J- 3  44^-j- 3  4<f(?-j-^^e,  therefore 
m  the  ptradion  of  the  cubick  Root,  the  Divifor  is  compos’d  of  344  and  34;  fo  that 
when  the  number  4  is  known ,  the  Divifor  344-I-*  34  is  confequently  known. 

^  NOTE 
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out  of  a  Number  gi<ven, 

NOTE 

'  ‘  ''  i  i 

When  the  Bivifor  is  found  out  by  the  prccedeht  Note  2.  as  alfo  the  AbUtittHm  ^ 
which  in  the  extraction  of  the  cubick  Root  is  compos’d  of  -^aae ,  and  eee  •  the 
numbers  fignified  by  the  faid  ^a'ae^  -^aee  and  iei  muft  each  of  them  be  fet  in  fiich  order 
under  the  particular  or  Refohend  ^  that  Units  may  Rand  under  Units,  Tens  under 

Tens,  &c,  to  the  end  the  AbUtitium  may  be  rightly  compofed  and  fubtrafted  from  the 
Refolvend. 

NOTE  - 

When  the  Btvt/or  is  not  contained  once  in  the  particular  or  prefent  Refolvend^  a  cypher 
(  to  wit,  o  ,  )  rauft  be  fet  in  the  Quotient  5  and  then  the  Refolvend  muft  be  augmented 
with  the  next  member  (towards  the  right  hand)  of  the  Power  propofed,  for  a  new  parti¬ 
cular  :  Alfo,  a  r\evi  Bivifor  muft  be  found  out  by  Note  2.  of  this  SeEi.  and 

the  like  is  to  be  done  as  often  as  the  Bivifor  is  lefs  than  the  Refolvend. 

The  practice  of  thefe  Notes  will  be  fliewn  in  the  following  Example.  / 

Example  2.  ’  .  ' 

6.  If:the  Cubick  Root  of  23156436019517  bedefired,  it  will  be  found  28503 
by  the  precedent  Rules ,  and  the  work  will  ftand  as  here  you  fee  underneath. 
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Explication  of  Example  2. 

The  firft  figure  of  the  Root  is  2  ,  (by  Note  i.)  whofeCube  8  fubtrafted  from  ij' 
the  firft  membet  of  the  num^r  propos’d  leaves  1 5 ,  to  which  th^  fecond  member  1 56  being' 

U  atinexed, 
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annexed,  there  arifeth  1 5 1 56  for  the  next  Refahend:  Or ,  to  caufe  the  fame  efFea ,  fuppofe 
o  to  be  annexed  to  2  the  firfl:  figure  of  the  Root  and  it  makes  20,  (that  is,  4,)  whofe 
Cube  ^000  (or  Ma')  fubtraaed  from  2^1  56  the  two,  fornpoft  members  of  the  number 

firft  propos’d  ,  leaves  (  as  before  )  the  1  5 1  5  _  1  t  -r 

Then  the  firft  figure  of  the  Root  being  found  2,  the  value  o\  a  is  20,  and  the  Dtvtjor 
is  1260’  (by  Note  2.)  and  then  by  dividing  and  making  tryal  asisdireded  in  the  fore¬ 
going  fifth  ftep',  the  number  e  wilfbe  found  8  for 'the  fecond  figure  of  the  Root,  and 
confequently  the  numbers  fignified  by  “^aae,-  and  eee^  are  9600,  3840  and  512  . 
thefe  being  fet  orderly  and  added  together  (  according  to  Note  3.)  mdkz  ibz  Ablatimm 
130^2’,  whichTubtra6ted  from  i\\^ Refo^end'  1 515*6  leaves  1204,  to  which  annexing 
4^36  the  third  membbr  of  the  number  firft  propofedV  it  makes  120443  d  for  a  new  Refol- 
vend.  The  reft  of  the  Operation  in  Example '2.  being  but  a  repetition  of  what  hath  been 
difeded  for  finding  out  the  fecond  figure  of  the  Root  ,  I  Ibali  leave  it  to  tht  Learners 

The  precedent  Rules  and  Notes  in  this  SeB.  2'.  for-extrading  the  cubick  Root  of  a  whole 
number  having  an  exaft  cubick  Root  are  expreft  at  large,  that  the  Reafon  of  the  work 
might  be  apparent  ^  but  this  method  may  be  contraded  into  more  ptadical  and  compen* 
dious  Roles,  as  1  have  Ibewn  in  the  3  3.  Chap,  of  Mr.  Wingates  common  Ariihmetick. 

q.  But  when  a  whole  numbers  hath  not  ay  .cubick  Root  exadly  cxpreflible  by  any 
rational  or  true  number  ,  then  to  approach  infinitely  near  the  exad  Root ,  firft ,  ternaries 
of  cyphers,  viz  thi!ee,or  fix,  or  nine,  or  twelve,^,  cyphers  are  to  be  annexed  to  the 
whole  number  given  j  then  efte'eniing  the  number  given  with  the  cyphers  annexed  to  be  one 
whole  number,  let  its  cubick  Root  be  extraded  by  the  precedent  (or  other  pradical) 
Rules:  that  done,  look  hovv  many  points  were  fet  over  the  number  firft  given ,  for  fo  many 

of  the  formoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the  Root,  and 
the  reft  following  thofe  Integers  expr'efs  the  fradional  part  of  the  Root  in  decimal  parts  : 
As ,  for  example,  if  the  cubick  Root  of  8302348  be  defired ,  I  annex  fix  cyphers  ro^ 
8302348,  thusi  8302348.000600,  and  then  the  cubick  Root  of  8302348.006006' 
being  extraded  ,  it  will  be  found'  202.48  ,  that  is,  iDijU  ;  but  becaufe  after  the  ex- 
tradion  is  finilh’d  there  happens"  to  be- a  Rerriainder,  1  conclude  that  2027^0  is  lefs  than 
the  true  cubick  Root  fought',  but  is  greater  than  it,  fo  that  by  annexing  fix 

cyphers  you  will  notmifs  70^ ’part  of  an  Unit  of  the  true  Root ,  and  by  annexing  nine 
cyphers  you  will  not  want  jooi  part  -  and  in  that  order  you  may  approach  as  near  as 
you  pleafe  when  you  cannot  obtain  the  exafl  cubick  Root  ol  a  whole  number  given. 

8.  The  cubick  Root  of  a  vulgar  Ffaftion  is  found  out  thus ,  viz.  Firft ,  if  the  Frafiion 

be  not  in  its  leaft  terms ,  let  it  be  reduced  to  the  leaft  terms ;  then  extrad  the  cubick 
Root  of  the  Numerator  for  a  new  Numerator ,  and  the  cubick  Root  of  the  Denomi¬ 
nator  for  a  new  Denominator ,  fo  fhall  this  new  Fradion  be  the  cubick  Root  of  the 
Fradion  propofed  j  as ,  for  exarfiple  ,  the  cubick  Root  of  7^  is  f ,  and  the  cubick  Root 
of  8  is  , 

9.  But  when  either  the  Numerator  or  Denominator  of  a  vulgar  Fradion  hath  not 
a  perfed  cubick  Root ,  then  fd  find  the  cubick  Root  of  that  Fradion  very  near ,  firft 
reduce  the  Fradion  to  a  decimal  Frail  ion  whofe  Numerator  may  confift  of  ternaries  of 
places,  viz.  either  of  three,-  fix,  nine,  or  twelve,  &c.  places,  and  then  extrad  the  cubick 
Root  of  that  decimal  as  if  it  were  a  whole  number ,  and  the  Root  that  comes  forth  (hall 
be  a  decimal  Fradion  expfe/fing  fteafly  the  cubick  Root  of  the  vulgar  Fradion  propofed  : 
As ,  for  example ,  if  the  cubick  Root  of  f  be  defired  ,  I  firft  reduce  it  to  this  decimal 
Fradion  ,  .  666666666666  ,  and  then  by  extrading  the  cubick  Root  of  the  faid  deci¬ 
mal  as  if  it  were  a  whole  number ,  I  find  .  87  35  ,  that  is,  roooo  ;  which  is  near  the  cu¬ 
bick  Root  of  f  ,  for  it  wants  not  7^000  of  an  Unit  of  the  exad  cubick  Root  of  f. 

10.  Laftly,  if  the  cubick  Root  ol  a  mixt  number,  that  is,  of  a  whofe  number  with 
a  Fradion  in  its  leaft  terms,  be  defired  -  firft  reduce  it  to  an  improper  Fradion  ,  and  then 
extrad  the  cubick  Root  of  that  improper  Fradion  in  like  manner  as  before  in  the  eighth 
ftep  ;  but  if  it  hath  noi  ah &ad  cubick  Root ,  then  reduce  the  fradional  part  of  the  mixt 
number  firft  propofed  to  a  decimal  Fra6fion  whofe  Numerator  may  confift  of  ternaries  ■ 
of  places,  and  after  this  decimal  is  annexed  to  the  Integers  of  the  mixt  number,  extrad  the 
cubick  Root  out  of  the  whole,  then  fo  Many  points  as  wefc  fet  over  the  Integers ,  fo  raauy 
of  the  formoft  places  in  the  (Tuodent  are  to  be  taken  for  the  Integers  in  the  Rootj  and 
the  reft  exprefe  the  fradio.nal  part  of  the  Root  in'defimal  parts:  As,  lor  example  ,  the 

cubick 
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cubiick  Root  of  iilf  ,  that  is ,  of  will  be  found  f  or  if ;  and  the  cubick  Root 
of  that  is,  of  3,375000000,  &v.  vvilibefound  1.33^,,  &c.  that  is,  17000, 


III.  Of  the  extraUwn  of  the  'Biquadratick^  Root  out  of 
a  number  ^iven. 


1.  The  briefeft  way  to  extrad  the  Root  of  a  Biquadratick  number,  thdt  is,of  a  number 

produced  by  the  multiplication  of  fome  number  or  Root  four  times  into  it  felf  is  firR 
to  cxtrad  the  fquare  Root  of  the  number  propofed  ,  and  then  to  extrad  the  fqiiare  Root  of 
that  Root;  as,  for  example,  if  the  Root  of  the  Biquadratick  number,  or  fourth  Power 
256  be  defned  •  Firft,  the  fquare  Root  of  256  being  exrraded  is  16.  and  then  the 
fquare  Root  of  16  is  4  ,  which  is  the  Root  of  the  fourth  Power  256:  for  4  x  4  x  4  x  4 
produceth  25(5.  But  my  purpofe  being  to  explain  the  general  Method  for  the  extrading 
of  all  kinds  of  Roots,  I  lhall  upon  that  Foundation  Ihew  how  to  extrad  the  Root  of 
a  Biquadratick  number.  .  . 

2.  For  the  more  ready  extradion  of  the  biquadratick  Root,  the  following  Tabulet 
will  be  ufeful ,  which  (hews  at  firft  fight  the  Root  of  any  Biquadratick  whole  number 

,  under  lOooo, 
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Feurth  Powers. 


I 

2 

c-  * 

3 

4 

<• 

h,r  i  ih  m 

5 

6 

7 

8 

I 

I  6 

81 

256 

625 

12p6 

2401 

' 

4096 

6361 

4  * 

\ 


3,  When  a  whole  number  is  propofed,  and  it  is  defired  to  extrad  the  Biquadfltick' 
Iloot  oi  that  number,  fet  points  over  the  given  number  in  this  manner ,  firft  fet  a  point 
over  the  Units  place ,  then  pafting  over  the  three  next  places  towards  the  left  hand  fet  mo¬ 
ther  point  over  the  fifth  place,,  and  in  that  order  as  many  points  are  to  be  fet  as  the  given 
number  will  admit ,  that  there  may  be  three  places  between  every  two  adjacent  points*  So 
if  the  biquadratick  Root  of  614636- be  defired,  after  points  ^ 

are  fet  as  is  above  direded ,  the  laid  614636  will  be  diftributed  '  .  ’ 

into  two  members,  to  wit,  61  and  4636:  in  like  manner  this  '  614636 

number  6597500625  being  pointed  in_ the. fame  order  will  be  « 

diftributed  into  thefe  three  members,  65,9750,-  and  0625.  6597500625- 

1  he  points  Riew  the  number  of  places  that  will  be  found  in  the 
Root,  as  alfo  what  member  of  the  number  propos’d  belongs  to  the  extra^fion  of  every 
fingle  Charader  of  the  Root  fought. 

4.  Thegivennumberwhofe  Biquadratick  Root  is  defired  may  be  conteived  to  be  pfo.* 

duced  from^  the  multiplication  oi  the  Binomial  Root  four  times  into  it  felf,  and 

then  the.faid  number  will  be  compofed  of  thefe  five  members  or  numbers,  vU.  ^aaady 
4aaae ,  6aaee  ,  4aeee ,  eeee ,  (  as  is  manifeft  by  the  fourth  Power  in  the  Table  in  SeR.  4, 
Chapt.  u  of  this  Book.)  Now  becaufe  the  Refolution  of  a  Biquadratick  number,  uiz.  the 
extradion  of  the  Biquadratick  Root  is  deducible  from  the  fteps  of  the  Compofition  of 
a  Biquadratick  number  from  its  Root ,  (.  for  fuch  numbers  as  are  added  in  the  Compofition 
are  to  be  fubtraded  in  the  Refolution,)  refped  muft  be  had  to  SeR^.  3,  Chaf.i.oi  this  Book. 


Example: 

5.  Let  it  be  required  to  extrad  the  Biquadratick  Root  of  614656.*  After  the  num¬ 
ber  given  is  prepared  by  pundations  as  before  is  direded,  I  feek  in  the  Tabulet  in  the 
precedent  fecond  ftep  of  this  SeR,  3.  for  the  greateft  Biqua- 
dratick  whole  number  contained  in  6 1  the  firft  member  (  to¬ 
wards  the  left  hand  )  of  the  number  propofed ,  and  finding 
it  to  be  1 6  ,  I  fubferibe  1 6  under  6 1  ,  and  write  2  the  Root 
of  the  faid  fourth  Power  1 6  in  the  Quotient,  for  the  firft  figure 
of  the  Root  fought ;  then  after  a  line  is  drawn  under  16,'  , , 

I  fubtrad  16  from  61,  or  160000  from  614656  ,  itrtd  there  remsdds  to  be  refolved' 
454656.  '  '  ■  ,  _ 

il  %  The' 


« 

61 

16 

4656 

(a 

45 

4656 

/r,.  ^ 


.56' 
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The  Bivifor  for  the  finding  out  of  e ,  that  is ,  every  Charafter  which  is  to  follow  2 
the  firft  figure  of  the  Root,  is  always  in  the  extradion  of  the  Biquadratick  Root  compofed 

of  thefe  numbers,  vi^.  ^aaa^  6aa^  and 
y  for  thefe  are  all  the  Powers  of  a  that, 
are  drawn  into  the  Powers  of  e  in  the  fourth 
Power  of  ^  ;  (  as  is  evident  by  the 

Table  in  Sett.  4.  Chap.  i.  )  and  becaufe  the 
firft  figure  of  the  Root  is'  found  2,  and 
confequently  (by  Note  2.  in  Se^.  i.  of  this 
Chapf. )  the  number  fignified  by  is  2  o, 
therefore  the  furara  of  the  numbers  fignified 
by  ^aaa^  6aa  and  44  is  34480,  which  is 
the  Bivifor  ♦  then  fuppofing  I  were  to  di¬ 
vide  the  Refolven^  454656  by  iht  Bivifor 
34480 ,  I  find  the  Quotient  exceeds  p ,  but 
in  regard  e  alwayes  reprefents  either  a  fingle 
figure  or  a  cypher  it  cannot  exceed  9  .  and 
therefore  I  make  trial  ( in  a  wafic  paper  ) 
with  p  ,  to  fee  whether  it  will  conftitute  an 
'Ahlatitkm  that  doth  not  exceed  the  Refolvend  4^4656,  viz,.  I  fuppofe  ^  =  9  ;  then 
becaufe  a  was  before  found  20 ,  the  cAblatitmm  which  in  the  extradion  of  the  Biqua¬ 
dratick  Root  is  alwayes  compofed  of  ^aaae^  6aaeey  and  eeee^t  will  exceed  the 

vend  ,  from  which  it  ought  to  be  fubtrafted ;  But  if  ^  —  8 ,  then  the  AbUtitium  will 
be  equal  to  the  Refolvend  ,  and  confequently  that  being  fubtraded'  from  this ,  there  will 
remain  o ,  wherefore  I  fet  8  in  the  Quotient ,  and  conclude  that  the  Biquadratick  Root 
of  the  given  number  61465-6  is  28;  for  28  x  z8  x  28  x  2 8  produceth  614656. 


61 

Subtrad  ^  6 

4656 

(28.  Root. 

4^ 

4656 

Refolvend. 

a  rz:  2  0  3 

2000 

2400 

80 

^aaa 

6aa 

44 

3 

0 

00 

Bivifot. 

f  =  8  25 

4 

6000 

3600 

op6o 

4096 

6aaee 

^aeee 

eeee 
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4656 

AbUtitium. 

0 

0000 

Se^f.  I V.  Of  the  extraUion  of  the  Root  of  the  fifth  Rower  given  in  number., 

• 

1 .  For  the  more  ready  extraction  of  the  Root  of  any  fifth  Power  given  in  number ,  this 
Tabulet  will  be  ufeful,  which  fliews  at  firft  fight  the  fifth  Powers  ot  every  iingle  figure, 
and  confequently  any  fifth  Power  in  number  under  100000  being  given,  its  Root  is 
hereby  difeovered.  _ 


Roots. 

<^th  Powers. 

I 

1 

2 

3 

243 

4 

1024 

S 

3125 

6 

7176 

.  7 

16807 

8 

1216% 

9 

59049 

2.  When  a  whole  number  is  given  for  a  fifth  Power  and  its  Root  defir ed ,  that  is ,  fuch 
a  number  which  being  multiplied  five  times  into  it  felf  will  produce  the  given  number,  it 
rauft  be  prepared  for  extradion  by  pundations  in  this  manner ;  viz.  Firfi  let  a  point 
be  fet  over  the  Units  place  of  the  given  number ,  then  pafling  over  the.  four  next  places 
towards  the  left  hand,  fet  another  point  over  the  fixth  place  •  and  in  that  order  as  many 
points,  are  to  be  fet  as  the  given  number  will  admit ,  that  there  may  be  four  places  between 
,  every  two  adjacent  points.  So  if  the  Root  of  the  fifth  Power 

17210368  172103^8  be  defired  ,  after  points  are  fet  as  is  above  direded ,  the 

faid  17210368  will  be  difiributed  into  two  members,  to  wir,  172 
1880287678125  and  10368;  in  like  manner  this  number  1880287678125  will  • 

be  difiributed  into  thefe  three  members ,  188,  02876  and  78125. 
The  points  (as  before  hath  been  faid)  (hew  the  number  of  places  that  will  be  found  in  the 
Root,  as  alfo  what  member  of  the  number  given  belongs  to  the  extradion  of  every  fingle 
charader  of  the  Root  fought. 

'  3.  Every 


/ 
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5.  Every  number  confidcreti  as  a  fifth  Power  may  be  conceived  to  be  produced  from 
the  multiplication  of  the  Binomial  Root  a~-\~‘e  five  times  into  it  felf,  and  then  the  faid 
number  will  be  compofed  of  thefe  fix  members  or  numbers,  aancia  ^ 

1  OAAAce^ioaaeee^  5  aeeee  and  eeeee ;  (as  is  manifeft  by  the  fifth  Power  in  the  Table  in 
Chaf.  I,,  of  this  Book.  )  Now  becaufe  the  Refolution  of  the  fifth  Power,  vi<.  the  er- 
tradion  of  out  of  a  given  number,  is  deducible  from  the  Reps  of  the  Compofition 

of  a  fifth  Power  from  its  Root  given  in  number,  (for  fuch  numbers  as  are  added  in  the 
Compofition  are  to  be  fubtracled  In  the  RefolUtion,)  the  Learner  raufl:  be  exercis’d  in 
4.  Chap  2 .  of  this  Book, 

Example  I 


• 

172 

.  3  = 

1 0368 

14c 

1036b 

Let  it  be  required  to  extraft  V(0  o^t  of  172103^8,  vizi,  to  find  a  Root  or  num¬ 
ber  which  being  multiplied  five  times  into  it  felf  will  produce  1 72 1  o  3  6  8  :  After  the  given 
number  is  {)repared  by  pundations  as  before  is  direded ,  I  feek  in  theTabulet  is  the  firft 
Rep  of  this  Sedion  4.  for  the  greateft  fifth  Power  contained 
in  172  the  firR  member  (  towards  the  left  hand  )  of  the  given 
number,  and  finding  it  to  be  32,  I  fubferibe  32  under  172, 
and  write  2  the  Root  of  the  faid  fifth  Power  3  2  in  the  Quo- 
tient  for  the  firR  figure  of  the  Root  fought .  then  after  having 
drawn  alineunder  32,  I  fubtrad  32  from  172,  or,  3200000 
from  17210368,  and  there  remains  to  be  refolved  14010368. 

Then  to  difeover  the  7)myijr,  which  fliews  howto  begin  thetryalin  the  finding  out  of 
that  is,  every  Charader  (whether  it  be  a  figure  or  cypher)  which  is  to  follow  the  firR  figure 
of  the  Root,  I  take  fuch  Powers  of  a  as  are  multiplied  into  the  Powers  of  e  in  the  fifth 
Power  produced  from  viz.  joaaa,  jca'a  and  fothefuram  of  thefe 

four  numbers  make  the  Divifor  :  and  bccaufe  the  firR  figure  of  the  Root  is  found  2 ,  and 
confequentiy  (by Note  2.  in  Se^.  i.  of  ihx^ChafL)  the  number  fignified  by  4  is  20, 
therefore  the  fumm  of  the  numbers  fignified  by  54444, 1 0444, 1044  and  54  is  884100, 
which  is  the  Dmyo/*  j  then  fuppofing  1  were  to  divide  iht  Refolvend  1401*0368  by  the 
Diyifor  884100 , 1  find  the  Quotient  exceeds  9 ,  but  in  regard  e  alwayes  reprefents 
a  fingle  figure  or  a  cypher  it  cannot  exceed  9  ,  therefore  I  make  tryal  (in  a  void  place) 
with  9,  to  fee  whether  it  will  conRitute  an  >4^/4mr4w  that  doth  not  exceed  the  Fefolvend 
14010368,  viz.  1  fuppofec  =  9,  then  becaufe  4  was  found  20,  the  Ablatitmm 
y4444e-^  loaaaee  ^ aeeee  exceeds  the  Refolvend  from  which  it  ought  to 

be  fubtraded ;  But  if  ^  =  8,  then  the  AblatittHm  will  be  equal  to  the  Refolvend,  and  con¬ 
fequentiy  that  being  fubtrafted  from  this ,  there  will  remain  o  ,  wherefore  I  fet  8  in  the 
Quotient;  fo  28  is  found  to  be  the  VO)  of  the  given  number  172103685  for28)« 
28x28x28x28  produceih  17210368.  Compare  the  following  work  with  the  pre-; 
cedent  Rules  of 
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10368* 
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(28.  Rooi, 

t 
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8 

00000 

80000 

4000 
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8 

841 00 
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64 

51 

20 

4 

00000 

20000 

48000 

09600 

32768 
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$  aeeee 

eeeee  » 
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Ablatitinm. 

000 
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By  the  precedent  Rules  and  Examples this  Chapt.  the  ingenious  Reader  will  eafily 

perceive  how  to  extend  this  general  cqeihod  to  the  extradiqn  of  the  Roots  of  all  kinds- 

^  . ^ 
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of  Powers  in  numbers ,  viz.  of  the  fixch,  feventh,  eighth,  &c.  Powers ;  as  alfo  to  find 
out  the  Roots  infinitely  near  of  fuch  Powers  as  have  not  Roots  exadly  expreffible  by 
any  rational  or  true  number. 


C  H  A  P.  IV.  " 

Concernhg  the  extraBion  of  Roots  out  of  Formers 

expreji  by  Letters.  , 

I.  TN  a  feries  oi;  Scale  of  Powers  produced  from  a  Root,  fuppofc  from  4,  as  in  this 
I  feries ,  4,  44,  444,  4444,  44444,  4^,  4^,  4^,  &c.  thofe  Powers  only  whofc  Indices 
are  even  numbers  are  Squares  j  as  44,  4444,  4^,  4^,  &c.  (  whofe  Indices  are  2,4, 
6y  8,  &c.  )  are  Squares :  and  thofe  Powers  only  whofe  Indices  are  divifible  by  ^  ,  are 
Cubes,  as  444,  444444,  4%<Scc.  (  whofe  Indices  are  3,0,9,  C^r.  )  are  Cubes.  There¬ 
fore  every  Power  whofe  Index  is  a  Prime  number  greater  than  3,  as  44444,  4^,  4',  &c.) 
(whofe  Indices  are  5^,  7,  11,  &c.  )  is  neither  a  Square  nor  a  Cube.  But  every  Power 
whofe  index  is  divifible  by  0,  as  4\  4^®,  &c.  is  both  a  Square  and  a  Cube ,  bccaufe 

the  Index  is  divifible  both  by  2  and  by  3. 

If.  If  a  Simple  quantity  be  exprefl  by  the  fame  letter  repeated  an  even  number  of 
times,  the  fquare  Root  thereof  is  eafily  extraded  ;  for  the  Root  muft  be  fuch  that  its  Index 
may  be  the  half  of  the  Index  of  the  Quantity  propofed :  As,  ^/aa,  (that  is,  the  fquare 
Root  of  44,)  is  4j  for  1,  the  Index  of  the  Root  4,  is  the  half  of  2  the  Index  of  the 
Square  44  :  in  like  manner  V 4444  is  44 ,  whofe  Index  2  is  the  half  of  4  the  Index  of 
the  Square  4444 ;  again ,  V 444444  is  444,  whofe  Index  3  is  the  half  of  6  the  Index 
of  the  Square  a^.  .  ' 

1 H.  And  with  the  like  facility  you  may  extract  the  Cubick  Root  of  a  Simple  quantity 
which  is  expreft  by  one  and  the  fame  letter  repeated  fuch  a  number  of  rimes  as  is  divifible 
by  3  j  for  the  Cubick  Root  mufi:  be  fuch  that  its  Index  may  be  |  of  the  Index  of  the  Cube 
propofed:  as,  (that  is,  the  cubick  Root  of  the  Quantity  444,  )  is  4,  whofe 

Index  I  is  f  of  3  the  Index  of  444;  in  like  manner  V(3>^  is  44,  whofe  Index  2  is 
I  of  6  the  Index  of  the  Cube  a^. 

« 

I V.  If  the  Index  of  a  Gmple  Power  expreft  by  the  fame  letter  be  fome  Prime  number 

greater  than  3,  as  5,7,  n,  &c.  then  neither  VCa)  ,  nor  VCb),  nor  any  other  Root 
except  that  denoted  by  fuch  Index  or  Prime  number' can  be  exadly  extraded  out  of  the 
faid  Power;  fo  no  RoOt  can  be  exadly  extra«fted  out  of  44444  or  4^,  but  which 

is  4;  nor  any  Root  out  of  4^  but  Vi,?')  which  is  alfo  4.  But  when  the  Root  cannot 
beexailly  extrafted,  the  fign  of  the  Root  is  to  be  prefixt  to  the  Quantity ;  as  to  exorefs 
the  fquare  Root  of  44444  or  a\  1  write  V or  V^  •  Hkewife  I  exprefs  the  cubick 
Root  oi  4^',  thus,  ViS)^  j  V(4j  of  thus,  ViV)^  \  and  fo  of  others. 

V.  When  fome  Power  of  an  unknown  fimple  Root  4  is  found  equal  to  fome  known 
number,  and  the  Index  of  that  unknown  Power  is,  not  a  Prime  number,  then  the  value  of 
the  Root  4  in  number  may  oftentimes  be  difeovered  by  two  or  more  extraiSiions  more 
eafily  than  by  one  /ingle  extra^ion  of  a  Root  out  of  the  faid  unknown  number.  As, 
for  Example  j 

If  there  be  propofed  or  found  ottt  ;  ^  ;  .  444444  ==729 

Then  to  find  out  the  value  of  4,  you  need  not*  extract  the  V{^^ 
of  729  by  the  general  mdhod  before  delivered  in  C’/74y.  3.bntfirft 
by  that  method  extra\5i  the,  fquare  Root  of  729,  and  then  by 
SeU.  2.  of  this^Chapt.  the  fquare  Root  of  444444,  fo  thofe  two 

Roots  compared  give  this  Equation  ,  vU.  .  . . 

Laftly  y  by  exfradling  the  cubick  Root  of  each  part  of  the  laft?  ^  - 
Equation,  the  val.wc®i  a  the  Root  fought  ii  difeovered,.  vkz.  \  ^ 

Or 
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Or .  ihfii , 


Firfl ,  by  exttf^ding'  the  cubick  Root  of  each  part  of  the  E-  ?  __ 

quatioii  propofed ,  there  arifeth  .  .  .  .  ^  .  .  .  .  ^  ~ 

Aiid  then  By-  .extra^ling  the  f<5uare  Root  of  each  part  of  the  laft  ?  ,  _ 

Equation,-,the  fame  value  ot  the  Root  4  is  found  out  as  before, to  wit,  ^  ‘  ^  ^ 

Jn  like  manner,  if . ;>  .  4’  —  i( 

Firfl,  by,  extra^ing  the  cubick  Root,  it  gives  ...  .  .  .  .  4’ — 

And  again ,  by  extra6til]g  the  Cubick  root  of  that  Root  th( 

r> _  _ I  -  I _  •  a  — 


Root  4  is  made  known,  viz.  . 


V  I.  When  two  or  more  Squaresj  Cubes,  or  other  Powers  expreft  by  different  letters 
be  multiplied  one  into  another,  then  if  the  Root  of  each  Power,  viz.  the  fquareRoot 
if  they  be  Squares,  or  the  cubick  Root  if  they  be  Cubes,  be  extradlcd,  the  Produ^ft 
made  by  the  multiplication  of  thefe  Roots  one  into  another  fhall  be  a  like  Root  of  the 
Power  or  Produft  firfl  given  :  As,  for  example,  ^aaBb  is  ab,  which  is  the  ProdudF  of  the 
fquare  Roots  of  4^  and  bb^  likewife,  ^{■^)aaMb  h  ab ,  which  is  the  Prodnd!  of  the 
cubipk  Roots  of  am-  and  bbb.  '  '  - 

Again ,  ^ aabbes.  js  abc  ,.  which  is  theProduft  of  the  fquare  Roots  of  44,  bb  and  rCj 
^  in  like  manner,  ^ aaabbb  is  34^,  whiefris  the  Produd  of  the  cubick  Roots  of  z'j\ 
bbb  j  and  *^  i6aabbcc  is  ^ab&l.  which ‘is  ihff  Produd  of  the;  fquare  Roots  of  1 6 
44,  bb  and  cc.  The  ,  like  is  to  be  underflaod  ®f' others.  >  '  ■  '  ’  *  !  *--  j  ’ 

But  if  the  fquare  Root  of  5441^^  be  defired  ,  bccaufe  5  is^  not  a-  Square,  the 'paid  Root 
is  to  beppreft  eichet^rhus,  ^<^aabb  ^  or  thus,  1/5  x  4^  .  or  thus,  abi/^.  In  like  manner, 
to  denote  the  fquare  Root  of  aaabbb  I  write  ^a^b'^:  and  to  fignifie  the  cubick  Root 
oi  aabb  ^  I  write  ^(3)44^^.  but  the  cubick  Root  of  3444^^^  may  be  written  ■  either 

thus,  ^(3)3 or  thus,  4^V(3) 3*  ' 


Concerning  the  extraUion  of  Roots  out  of  Compound  quantities 
i  expreji  by  Letters., 


V I I.  Before  the  Learner  enters  upon  the  Extradion  of  Roots  out  of  Compound 
Squares,  Cubes  or  other  Powers  expreft  by  letters ,  he  ought  to  be  well  exercis’d  in  the 
eighth  and  ninth  Chapters  of  my  firfl  Book  of  Algebraical  Elements-^  as’ alfo  in  the  fore¬ 
going  firfl ,  fecond  and  third  Chapters  of  this  Book  ,  and  in  the  precedent  Rules  of  this 
Chapter  5  all  which  well  underftood  will  render  the  following  Rules  and  Examples  of 
this  Chapter  very  plain  and  eafie. 

VIII.  Rules  for  the  extra&ion  of  Square  Roots  out  of  Compound 

^jiantities  exprefb  by  Letters, 

Rule  r.  Set  the  particular  members  of  the  compound  Algebraick  quantity  whofe 
fquare  Root  is  required ,  in  fuch  order,  that  one  of  the  fimple  Squares  may  fland  outermoft 
towards  the  left  hand  ,  and  next  after  the  fame  fuch  other  member  or  rrLemrbers  wherein  you 
find  the  fame  letter  or  letters  as  are  in  the  faid  fimple  Square  j  then  the  fquare  Root  of  the 
■faid  fimple  Square  is  to  be  fet  in  the  Qiiotient  for  the  firft  member  of  the  compound  Root 
fought,  and  the  Square  it  felf  is  the  fiift  Quantity  to  be  fubtraded  from  the  compound 
Quantity  propofed.  This  is  the  firfl  work,  which  is  no  more  to  be  repeated  in  the  whole 
Extradion.  ' 

Rule  2,  Double  the  Root  before  fet  in  the  Quotient  for  the  6r{i  D/vifr ;  HkeWife, 
to  find  every  following  Divifor  ,  double  every  fimple  Quantity  that  ftands  in  the  Quotient, 
and  take  the  fumm  of  the  Produds  fpr  the  Divifor. 


Rule  3.  When  the  Divifor  is  found  out,divide  only  the  firfl  fimpleQuantity  (towards  the 
left  hand  )  in  the  Refolverd^  by  the  firfl  fimple  Quantity  in  the  Divifor,  and  fet  that  which 
comes  forth  next  alter  the  member  of  nlembers  of  the  Root  fought  that  was  before  found  out. 


‘  Rale  4.  After  the  firft  fimple  Square  is  fubtraded  (  according  to  Rule  i . )  then  every 
following  Ablatitium,  that  is,  the  fumm  of  the  Quantities  to  be  fubtraded  from  theTefpe- 
dive  Refolvend,  mufl  be  compofed  of  thefe  two  Produds ,  viz.  the  Produd  made  by  the 
multiplication  of  the  whole  Divifor  by  that  particular  Quantity  which  was  laft  fet  in  the 
Quotient,  and  the  Square  of  the  fame  fimple  Quantity. 

The  pradice  of  thefe  Rules  will  be  apparent  in  the  following  Examples. 


Exarfh 


i6o- 


The  extraBion  of  Roots  out  of 


Book  IL 


Example  I. 

L,et  it  be  required  to  extraft  the  fquare  Root  of  aa  -j-  lab 
Firft ,  I  extract  the  fquare  Root  of  aa,  and  it  is  a ,  which  I  fet  in  the  Quotient  j  then 
multiplying  a  by  it  felf,  1  fet  the  Produft  aa  under,  and  fubtraif  it  from  the  quantity  firft 
propofed,  and  there  remains  zah^ifk  '  This  is  the  firft  work  which  anfwers  to  Rule  i. 
and  is  no  more  to  be  repeated,  ...... 

The  Square  ,  aa  -j-  2  ah  -|-  hh 
Subtra(!A  ■  '  aa  ' 


Remainder  > 
Divifor , 

Subtrafl 


^^h^  hh 

^\^2a) 


zah’^'hb 


Q  + 


h.  The  Root, 


which 


Remainder,  o  o 

iJ 

Secondly  ,  the  Divifor  (  according  to  Rule  2.)  is  24 ,  which  I  fet  under  taif. 

Thirdly  ,  I  divide  2 ah  by  the  Divifor  -1-  24  ,  and  the  Quotient  is 
1  fet  next  after  4,  (the  particular  Root  before  found  out,)  acccording  to  Rule  3 ; 

Fourthly  ,  I  multiply  the  Divifor  -4-  za  by  (  that  was  laft  fet  in  the  Quotient,) 

and  the  Product  is  ^  zah,  to  which  adding' (  the  Square  of  ~1-'^ ,)  the  fumm  is 
24^-1- ,  which  (according  to  Rule  4.)  I  fet  under  and  fubtraft  from  the  Refolvend 
zah  ^hh ,  and  there  remains  o:  fo  the  Extraction  being  finifti’d,  the  Root  fought 
is  found  4  -j-.  ^ ;  for  if  it  be  multiplied  by  it  felf  it  produceth  aa  zah-T^hh  the  quantity 
firft  propofed.  .  ' 

Note.  By  .what  I  havejaid  in  the  eighth  and  ninth  Chapters  of  my  firft  Book  of 
hrakal  Elements ,  ’tis  eafie  to  difcover  at  firft  fight  whether  a  Compound  Algebraick 
Quantity  confifting  of  three  Terms  be  a  perfeft  Square  or  not ,  and  if  a  Square  what  its 
Root  is.  Ncverthclefs ,  in  this  firft  Example  I  have  expreft  the  work  at  large  according 
to  the  four  Rules  before  given  ,  that  the  like  Operation  may  the  more  eafily  be  perceived 
in  the  following  Examples. 

Example  2. 

If  the  fquare  -Root  of  aa  —  2  ah  zac —  2  he  cc  be  defired,  it  will  be  found 

4  —  ^  c ,  by  the  precedent  Rules ,  and  the  work  ftands  as  here  you  fee  underneath. 


The  Square, 
Subtrad 

Remainder, 
Divifor , 

Subtrad 


44 

44 


2  ah  ^  2  4c  —  2  he  .-j-.  hb  -j—  n 


—  zah  -\-zac  —  zbc  *-1-  hh  -f-  cc 
4-24) 


z  ah  -f-  hh 


4-  2aC' 
-h  24 


2  be  4- 

zh) 


cc 


4*'  24c  —  zhe  4' 


cc 


Remainder , 

Divifor , 

Subirad 

Remainder  o 

Example  5. 

In  like  manner  the  fquare  Root  of  6^aahh-\-^  "^zahe — 1444^4"  3 4- 81 

will  be  found  84^4*"  —  9  i  as  is  manifeft  by  the  following  Operation. 


(4_  ^4-.c,  The  Root 


The  Square,  6/^aabb  4-  3  2 ahe  —  1 444^  4^  —  3  5c  4-  81 

Subtrad  64aahb 


Remainder , 
-Divifor, 
Subtrad 


4-3  24^C  —  ij\4ah  4CC — 36c -j-  81 

4""  ^  ^^h  ) 


4-  324^C 

Remainder , 

Divifor , 
Subtrad 
Remainder , 


+ 


—  1444^ 

4^  1 6 ah 


—  l6c  4-  81 


— 1444^ 
o 


—  3  5c  4^  81 


(  84^4“  —  9 


Example  4. 
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Example  4, 

Again  ,  the  fquare  Root  of  ddM-]r  “iddS  iddbb  2Sbb -\~  bhbb  will  be  found 
dd-\~  db  bb  ,  and  the  Extraction  {lands  thus  j 

The  Square ,  d"^  2 d^b  ‘-j  -  3  d'^b'^  ^-idb^  -j-  b"^  j  ^  dd -  |-^  db  -  j-  bb. 

Subtract:  d^  j 

Remainder ,  2  d^b  3  d^b^  -j-  2  db^  -j  *  b'* 

Divifor ,  d\-.2d^) 

Subtract  ‘-\-zd.-b-\^  d^b^  •  ' 

Remainder,  4" 

Divifor ,  '  4-^  2  d'^  4^  7db') 

'  '  Subtract  id^b^  zdb^ -\- b‘^ 

Remainder,  000 

IX,  Rules  for  the  extyaaiofi  ofCiibicl^  Rdoticiitof  Compound 

'^antities  expreji  by  Letters, 

Eulb  I .  Set  the  particular  members  or  parts  of  the  Compound  Algebr^ick  Quslntuy 
whofe  cubick  Root  is  required ,  in  fuch  order  ,  that  one  of  the  fimple  Cubes  may  {land 
outermoit  towards  the  lett  hand  ,  and  next  after  the  fame  fuch  other  members  wherein  you 
find  the  fame  letter  or  letters  as  are  in  the  faid  fimple  Cube  ;  then  the  cubick  Root  of  the 
faid  fimple  Cube  is  to  be  fet  in  the  Quotient  for  the  firfl:  member  of  the  Root  fought ,  and 
the  fimple  Cube  it  felf  is  the  firfi:  Quantity  to  be  fubtraCled  from  the  compound  Quan¬ 
tity  propofed.  This  is  the  firfi  work,  and  no  more  to  be  repeated  in  the  whole  Extraction. 

Rule  2.  The  firfi  Divifor  mufi  be  corapofed  of  the  triple  of  the  Square  of  the  Root 
before  fet  in  the  Quotient,  (which  triple  Square  bcall  the  firfi  part  of  the  Divifor,)  and  the 
triple  ot  the  fame  Root,  (  which  triple  Root  I  call  the  latter  part  of  the  Divifor  ;),  likewife, 
every  following  Divifor  mufi  be  corapofed  of  the  triple  of  tfie  Square  of  the  fumra  of  all 
the  fimple  Quantities  or  parts  of  the  Root  already  found  out  and  fet  in  the  Quotient,  and 
of  the  triple  of  the  fame  fumro.  ,  , 

EhU  3.  Whtn  the  Divifor  is  found  out,  divide  only  the  firfi  fimple  Quantity  (to¬ 
wards  the  left  hand  )  in  the  Refolvend  ,  by  the  firfi  limple  Quantity  in  the  Divifor ,  and  fee 
that  which  comes  forth  in  the  Quotient ,  next  after  the  member  or  members  of  the  Root 
fought  before  found  our. 

Rule  4.  After  the  firfi  fimple  Cube  is  fubtraCled,  (according  to  Rule  i.)  then  every 
follovCing  Ablatitium^ihn  is, the  furom  of  the  quantities-to  be  fubtraCled  from  the  Refohend , 
mufi  be  enmpofed  ot  thefe  three  ProduCls ,  viz  Firfi,  the  Pioduft  made  by  the  multi¬ 
plication  of  the  firfi  part  of  the  Divifor ,  (to  wit,  the  triple  Square  mentioned  in  Role  2.) 
by  the  iimple  Quantity  lafi  fet  in  the  Quotient ;  fecondiy,  the  ProduCi  made  by  the 
multiplication  of  the  latter  part  of  the  Divilor  (  to  wit ,  the  triple  Root  or  fumm  mentioned 
in  Rule  2.)  by  the  Square  of  the  fame  fimple  Quantity  ;  and  thirdly,  the  Cube  of  the 
faid  fimple  Quantity  lafi  fet  in  the  Quotient, 

The  practice  of  thefe  Rules  will  appear  in  the  following  Examples. 


Example  l. 

Let  it  be  required  to  extratfi  the  Cubick  Root  out  of  aaa-]-  ^aae-l-'^aee-l-eee.^ 
Firfi,  beginning  at  the  left  hand,  I  extraCt  the  cubick  Root  of  aaay  and  it  i^4,  which 
I  fet  in  the  Quotient ,  theh  multiplying  the  faid  Root  a  cubically  it  makes  aaa,  which  I, 
fubtraCt  from  the  Compound  quantity  firfi  propofed  for  Extraction  ,  and  there  remains  to  be 
refolved  4-  ^aee~\-  eee.  This  is  the  firfi  work,  winch  anfwers  to  Rule  i,  and  is 

no  more  to  be.repeated  in  the  whole  Extraction. 


The  Cube  ,  aaa  4-  3 aae  4  •  3  aee  -j-'  eee 
Subtract 


A  SUdt 


Remainder, 
Divifor,  • 
Subtract 
Remainder , 


-  y  a ae  4-*  5  aee  eee 
2  aa  4^  ^  ^  ) 


^aae  4-*  3  aee  4^  eee 


(  ^  4-  e.  The  Root. 


,  V  ■. 


X 


Secondly, 


i62 
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Secondly  ,  I  feek  a  Divifor  thus,  viz,,  ro  -1-  34^,  which  is  the  triple  of  aa  the  Square 
of  the  Root  4,  I  add  -fia  the  triple  of  the  (aid  Root  4,  and  the  fumm  3  44  ►(-34  is 
the  Divifor ,  which  1'  fet  underneath  the  remaining  Refolvend^  according  to  Rule  2. 

Thirdly,  according  to  Rule  3.  I  divide  3  44e  by  -[-.344,  and  it  gives  which 

I  fet  in  the  Quotient  next  after  a. 

Fourthly,  to  find  out  the  (or  quantity  next  to  be  fubtra^fed  )  I  make 

a  threefold  Multiplication  ,  viz,.  Firft,  I  multiply  -^[-344  (the  firft  part  of  the  Divifor) 
by  ‘-j-  e  the  Root  lafl:  fet  in  the  Quotient,  and  the  Produif  is  3  aae  •  fecondly,  I  multi¬ 
ply  -j-  34  the  latter  part  of  the  Divifor  by  -\-ee  the  Square  of  the  fiiid  Root  e  ,  and  the 
Produft  is  -j-  34^^•■;  thirdly,  1  multiply  the  faid  Root  e  cubically,  and  the  Product  is  eee-, 
laflly,  I  fubtradf  the  fumm  of  the  faid  three  Produdls  from  the  Refelvend^  and  there  remains  o. 
So  the  Extraction  is  finilh’d,  and  a^e  is  the  true  Cubick  Root  fought  •  for  if  it  be  muR 
tiplied  cubically,  it  will  produce  444 3 44e *4- 3 4^e 4- firft  propofed. 

Example  2. 

In  like  manner,  the  cubick  Root  extracted  out  of  1 2  ^aaa  22  5’44#  4~  *  3 
is  C4>-1-.  3tf  ,  and  the  work  ftands  thus ; 


The  Cube,  125444  2  544e  I  3  54e^  -j-  a  jeee 

vSubtradt  125444 


Remainder , 
Divifor , 

Subtract 


—1—  225 aae  -j-«  135 aee  -(-<  zjeee 
4-7544  4.154) 


I*.  22  544^4  I  ^7eee 


Remainder, 


(5443*'*  Root. 


Example  3. 


So  the  cubick  Root  of  274^ —  544^  -1^1714'^ —  i884^-['"2S544 1 504  *-]-.•  125 
will  be  found  344  —  24  *-J-  5  ,  and  the  Operation  ftands  thus : 

The  Root. 

Cube,  274*  —  544^  >-1-1714'^  —  1 8 845 28544  —  1 504 -1- 125 
Subtr.  2  7 


Rem.  —  544^ 

-1- 

1714+  — 

-  1 8  b  4  ^ 

2  8  5  44  - 

-1504 

Divifor,  *-|-  2  74'^ 

H- 

944 

Subtr.  —  544^ 

3d4"^- 

-  84? 

Rem, 

-h 

1354^- 

-  1804? 

28544  — 

-  I  504 

— 

125 

Divifor,  ^ 

274“^- 

“■  3^4^  '“j— 

I  2  44 

-  6a 

944  — 

r 

1354^- 

-  I  8045 

6oaa 

Add  thefe  < 

2  2  544  ~ 

- 1504 

t 

125 

Subtract 

4- 

1354^- 

- 1 8043 

2  8544  — 

-  1504 

+ 

125 

(  3  44  —  2  4  5" • 


If  there  be  occafion  to  exrraCtthe  Root  of  the  fourth  ,  fifth,  or  other  higher  Compound 
Power ,  the  Divifors  and  Ablatitious  quantities  may  be  drawn  oiit  of  the  Table  in  Sell.  4. 
Chap  I.  of  this  Book. 

t 

X.  Concerning  the  extraUion  Roots  out  of  Algebraical  EraUions . 

I.  Forafmuch  as  in  the  extraction  of  Roots  out  of  Fractions,  the  Root  of  the  Numerator 
and  Denominator  being  feverally  extracted  gives  the  Root  fought  •  therefore  if  the  fquare 

Root  of  - - be  to  be  extracted,  I  write  for  the  Root  fought  j  for  the  fquare 

Root  of  the  Numerator  aahb  is  4^,  and  the  fquare  Root  of  the  Denominator  cc  is  c , 

fn 
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Ponders  expreji  by  Letters. 


1 


In  like  manner  if,  the  fquare  Root  of  ^  ]  bbbb  ciefjred  ;  by  ex- 


trailing  the  fqnarARoot  out  of  the  Numerator  and  Dertominatoi-,  there  arifeth 

-  _  ,  '  A  —1—  2  b 

for  the  Root  fought. 

And  for  the  fame  reafon  the  cubick  Root  of  this  Frailion ,  . . 

274^  ■ —  i7ia‘^ —  1 88^3  -j-  2894^  —  1  90;^ 1 2  7  5 _  2 4  7 

aaa  —  paa-{-^  i'jd —  27  ^  * 

which  is  found  by  exrraiRing  the  cubick  Root  out  of  the  Numerator  and  Denominator 
of  the  Fradion  propofed. 

2.  But  if  the  Root  fought  cannot  be  extrafted  out  of  the  Numerator  ^nd  Denominator^ 
then  the  radical  fign  V  with  the  Index  of  the  Power,  if  it  exceed  a  Square ,  is  to  be  prefixt 

ccxx 


to  the  Fradion  j  as,  to  denote  the  fquare  Root  of  —  ac,  that  is  nf  —  Aabbc 

I  write  >  or,  (becaufe  the  fquare  Root  of  the  Denominator  is  ih,) 

the  fquare  Root  of  the  quantity  propofed  may  be  expreft  thus,  --  .  likewife 

the  cubick  Root  of  ~  may  be  defigned  either  thus,  v'ft) — -  or  Che 

caufe  the  Numerator  is  a  Cube)  thus,  — ~=^===.  The  like  is  to  be  undcrflood 

V  v.  3  “T""  vb 

in  exprefling  the  irrational  Roots  of  higher  Powers. 


C  H  A  P.  V. 

Coticernvig  Geometrical  Proportion, 

i 

rrTHE  Vifference  of  two  numbers  is  found  out  by  Subtradion  ,  but  the  Ratio  ^ 
Beafon  or  Habitude  of  one  number  to  another  is  difeovered  by  dividing  the 
Antecedent  (  or  firfl:  number)  by  the  Confequent ,  (  or  fecond  number;)  for  the 
the  Quotient  denominates  the  Ratio^  Reafon,  or  (  as  fome  call  it)  the  Proportion  ,  which 
the  Antecedent  hath  to  the  Confequent :  As  if  6  be  compared  to  2  ,  then  f-,  that  is  f 
or  5  ,  fliews  that  6  hath  triple  Reafon  to  2  ;  visi.  6  contains  2  thrice ,  or  6  is  in  pro¬ 
portion  to  2  as  3  to  1  :  but  if  2  be  compared  to  6 ,  then  f  or  f  fliews  that  2  hath 
fubtriple  Reafon  to  6  ;  viz.  2  is  j  part  of  5,  or  2  is  in  proportion  to  5  as  i  to  3. 


I. 


In  like  manner  if  the  quantity  a  be  compared  to  the  quantity  then  exprelfeth  the 
Ratio  or  Reafon  of  4  to  ^ .  and  —  fhews  the  Reafon  of  b  to  a. 


a 


Note ,  that  the  Reafon  of  two  numbers  or  quantities  ought  to  beexprefl:  by  the  fmailefl: 
Terms  or  Quantities  than  can  poflibly  be  found  to  exprefs  that  Reafon ;  So  the  Denomi¬ 
nator  of  the  Reafon  of  i<5  to  12  isif,  where  16  and  12  are  firfl:  reduced  to  the  fmailefl: 
Terms  4  and  3 ,  (  by  dividing  the  faid  16  and  12  feverally  by  their  greatefi:  common 
Divifor  4 ,)  and  then  dividing  the  Antecedent  4  by  the  Confequent  3  ,  the  Quotient  ^ 
exprefl’eth  the  Reafon  or  Proportion  of  16  to  12  j  viz.  1 5  is  to  12  as  4  to  3.  In  like 

manner  the  Reafon  of  bb  to  ba ,  or  oi’  bbb  to  bba  is  — . 


a 


1 1.  Quantities  which  proceed  by  equal  Differences  are  faid  to  be  in  a  continued 
Arithmetical Progreflion  ,  (  as  hath  beenfliewn  in  Chap.  17.  Book^i.  of  my  Algebraical 
Elements ;  )  but  quantities  which  proceed  by  equal  Reafons ,  (  or  Proportions ,)  are  faid 
to  be  in  a  continued  Geometrical  Progreflion  or  Proportion;  So  thefe  number  2,  5,  i  8^ 
'  ^2  ‘  54, 
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54,  I  are  continually  proportional ,  bccaufe  the  Reafon  (or  Proportion)  of  the  firfl:  to 
the  fecond  is  equal  to  the  Reafon  of  the  fecond  to  the  third  ,  alfo  of  the  third  to  the  fourth, 

' "  or  backward , 

^  ah 


_  ±3. - 

la  —  54  —  i62.> 


then  thofe  quantities  are  con- 


and  fo  forward  ;  f  (or 

—  ^  (or  3.)  In  like  manner  if  thefe  quantities  h  ^  c ,  e  he  fnch,  that  ^  —  ^ 

—  .  or  backwards ,  if  —  —  —  -7-  =  — 

tinually  proportional;  'vi^.  as  the  firft  is  in  proportion  to  the  fecond  ,  fo  is  the  fecond 
to  the  third,  th^  third  to  the  fourth,  &c. 

But  if  there  be  four  fuch  quantities  that  the  Reafon  (or  Proportion)  of  the  firfi:  to  the 
fecond,  is  equal  to  the  Reafon  of  the  third  to  the  fourth  ;  but  the  Reafon  of  the  fecond 
to  the  third,  is  not  equal  to  the  Reafon  of  the  firR  to  the  fecond,  then  thofe  quantities  are 
faid  to  be  in  Geometrical  Proportion  difeontinued  or  interrupted .  fnch  are  thefe  four 
numbers,  2  .  6  ::  12  .  36  .  for  |  (or  f )  =  jf ,  but  rf  (or  i)  **  not  equal  to 


In  like  manner  if  a^  c,  d  be  fuch  quantities  that  ~  =  but  — 

b  a  c 


IS  not 


equal  to  — ,  (  or —p  j  )  then  are  4,  ^  ,  c,  difcontinual  Proportionals. 
b  d 

III.  If  three  quantities  be  Proportionals,  the  Product  made  by  the  mutual  multipli¬ 
cation  of  the  Extremes  is  equal  to  the  Square  of  the  Mean  j  as , 

If  there  be  propofed . • . ^4*  c  •  • 

Then  this  Equation  enfueth , . .  ,  ac  ~  bb  =z  ^6 

For  fince  by  fuppofition  ,  .  . . .  ,  .  ,'^a.b::b,c 

It  follows  (  by  Se^.  i,  and  2.)  that . ~  ^  ~  5 

L  h  c 

Whence  by  multiplying  each  part  by  c, . .  . ^  ~  ^ 

And  by  multiplying  each  part  of  the  laflEquation  by  it  produceth  ^  ac  :=z  bb  rrz  ^6 
Which  was  to  be  proved. 

I  V.  If  four  quantities  be  Proportionals ,  whether  they  be  continual  or  difcontinual, 
the  Produft  made  by  the  mutual  multiplication  of  the  extremes  is  equal  to  the  Produd 
of  the  means ;  and  confequently  if  the  Produd  of  the  means  be  divided  by  either  of  the 
extremes ,  the  Quotient  is  the  other  extreme.  As ,  for  example , 

Let  four  difcontinual  Proportionals  be  propofed  .  .  S  d  .  c  ::  b  .  a 

Then  by  the  foregoing  SeU.  . ^  —  =z  3 

And  by  multiplying  each  part  of  that  Equation  by  4,  this  ?  da  _  ,  _ 

is  produced ,  viz:, . >  p  .  i  S’ 

And  by  multiplying  each  part  of  the  laR  Equation  bye,  the?  ,  _  ,  • 

firR  part  of  the  PropoRtion  is  raanifeft ,  vizj,  •  •  •  ^  ^  ^  ^ 

And,  by  dividing  each  part  by  d,  there  arifeth  .  .  .{>  a  —  —  =  5 

a 

Which  laR  Equation  being  compared  with  the  four  Proportionals  RrR  propofed,  doth 
Riew,  that  if  three  quantities  c,  b  be  given,  to  find  fuch  a  fourth  as  Rrall  have  the  fame 
proportion  to  ^  as  t  hath  to  d ,  then  the  Produd  of  the  fecond  and  third  terras,  to  wit, 
cb,  being  divided  by  the  firft  terra  d  will  give  the  fourth  Proportional  fought ,  which  is  the 
very  Operation  in  the  Rule  of  Three  dired.  '  ‘ 

V.  If  three  quantities  4,  c  be  Proportionals,  and  the  firft:  and  fecond,  to  wir, 
4  and  b  be  given  feverally ,  the  third  is  alfo  given 4  for  by  StB.  of  this  Chaft* 

ac  ■=.  bb  y  whence  by  dividing  each  part  by  4  there  arifeth  c—  — ,  which  Rtews,  that 

if  the  Square  of  the,  mean  or  fecond  terra  be  divided  by  the  firft ,  the  Quotient  is  the  third 

Proportional ;  hence  4,  by  and  —  are  continual  Proportionals.  In  like  manner  if  three 

(t 

quantities  in  continual  proportion  be  given  feverally ,  and  a  fourth  Proportional  be  defired, 

the 


/ 
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the  Square  of  the  third  term  divided  by  the  fecond  gives  the  fourth  :  as  if  there  be  given  thefe 
three,  4,  —  -H-  ;  then  by  dividing  the  Square  of  il,  to  wit,  — -  by  h  the  Quo- 

tienc  —  (hall  be  the  fourth  continual  proportional :  hence  a,  b  ,  —  are  conti- 
....  ^  A  aa 

nual  proportionals.  Likewife  if  the  Square  of  the  fourth  continual  proportional  be  di¬ 
vided  by  the  third,  the  Quotient  will  be  the  fifth  j  fo  to  thofe  four  continual  proportionals, 

this  fifth  will  be  found ,  to  wit,  ;  and  fo  forwards  infinitely.*  Therefore 

V  I.  If  numbers,  how  many  foever,  be  continually  proportionals,  and  the  leafl:  tcrrn 
be  cfteemed  the  firf!,  that  next  greater  than  the  leafl:  the  fecond,  and  fo  forwards  •  then 
the  fecond  term  is  produced  by  the  multiplication  of  the  firft  into  the  Reafon  of  the  fecond 
term  to  the  firfl  ,  the  third  tcrrn  is  produced  by  the  multiplication  of  the  firft  into  the 
^uare  of  the  fame  Reafon  ,  the  fourth  term  is  produced  by  the  multiplication  of  the  firft 
into  the  Cube  of  the  fame  Reafon  ;  and  in  like  manner  every  following  term  is  produced 
by  the  multiplication  of  the  firft  into  fuch  a  Power  of  the  Reafon  of  the  fecond  term  to 
the  firft  as  hath  fewer  dimenfions  by  one  than  the  number  of  terms  hath  unities :  as  in 
thefe  following  fix  continual  proportionals ,  to  wit , 

bb  hbb  bbbb  bbbbb 


a 


b 


j  . 


a, 

18 


AA 


AAA 

i6t 


AAaa 
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Suppofing  a  to  be  the  firft  and  leaft  term ,  the  fecond  terra  b  is  equal  to  the  Produff  of 

the  firft  term  a  into  — ,  to  wit ,  the  Reafon  of  the  fecond  term  to  the  firft  .  alfo  the 

a  ,  ’ 

third  terra  —  is  produced  by  the  multiplication  of  the  firft  term  a  into  the  Square 


a 


is  produced  by  tht 
bbb 


of  the  fame  Reafon,  that  is  into  —  ■  and  the  fourth  term 

aa «  aa 

multiplication  of  the  firft  term  a  into  the  Cube  of  the  .fame' Reafon,  that  is,  into 

and  the  fifth  term  - is  produced  by  the  multiplication  of  the  firft  term  a  into  the  fourth 

aaa 

Power  of  the  fame  Reafon,  that  is  into  ;  and  foforwardsi 

But  if  the  greateft  term  be  efteemed  the  firft  ,  that  next  lefs  than  the  greateft  the  fecond, 
and  fo  downwards;  then  the  fecond  term  is  equal  to  the  Quotient  that  arifeth  by  dividing 
thefirft  (or  greateft)  term  by  the  Reafon  of  the  firft  to  the  fecond  ;  "|he  third  is  equal  to 
the  Quotient  that  arifeth  by  dividing  the  firft  term  by  the  Square  of  the  fame  Reafon  •  the 
fourth  term  is  equal  to  the  Quotient  that  arifeth  [by  dividing  the  firft  term  by  the  Cube 
of  the  fame  Reafon  ;  and  in  like  manner  every  term  beneath  the  greateft  fs  equal  to  the 
Quotient  that  arifeth  by  dividing  the  firft  (  or  greateft  term  )  by  fuch  a  Power  of  the 
Reafon  of  the  greateft  to  the  greateft  but  one  ,  (  or  fecond  term  ,)  as  hath  fewer  dimenfions 
by  one  than  the  number  of  terms :  as  in  thefe  following  fix  continual  proportionals,  to  wir, 


If  we  fuppofe 


bbbbb 

aaaa 

485'  , 

bbbbb 


bbbb 

161 


bbb 

aa 

54 


ii 

a 

I  8 


b 

6 


a 


to  be  the'  firft  and  greateft  term,  then  the  fecond  term  is 


aaaa  .  .  j 

t  *  t  T  f  '  / 

equal  to  the  Quotient  of  the  firft  term  ---  ^  divided  by  —  ,  to  wit ,  by  the  Reafon 

of  the  fiift  term  to  the  fecond ;  alfo  the  third  term -  is  equal  to  the  Quotient  of 

c  aa 


the  firft  term  — divided  by  that  is,  by  the  Square  of  the  Reafon  — 


and  the 
fourth 


aaaa 
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fourth  terra  ^  is  equal  to  the  Quotient  of  the  firft  terra 


divided  by  M  the 


aaaa  '  ^^4 

Cube  of  the  fame  Rcafon :  and  fo  of  the  reft. 

VII.  From  the  laft  preceding  vSeition  it  follows,  that  if  in  a  Series  or  Rank  of  numbers 
which  are  in  continual  proportion  ,  the  firft  term  ,  the  fecond  terra  and  the  number  of  terms 
be  given  feverally  ,  the  laft  term  (hall  be  alfo  given  by  this  Rule  j  viz.  Firft ,  (  according 
to  the  Note  in  Se^.  i.  of  this  Chapt.  )  find  out  the  fmalleft  numbers  that  may  ftiew  the 
Reafon  ot  the  greater  of  the  two  given  terms  to  the  lefs ;  then  efteeming  the  faid  Reafon 
as  a  Root ,  find  fucR  a  Power  thereof  whofe  Index  may  be  equal  to  the  given  multitude 
of  terms  lefs  by  unity ,  which  Power  multiplied  by  the  firft  term ,  when  the  firft  term 
is  lefs  than  the  fecond ,  gives  the  laft,  to  wit ,  the  greateft  terra.  But  when  the  firft  term  is 
greater  than  the  fecond,  then  the  firft  term  divided  by  the  faid  Power  gives  the  laft  term ; 
as  if  there  be  given  a  and  h  the  firft  and  fecond  of  fix  numbers  in  continual  proportion, 

and  that  h  is  greater  than  a  •  then  the  Reafon  of  /  to  a  is  — ,  (by  Se^.  i.  of  this 


IS 


bbbhb 


a 


this  multiplied  by  the  firft  term  a  pro- 


Chdpt.)  and  the  fifth  Power  of 

bhbbb  jg  fjxih  Proportional  fought ,  (  as  is  evident  by  SeZt.  6,  )  but  if 


duceth 


the  firft  term  a  be  greater  than  the  fecond  term  b^  then  the  Reafon  of  4  to  ^  is  -j,  whofe 


fifth  Power  is 


fixth  term 


bbbhb 

bhbbb 
— ■  ■■■  • 


,  by  which  if  you  divide  the  firft  term  a ,  the  Quotient  is  the 


This  Rule  may  be  exemplified  by  thefe  four  following  Ranks  of  numbers  in  continual 
proportion. 


2 

> 

6  , 

18  , 

54 

,  162 

3 

468 

3072 

768  , 

192  , 

48 

,  12 

3 

3 

2 

J 

3  ) 

9. 

z  ) 

ii 

4 

IX 

J  8 

3 

Airi. 
I  6 

I  0 

8  I 

» 

iiii. 

a?  > 

^4: 

9  y 

3 

y  4 

) 

3 

V  1 1 1.  If  there  be  given  two  Integers  exprefiing  a  Reafon  in  the  leaft  terms  ,  and 
it  be  defired  to  find  out  a  given  multitude  of  continual  Proportionals  in  the  fame  Reafon, 
and  that  all  the  terms  may  be  Integers ;  Firft ,  to  thofe  two  Integers ,  or  firft  and  fecond 
Proportionals  given ,  find  out  {by  Se^.  s-  or  6.  of  this  Chapt.)  fo  many  Proportionals 
as  with  thofe  given  may  make  the  defired  multitude ;  then  multiply  every  term  by  the  De¬ 
nominator  of  the  laft  term ,  fo  fliall  the  Produds  be  continual  Proportionals  in  Integers 
in  the  fame  Reafon  as  the  two  terms  firft  given.  As,  for  example,  if  a  and  b  be  given, 
and  it  be  defired  to  find  three  Proportionals  in  Integers  in  the  Reafon  of  a  to  b ;  firft ,  to  a 

and  b  I  find  a  third  Proportional,  which  (by  Se^.  5.)  is  — ,  then  4,  —  being 

a  a 

multiplied  feverally  by  the  Denominator  4,  the  Produds  44,  aby  bb  are  Proportionals 
expreft  by  Integers,  and  in  the  Reafon  of  4  to  ^ ,  as  was  defired. 

Hence  if  4  ==  2,  and  3  •  then  aa  ,  ab  and  bb  will  give  4,  6  and  p,  which  are 
continual  Proportionals  in  Integers  in  the  given  Reafon  of  2  to  3, 

So  if  four  continual  Proportionals  in  the  Reafon  of  4  to  ^  be  defired  •  firft  {by  Se^i. 

S-  or  6.)  thefe  will  be  found  continual  Proportionals ,  to  wit,  4,  by  — ,  ,  which 

'  4  44 

multiplied  feverally  by  44,  ’( the  Denominator  of  the  laft  term,)  wiU  produce  444,  aab^ 
ahby  bbby  which  are  four  continual  Proportionals  in  Integers  in  the  given  Reafon  of  a  to  b. 
Hence  if  4  —  2,  and  3  .  then  444,44^,  abb  and  bbb  will  give  8,  12,  18  and  27,. 
which  are  continual  Proportionals  in  Integers  in  the  given  Reafon  of  2  to  3- 

In  like  manner  thefe  five  quantities  aaaayaaaby  aabbyabbb  diXxAbbbb  will  be  found  con¬ 
tinual  Proportionals  in  the  Reafon  of  4  to  A.  fo  that  if  4  =  2,  and  3,  then  thofe 
five  Proportionals  will  give  thefe  five,' to  wit,  16,  24,36,  ^4and8i  in  the  Reafon  of 
2  to  3 :  after  the  fame  manner  you  may  proceed  infinitely. 

IX.  If 
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IX.  If  there  be  quantities  in  continual  proportion,  how  raanyfoevcr,  the  Prod  uiH: 
made  by  the  multiplication  of  the  extremes  is  equal  to  the  Produft  of  any  two  means 
equally  diftant  from  the  extremes  ^  aiid  a!fo  to  the  Square  of  the  mean  term  vvheathe  num¬ 
ber  of  terms  is  odd:  as,  for  example,  If  d,e,fbe  continual  Proportionals  I  fay 
the  ProdiuS:  of  the  extremes  a  and  /,  to  wit,  af  is  equal  to  the  Produd  of  any  two 
terms  equally  diftant  from  the  extremes ,  vU.  to  the  Pfoduft  cd  and  to  the  Produft  l>s 
For ,  * 

1.  By  fuppofition,  (  and  by  I,  and  i.)  I  :  .  ;  .  b>  4-  =  — 

^  ^  f 

2.  Therefore  by  multiplying  each  pSrt  by  f,  it  produceth  .  .J>^  =  e 

b 

3.  And  by  multiplying  each  part  of  the  lafl:  Equation  by  it  gives  ^  af  ~  h 

Again ,  by  fUppofition . —  =  ~ 

c  e 

5.  Therefore  (by  multiplying  in  like  manner  as  before,)  .  .  cd  ~  hi 

6.  Therefore  from  the  third  and  fifth  Equations  t  per  1.  Axir^t  7  c  1 

i.  Bhm.  BmcU.)  . . 

Which  was  to  be  proved.  And  if  more  continual  Proportionals  even  in  multitode  were 

propofed,  the  Demonftration  would  not  be  otherwife. 

But  if  the  multitude  of  terms  be  odd,  as  in  thefe  feven  quantities  which  we  may  fuppofe 
to  be  continually  proportional,  a ,  b ,  c  ^  d,  e ,  f,  g  ~  .  then  the  Prddua  made  by  the 
rnultiplication  of  the  two  extremes  a  and  g  is  equal  to  the  Square  of  the  middle  terra  d  : 
viz.  =  dd.  For ,  ’ 

I .  By  fuppofition  ,  (  and  by  SeB.  1  ,  and  2. 


2.  Therefore  by  multiplying  each  part  of  that  Equation  by  dj? 
it  makes . .  5 


e 

dd 


ce  ■=.  dd 

ce  “  ag 
ag  —  dd 


3.  And  by  multiplying  each  part  of  the  laft  Equation  by  e,? 

it  produceth . £ 

4.  And  by  what  hath  been  already  proved  in  the  firfl  part  of  this  j 

Propofition  ^ . f 

y.  Therefore  from  thetwo  laft  Equations  (per  i  .Ax.uEIem.EuQl)‘t> 

Which  was  to  be  proved.  Therefore  the  Propofition  is  every  way  raanifeff.  But 
for  further  illuftratio'n  . 

Let  there  be  propofed  thefe  fix  continual?  o  .  . . 

Proportionals  in  numbers,  to  wit,  .  ^  ^  ^  >  5'4  >  3  4°*^  •• 

Then  according  to  the  firft  part  of  the?  ^  ^  ■  o  . 

Propofition, . ^  2  x  485  _  6  x  i52  —  1 8  54  —  gjz 

Again,  let  there  be  propofed  thefe  feven?  ^  o  z-  .  o>  - 

continual  Proportionals ,  to  wit,  .  .  £  ^  3  ^  ^  3  3  3  4^^  3  *45^ 

Then  according  to  the  latter  part  of  the?  o  -  ^ 

Propofition, . ^  2  x  145S  —  54  54  _  2916. 

X.  If  four  quantities  be  Proportionals,  a  .  b  ::  i  .  d,  they  Ihall  be  alfo  alternlys 
and  inverfly,  and  compofedly,  and  dividedly,  and  converlly ,  ProportioTials ,  z>iz. 


If 


And  inverfly , 
And  compofedly, 
And  dividedly , 
And  eonverfly  5 


S  a  ,  b  : 
1  6  .  4  : 

:  c  .  d  l 
:  12  .  8  ? 

5  ^  •  0  : 

16  .  12  : 

:  b  .  a  7 

;  4  .  8  S 

S  c  ‘  .  a  : 
t  I  i  ^  • 

:  d  .  b  ? 

:8.4s 

S  a-\-b  .  b  : 

C  10  .  4  : 

;  c^-^d  .  d  7 
:  20  .  83 

c  4 — b  ,  b  : 
c  2  .  4  : 

;  c — d  .  d  ? 

:  4  *  ^  j 

^  a  ,  a4b  : 

•  C  9  ^  ^ 

per  1 6.  prop.  5 .  £leni.  Fuel. 
per  Cor.  of  prop.  4.  Eleni. 
per  1 8,  Prop,  y,  Elem. 
per  17.  prop.  f:Elem. 


12 


^  h^Ocy.ofprof.i^,  Elem 


C'f. 

Bur 
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But  that  the  L.earner  may  the  better  perceive  the  meaning  and  ufe  of  thefe  ways  of 
arguing  about  Proportionals,  1  (hall  apply  fome  of  them  to  the  Refolution  of  this  following 

^ESf. 

The  difference  between  the  greater  extreme  and  mean  of  three  quantities  con¬ 
tinually  proportional  being  given  ,  aS  alfo  the  difference  (  c  )  between  the  mean  and  lefler 
extreme ,  to  find  the  Proportionals  j  but  the  firft  difference  rauft  be  greater  than  the  latter. 

RESO  LVTION. 

1 .  For  the  mean  Proportional  fought  put . ^  a 

2.  To  which  adding  the  given  difference  the  fumm7  ^  ^  y 

is  the  greater  extreme,  to  wit , . S 

3.  But  if  from  the  mean  (  ^, )  the  given  difference  (c)  be?  ^ 

fubtraaed  ,  the  Remainder  is  the  Icffer  extreme ,  to  wit,^  ‘ 

4.  Then  (aceordingtotheQueftion)  thefe  three  quantities? 

4-J-^,  and  a—c  mull  be  in  continual  proportion,  viz,,^ 

5.  Therefore  by  divilion  of  Reafon ,  ♦  .  .  .  .  •J>  b  ,  a  i:  c  .  a  c 

6.  And  alternately  ,(  or  by  permutation,  )  i  ^  .  c  ::  a  ,  a  — c 

y.  And  by  divifion  of  Reafon,  .  .  .  .  •  •  •  •'f  b  —  c  .  c  c  .  a  c 

8.  Wherefore  by.  converfion  of  Reafon,  .  .  .  .  •  ^  c  ,  b  w  c  ,  a 

Which  lafl  Analogy  if  it  be  expreft  by  words  gives  this 

CANON, 


As  the  difference  between  the  two  given  Differences  is  to  either  of  them ,  fo  is  the 
other  to  the  mean  Proportional  fought. 

Therefore  if  36  and  12  =  c  ;  the  Canon  will  difcover  18  for  the  mean  Pro¬ 
portional  fought,  (to  wit,  a  in  the  Refolution ,  )  which  inCreafed  with  36,  and  leflened 
by  la,  gives  54  and  d  for  the  extremes.  Therefore  the  three  Proportionals  fought  are 

manifeflly  ^4,  18  and  6.  '  ,  .  , 

Nte.  If  the  Analogy  in  the  fourth  Rep  of  the  Refolution  be  converted  into  an  Equation, 
by  comparing  the  Produd  made  by  the  mutual  multiplication  of  the  extremes  to  the  Product 
of  the  means,  that  Equation  after  due  Reduftion  will  give  the  fame  Canon  as  above  ;  fo 
that  the  argumentation  in  the  four  laft  Reps  of  the  Refolution  is  not  of  neceflity ,  but 
only  tu  Ihew  how  without  the  help  of  any  Equation ,  the  number  fought  may  fometiracs  be 
made  the  fourth  Term  of  an  Analogy  whofc  three  firft  Terms  are  known ,  whence  by  the 
Rule  of  Three  the  number  fought  is  alfo  known.  Which  ways  of  inferring  one  Analogy 
out  of  another  are  more  proper  when  the  nature  of  a  Queflion  will  admit  the  fame ,  than 
the  common  way  of  proceeding  by  Equations ;  efpecially  in  the  Refolution  of  Geometrical 
Problems,  where  every  ftep  ought  to  be  expreft  in  the  moft  fimple Terms,  to  the  end 
the  Compofition  of  the  Problem  may  the  more  eafily  be  formed  by  the  fteps  of  the  Refo¬ 
lution  ,  but  in  a  retrograde  or  backward  order ,  as  I  fliall  hereafter  fhew  in  the  Fourth 
Book  of  my  tyilgebraicalSlements. 

XI.  If  Proportionals  be  multiplied  or  divided  by  Proportionals,  the  Produds  alfo 
or  Qjaotients  fliall  be  Proportionals  5  as  j 
If  thefe  four  proportional  numbers, 
to  wit 

be  multiplied  by  thefe  four  proportio-  ) 

nal  numbers, . S 

there  will  be  produced  thefe  four  pro-? 
portional  numbers ,  to  wit ,  .  .  .  ^  2 

Whereby  the  firft  part  of  the  Prop 
And  if  thefe  four  proportional  num-? 
bers,  to  wit,  a..  .  .  .  .  . 

be  divided  by  thefe  four  proportionals,? 
to  wit  5 

the  Quotients  will  be  thefe  four"  Pro 
portionals ,  to  wit 


a  .  b  :: 

ca 

,  cb. 

1  .  4  : : 

3x2 

3x4 

d  .  f  : : 

gd 

gf- 

5-  .  5  : : 

7  X  S' 

.  7  X  ^ 

ad  ,  bf  ; : 

egad 

tgbf 

X  5  .  4  X  6  : :  3 
lofition  is  manifeft. 

X  7  X  2  J 

.  3x7  x4x5 

ad  •  bf  : : 

Clad 

a 

•  f^gbf 

d  .  /  . 

gd 

gf 

a  .  b  : : 

ca 

,  cb 

Whereby  the  latter  part  of  the  Propofition  is  maniPeft. 


Hence 


Chap.  5. 


1 
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Hence  it  may  eafily'be  proved,  that  the.Squares,  Cubes,  fourth  Powers  fifth 
Powers ,  Grc.  of  proportional  numbers  fliall  be  alfo  Proportionals ;  as ,  ’  “ 

Then  their  Squares  alfo  fliaH  be  Proport^^^^^^  •  -^cbh 

And  the  Cubes  ot  the  firft  four  Proportionals  lhall? 
alfo  be  Proportionals ,  vi<.. ^  \  •  ccchbb 

And  fo  of  higher  Powers. 

XI  I.  In  every  Series  or  Rank  of  Quantities  continually  proportional ,  all  the  meari 
Terras  between  the  6rfl  and  the  laft  are  both  Ahtecetients  and  Confeqiients  of  Reafons  •  as ' 
K  ....  a,  i,  c,  J,  t,  f  -ji- 
That  is  ,  .  .  .  «•  i  b  ■  c  e  .  d  ::  4  .  c  :x  e  .  f 
It  is  evident  that  every  Terra  except  the  laft  (/)  is  an  Antecedent  of  a  Reafon  and 
every  Term  except  the  firft  (  4  )  ts  a  Confequent .  wherefore  if  (  a  )  be  put  for  the 
furara  of  all  the  Terms  in  the  Senes,  then  r-/ft,all  be  the  fuihra  of  all  the  Antecedents 
and  s  —  a  the  fumm  of  all  the  Confequents .  Therefore  ' 

From  th'c  premifes  12.  prop.  5.  Elem.  Euclid.)  2 

this  Analogy  arifeth ,  viz,.  .  .  . . r 

Whence  by  comparing  theProdud  of  the  extremes? 
to  the  Produtt  of  the  means  .  ,  ,  ...  ^  ^ 

Therefore,  by  due  Tranfpofition  in  that  Equation,? 
when  b  is  greater  than  .  c 

And  by  dividing  each  part  of  the  laft  Equation  by  / 
h  —  a  i  there  arifeth . /  C 

But  if  4  exceed  b ,  then  there  will  ariTe  ;  ,  ;  ;  j> 


I 


as  —  aa 


hs  —  hf 

44  =r  bi-r—at 


V 

bf  —  44 

if  _ 


44 


^ ^ 

Which  two  1^  Equations  give  a  Canon  to  find  the  fumiif  bf .  aU  the  Terras  of  a  Geo- 
fnetrical  Progremon  j  the  firft,  fecond  and  laft  Terras  being  fcverally  given* 

(^ANOlSt. 

Divide  the  difference  between  the  Square  of  the  firft  terfn  and  the  Produft  made  bv  the 
multiplication  of  the  fecond  Term  into  the  laft,  by  the  difference  of  the  firft  and  feconef 
^ro^f  d^^  Quotient  (hall  be  the  fumm  of  all  the  Terms  of  the  Geometrical  Prcigreftion 

tx ample t  in  number si 

Let  the  values  of  thefe^  .  2 

be  expreft  by  thefc  numbers. 

Then  by  the  Canon  ,■  i  .  : 

But  if  the  Values  of  the  fame  Pro¬ 
portionals ,  . . 

be  expounded  by  thefe  numbers,  :  . 

Then  by  the  Canon ,  .  .  ;  , 


=  s 


.  a 

9 

b 

•I  f* 

9 

;  d 

9  9 

/ 

•  32 

9 

48 

9  72 

,  108 

,  162  , 

243  *44“ 

■  44  

■a 

:  66^ 

the  Summ  of  all 

9 

s  “ 

b 

9  P 

.  ^ 

9^9 

f  -H- 

9 

1 62 

,  108 

*  72 

9  48  , 

32  -H- 

,  44— 

4  — 

£ 

b 

— 

66s 

the  Summ  of  all. 

XIII,  if  what  hath  been  laid  in  the  eighth  SeB.  of  this  Chapt.  be  compared  with  the 
Table  in  Sebi,  4.  Chap,  i.’  of  this  Book,  it  will  be  manifeft  that  it  we  caft  away  the  num¬ 
bers  of  multitude  which  are  prefix’d  to  all  the  mean  Terras  or  Members  belonging  to  any 
Compound  Power  produced  from  a  Binomial  Root ,  fuppofe  from  a  -|-  e ,  then  all  the 
Members  or  Simple  quantities  whereof  the  faid  Compound  Power  is  compofed  are  in  con¬ 
tinual  proportion:  As,  for  example the  Meinbers  whereof  the  Square  of  4-J-<r  is 
compofed  are  44,  lae  and  ee  •  now  if  2  vs/hiCh  is  prefix’d  to  ae  be  caft  away,  then  44,  at 
and  ee  are  continual  Proportionals ,  (  as  is  evident  by  the  preceding  eighth  Sebi,  of  this 
Chapt.)  \ 

Again  ,  it  appears  by  the  falid Table,  thaf  the  Members  vC’hereof  the  Cube  of 
Js  comp'ofed  are  aaa^^aaey  ^aee  znA  eee  here  if  3  and  3  which  are  prefix’d  to  the  mean 
Terms  be  caft  away ,  then  thefe  four  quantities  aaa,  aae.  aee  and  eeg  will  be  in  continual 
proportion. 


me- 


170 


at 


tt 


^  ^ at  y 
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Likewife  forafniuch  as  the  fourth  Power  of  4 -j- ^  ft  compofed  of  thefe  Members, 

^  A.aeee  and  eeet  •  by  calling  away  the  numbers  of  multitude  4  ,  6 

andV,  "fe  five  quantities  and  eee.  lhall  be  continual  Proportionals  j 

and  fo  of  higher  Powers  infinitely. 

XIV.  Forafmuch  as  by  the  lad  preceding  SeEl:»  thefe?  ,  " 

quantities  are  in  continual  proportion ,  to  wit,  •  O 

Therefore  their  fqnare  Roots  alfo  Hnll  be  m  continual  pro- 7  ^  ^ 

portion,  (  fey  2 a*  EUm.  Euclid.  )  to  wit ,  .  .  •  ^ 

Hence  if  a  mean  Ptopoitional  between  any  two  given  numbers  a  and  e  be  defireJ, 
it  IktU  be  Voe;  as,  if  .=  la,  and  e  =  3  .  'hen  «=  35,  'ha'  >5,  6* 

is  a  mean  Proportional  between  la  and  3 ;  for  as  12  is  to  «,  fois  6  to  3. 

Again,  forafmuch  as  thefe  quantities  ate  in  continual?  ate ,  Ml,  tet  -H- 

proportion  ,  to  wit , 

Therefore  their  cubick  Roots  alfo  fhall  be  contlnua  ?  4, 

Proportionals ,  (  f^f"  3  7*  1 1  •  Mlew»  Euclid.)  to  wit,  ^ 

Hence  if  two  mean  Proportionals  between  any  two  given  numbers  «  the  greater  and 

,the  Idfer  bedefired,  then  V(3>'''  V(3>«  ‘'5"’ 

as  if  and  e  —  2  ,  then  aae—  5832,  and  V(3)^^^—  v(3)fb32  5  therefore 

^(7)5822  ,  that  is,  18  is  the  greater  mean  fought-  alfo /rcf -- 2 1 5 ,  and  therefore 
J(V)ii6  that  is  ,  6,  is  the  leffer  mean :  fo  that  1 8  and  6  are  the  two  defired  rncan 
Proportionals  between  54  and  2  ^  for  54,  ^8  ,  6  and  2  are  m  continual  proportion. 
But  when  one  mean  next  to  either  of  the  extremes  is  found  out,  the  other  mean  may  be 
found  out  by  Setl.  of  this  Chap,  without  extracting  any  Root.  r  i.*  1  ’ 

After  the  fame  manner ,  by  the  help  of  the  faid  Table  in  SeB.  4.  Chap.  i.  of  this  Book, 
continued  to  higher  Powers  if  need  be ,  you  may  find  out  as  many  mean  proportional  num- 
bers  as  (hall  be  defired  between  any  two  given  numbers:  As,  if  you  would  find  five 
mean  proportional  numbers  between  1458  (or  4,)  and  2  (or  e;)  look  into  the  faid 
Table  for  the  fixth  Power,  ( to  wit  a  Power  whofe  Index  exceeds  by  unity  the  number  of 
means  fought ,)  and  you  will  find  aaaaaa,  Caaaaat,  1 5  aaaate,  loaaaeet^i  ^aaeite,6ateeet 
and  eeeeee  -  then  calling  away  6 ,  1^,20,  15  and  6  which  are  prefix  d  t6  the  mean 
terms,  and  extraaing  V(6)  out  of  every  one  of  thofe  fix  terms  after  the  faid  numbers 
prefix’d  are  caft:  away,  there  will  arife  a,  ^{6)aaaaaey  ^/(^6)aaaaet  y  ^{6)aaaete-^ 
J(6)aaceeey  ^Uyeeeee  and  e  -H-j  now  to  find  the  five  mean  proportional  numbers 
anfwering  to  thofe  five  proportional  Roots  expreftby  letters  wh^h  fall  between  4  and  (?, 
it  will  be  convenient  to  find  the  fmalleft  mean  firft ,  forafmuch  as  4  was  put  for. 
14^8,  and  <?for  2,  therefore  =  4^^S^,and  ==  V'(6)46656,that  is, <5, 

(hall  be  the  lead  mean  fought :  then  2  being  the  firft  Proportional ,  or  lefter  extreme,  and 
6  the  fecond  ,  the  third  will  (  by  Se^.  5 -  of  this  Chapt  )  be  found  1 8  ,  the  fourth  54  , 
the  fifth  1 52 ,  the  fixth  486,  and  the  feventh,  to  wit,  the  greater  extreme,  was  hrft  given 
1458  :  fd  that  between  2  and  14^8,  five  mean  Proportionals  are  found  out  as  was 
ddired-  and  the  feven  continual  Proportionals  arc  thefe ,  to  wit,  2 , 5,  18,  54,  162, 

486  and  1458.  .  .  .  1  T, 

Maoy  other  admirable  properties  adherent  to  numbers  in  Georaemcal  Proportion  con¬ 
tinued  .  are  deducible  from  the  faid  Table  of  Powers  in  i’eS.  4.  Chap,  u  of  this  Bpok,  as 
will  partly  appear  by  the  Theorems  in  the  following  fixth  Chapter ,  which  I  hnd  dilperled 
in  feveral  Al^braical  Treatifes. 
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'  ^  Chap.  VI. 

Various  Theorems  about  Quantities  in  Continual  proportion, 

r 

Theorem  i, 

F  three  numbers  be  Proportionals ,  the  Solid  number  made  by  the  continual  multi¬ 
plication  of  all  the  three  is  equal  to  the  Cube  of  the  mean. 


ae 


ee 


Let  three  Proportionals  be  expofcd  in  IntegerSj  acccording7  aa 

to  8,  or  1 3.  6f  the  preceding  5-.  .  .  .-S  9  ,  4  -fr- 

'  Thence  it  is  evident ,  that  aaaeee  the  Produd:  made  by  the  multiplication  of  all  the  three 
Proportionals  one  into  another,  is  equal  to  the  Cube  of  the  mean  ae,  as  is  affirmed  by 
the  Theorem. 

Theor.  2. 

r  .  >/  I  « 

If  three  numbers  be  Proportionals ,  the  Product  made  by  the  multiplication  of  the  Square 
of  the  firft  by  the  third,  is  equal  to  the  Produ(^  of  the  Square  of  the  fecond  by  the  ; 


C  <14  , 

•  ^ 

-  9  » 

It  is  evident  that  a^aa  ^  ee  —  aaee  '<  Aa  —  aaaaee. 


'As  in  thefe  three , 


Ae 

.6 


ee 

4- 


Theor,  3.  ” 

If  three  numbers  be  Proportionals ,  the  Square  of  the  furara  of  the  extremes  is  equal  to 
•both  the  Squares  of  the  extremes,  together  with  twice  the  Square  of  the  mean  ; 


As  in  thefe  three  , 


5 

7 


i 

9 


ae 

6 


ee 

4 


The  Square  of  aa~\^ee  is  AaaA'\-  i  aaee eeee ,  which  is  manifeflly  equal  to  the 
Squares  of  aa  and  ee^  together  with  twice  the  Square,  of  4e. 

Theor,  4, 

If  three  numbers  be  Proportionals,  the  Produ6f  of  the  lelTer  extreme  multiplied  by  the 
difference  of  the  extremes ,  is  equal  to  the  difference  of  the  Squares  of  the  mean  and  lefler 
extreme: 

AA  ^  ae  .  ee  -~ 


As  in  thefe  three. 


.9 


9 

y  9 


i  -4 


It  is  evident  that  ee  x  aa — ee  =  aaee  —  eeee. 

Theor,  5. 

If  three  numbers  be  Proportionals ,  the  Produd  of  the  greater  extreme  multiplied 
by  the  difference  of  the  extremes  ,  is  equal  to  the  difference  of  the  Squares  of  the  greater 
extreme  and  the  mean  ; 

5  aa  y  ae  ,  ee 

•  •  •  •  ‘S 


As  in  thefe  three , 


It  is  evident  that  aa^-aa 


ae 

6 


ee  —  aaaa  —  aaee. 

Theor,  6, 

If  three  numbers  be  Proportionals ,  the  difference  of  the  Squares  of  the  extremes  is 
equal  to  the  Square  of  the  difference  of  the  extremes ,  together  with  twice  the  difference 
of  the  Squares  of  the  mean  and  lefTer  extreme : 

As  in  thefe  three, . 5  > 

C  9  , 

1,  The  difference  of  the  Squares  of  the  extremes  is  .  ^ 

2,  The  Square  of  aa  —  ee  (  the  difference  of  the  ex¬ 
tremes)  is . 

3,  The  double  of  the  difference  of  the  Squares  of  the^ 

mean  and  leffcr  extreme  is  .  .  . ,  .  . 


ae  , 
6  , 
AaaA 


ee  - 
4 

-  eeee 


^  aaaa  — 


2  aaee  -J-  eeee 
2  aaee  — ■  2  eeee 


Now  the  furnm  of  the  two  latter  of  thofe  three  Quantities  is  manifeflly  equal  to  the  firft, 
as  the  Theorem  affirms. 

Y  2  Thesr. 


I 


■9 


/ 


1 
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X  'J'i  i'jU 

f  CC 

6^4- 


aaee 

n 


Theor,  y. 

If  three  numbers  be  Proportionals,  the  difference  pf  the  Squares  of  the  greater*  extreme 
and  the  mean  is  equal  to  the  Square  of  the  difference  of  the  extremes,  and  to  the  difference 
of  the  Squares  of  the  mean  and  the  leffer  extreme 

As  in  thefe  three, . ^ 

1.  The  difference  of  the  Squares  of  the  greater? 

-  extreme  and  me  mean  is  ,  ^  .  , 

2.  The  Square  of  aa  —  ee  (the  difference  of?  f  '  , 

the  extremes )  is  .  .  . . ^  ‘ 

2.  The  difference  of  the  Squares  of -  the  mean?  „  , 

and  leffer  extreme  IS  .y  ' 

Now  the  fumm  of  the  two  latter  of  thofe  three  Quantities  is  raanifcftly  equal  to  the  firff, 
as  the  Theorem  affirms.  -  ^ 

Theor,  8. 

^  • 

1 

If  three  numbers  be  Proportionals,  then  as  the  firft  is  to  the  third,  fo  is  the  Square 
of  the  firft  to  the  Square  of  the  fecond  j  and  fo  is  the  Square  of  the  fecond  to  the  Square 
of  the  third ; 

As  in  thefe  three ,  :  ;  5  ;  ;  '  “ 

1.  It  is  evident  that  ,  .  ^  1  .  j>  aa 

2.  Therefore  by  drawing  aa  as  a  common  Fa-^ 

6f  or  into  the  two  latter  terras  of  that  Analogy,  >  aa 
this  arifeth, . 

3.  And  by  drawing  ee  as  a  common  Faftor> 
into  the  two  latter  terms  of  the  firft  Analogy,  >  aa 
this  arifeth, 

By  which  two  laft  Analogies  the  truth  of  the  Theorem  is  manifeft. 

Theor,  a. 

If  three  numbers  be  Proportionals ,  then  as  the  firft  is  to  the  fecond  ,  (  or  as  the  fecond 
is  to  the  third ,)  fo  is  the  difference  of  the  firft  and  fecond,  to  the  difference  of  the  fecond 
and  third : 

ae  ,  ee  -fr- 
»  4 


ee 


ee 


ee 


ee 


aa 


aaaa 


aaee 


ee 


aaee 


eeee 


As  in  thefe  three  ^ 


ee  X  aa  —  ee  =.  aaee  —  eeee 

aaee  —  c^ee 


ae 


-j-^ee  X  ae — ee 


.  r.  ..  -  \  aa 

’  •  •  /  •  •s  '  ^ 

C  ^  J  ^ 

1 .  It  is  evident  (  as  before  hath  been  fliewn  in  ? 

Theor.  4. )  that . 5 

2.  And  by  Multiplication  it  will  appear  that  ^ 

3.  Therefore  from  the  two  laft  Equations ,  (per  7 

I .  Ax.'  1 .  Elem.  Euclid.) . ^  ee  %  aa  —  ee 

4.  Therefore,  by  refolving  the  laft  Equation  into? 

Proportionals, . ^  aa 

5.  Therefore  by  Divifion  of  Reafon,  .  .  .J>  aa  ^  ae  .  ae  —  ee  w  ae  »  ee 

Which  was  to  be  demonftrated. 

Jheor.  10. 

/ 

If  four  numbers  be  continually  proportional,  the  fumm  of  the  means  is  a  mean  Pro¬ 
portional  between  the  fumm  of  the  firft  and  fecond  and  the  fumm  of  the  third  and  fourth, 

'  Let  four  continual  Proportionals  be  J  aaa'  y  aae  ,  aee  ,  eee  -H- 


:  ae  -)-  ee  x  —  ee 
ee  .  ae  —  ee  ae  -J-  ee  .  ee 


expos’d  in  Integers ,  to  wit , 


8 


,45^  ,  I 

Then  according  to  the  import  of  the  Theorem ,  it  muft  be  proved  that  thefe  three  Quan¬ 
tities  are  Proportionals,  viz. 

.  aaa  — |—  aae  .  aae  aee  ,  aee  ‘“1~'  eee 

But  that  they  are  Proportionals  it  will  be  evident  by  Multiplication ,  for  the  Produ£l  of 
the  extremes  is  equal  to  the  Square  of  the  mean ;  therefore  the  truth  of  the  Theorem 
is  manifeft. 


Theor,  1 1  ♦ 


Chap,  6. 


in  Qominnal  Proportion. 


‘"iheor,  II. 

ff  four  numbers  beiOontinual  Proportionals,  the  fnratn  of  all  is  to  the  fumm  of  the  means, 
as  the  fntrvm  of  the  firft’and  ihird  to  the  fecond :  •  - 


As  in  thefe  four , 


i.* 


.  .5 


a  a  a  ,  aae  ,  aet  ,  eee 

4  »  2  , 


1.  The  fumm  of  all'  four  is  .  .  . 

2.  The  fumm  oTthc, means  is  . 

5,  The  fumm  of  the  firfl  and  third  is 
*}.  And  the  fecond  is  .  .  ^  . 


^  8.  ,  4  ,2  ,  I 

•  aac  -j-*  *-]—  eee 

.  !>  «  •  aaV  4—  aee 

•  -j-  aee 

•  . . 


I  fay  thofe  four  qtrantrties  arc  Proportionals ,  ih  fuch  order  as  they  are  above  written; 
for  it  will  a^ear  by  multiplication ,  that  the  Projdu6t  of  the  extremes  is  equal  to  the 
Produd:  ^f  the  means :  therefore  the  Theorem  is  raanifeft. 

Jheor^  12. 

If  four  numbers  be  in  continual  proportion ,  the  fumm  of  all  is  to  the  fumm  of  the 
means,  as  the  fumm  of  the  Squares  of  the  means  is  to  the  Produd  of  the  means  or  extremes  ; 


As  in  thefe  four 


’  •  •  •  ■  'I 


:8 


,  nnn  ,  ,  eee 


Me 

>  4  > 


aee 


1.  The  fumm  of  a?!!  is  .  .  J>  •  a^e  i‘^\-'ae'^  e\ 

2.  The  fumm  of  the  .means  is  ae^ 

3.  The  fumm  of  the  Squares  of  the  means  is  ^  ,  4^  4V -j-  i.... 

4.  The  Produd  of  the  means  or  extremes  is  >  ,  4-^  a}e'^ 

I  fay  thofe  four  quantities  are  Proportionals  ,  in  fuch  order  as  they  are  above  written  5 
for  it  \lvill  appear  by  multiplication ,  that  the  Prbdud  of  the  extremes  is  equal  to  the 
Produd  of  the  means :  therefore  the  Tbeorem  is  manifeft.  ’  i  ' 

j  Jheor.  13, 

If  four  numbers  be  continual  Proportionals,  the  fumm  of  the  Squares  of  the  means  is 
a  mean  Proportional  between  the  fumm  of  the  Squares  of  ifie  firft  and  fecond ,  and  the 
fumm  of  the  Squares  of  the  third  and  fourth : 

As  in  thefe  four,  .  ,  •  , 

1 .  The  fumm  of  the  Squares  of  the  firft  and  2 

fecond  is . ^ 

2.  The  fumm  of  the  Squares  of  the  means  is  4V  4- 

3.  The  fumm  of  the  Squares  of  the  third  and  2  ^1^4  _i_,  6  -■ 


1 

,  aae  ,  aee  ,  ee-e 

>  4  j  2  ,*,i 

J,  I 


a^  4- 


fourth  is 


7  ^  4 

^  are^^ 


I  fay  thofe  three  quantities  are  Proportionals ,  in  fuch  order  as  they  are  above  written  . 
for  it  will  appear  by  multiplication  chat  the  Square  of  the  mean  (or  fecond  quantity)  is  equal 
to  the  Produd  of  the  extremes  :  riierefore  the  Theorem  is  raanifeft. 

iheor.  14. 

If  four  numbers  be  continual  Proportionals,  the'Square  of  the'fummof  the  means  is 
equal  to  the  Square  of  their  difference,  together  with  four  times  the  Produd  of  the  extremes 
or  means :  '  '  '  ‘  ‘  ‘ 


As  in  thefe  four. 


8 


aee  ,  eee 


,4,2,1 


1.  The  Square  of  (the  fumm  of? 

the  means  )  is . S  *  7 

2. / The  Square  of  a^e  —  ae'^  (  the  difference  of  7  41  \  t  ^ 

the  means )  is . S  t  ■ 

3 .  The  quadruple  of  the  Produd  of  the  extremes  7  i 

or  means )  is . ^  •  "1 


4a^e^ 


Now  it  is  evident  that  the  fird  of  thofe  three  Qutnekies  is  equal  to  the  fumm  of  thj 
fecond  and  third  ;  therefore  the  Theorem  is  eganifed. 


The  or.  i 
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H- 


ae’ 


a'^e^  •4- 


-J-  a^e  4-“  ae^  -[jf 


^4- 


ae 


Theor,  15. 

If  four  numbers  be  continual  Proportionals ,  the  fumm  of  their  Squares  (hall  be  to  the 
fumm  of  the  Produdfs  of  the  firftinto  the  fecond  ,  and  the  third  into  the  fourth  j  as  the 
fumm  of  all  the  four  Proportionals  to  the  fumm  of  the  means : 

M  •  f  n  c  \  «  ^€C  *  €€C  • 

As  in  thefe  tour , . ?  8 

1.  The  fumm  of  the  Squares  of  the  four  Pro-? 

portionals  is . S 

2.  The  fumm  of  the  Produds  of  the  fifft  into? 
the  fecond  ,  and  the  third  into  the  fourth  is 5 

3.  The  fumm  of  all  the  four  Proportionals. is  )> 

4.  The  fumm  of  the  means  is  ...  . 

I  fay  thofe  four  quantities  arc  Proportionals  in  fuch  order  as  they  are  above  feared ,  for 

it  win  appear  by  multiplication  that  the  Produd  of  the  extremes  is  equal  to  the  Produd 
of  the  means :  therefore  the  Theorem  is  manifeft. 

Theor.  16. 

If  from  the  Square  of  the  fumm  of  four  numbers  in  continual  proportion  thefutnra  of 
their  Squares  be  fubtraded ,  and  from  half  the  Remainder  there  be  alfo  fubtraded  the  Square 
of  the  fumm  of  the  two  means ,  this  latter  Remainder  (ball  be  the  fumm  of  the  Produds 
of  the  firft  Proportional  into  the  fecond ,  and  of  the  third  into  the  fourth,  and  (hall  be  to  the 
fumm  of  the  Squares  of  thofe  four  Proportionals ,  as  the  fumm  of  the  two  means  is  to  the 
fumm  of  all  the  Proportionals :  - 

A  *  1  f*  C  ■  j  5  *  €€C  ""TT** 

As  m  thefe  four, . ">  o 

o  J^4  5  t  •  •  " 

1 .  The  Square  of  the  fumm  of  the  four  Proportionals  will  by  multiplication  be  found 

•  4“  4"  4*  4~ 

2.  The  fumm  of  the  Squares  of  the  four  Proportionals  is 

^  -1-  aV  ^  4- 

3.  Which  fumm  of  the  Squares  being  fubtraded  from  the  faid  Square  of 'the  fumm,  the 
half  of  the  Remainder  will  be 

4-^  4-'  4“*  4“* 

4.  The  Square  of  the  fumm  of  the  two  means ,  to  wit ,  of  a^e  4^'  ** 

4-  243^3  a*e^. 

5.  Which  lafl  mentioned  Square  being  fubtraded  from  the  half  Remainder  in  the  third  (lep, 
there  will  remain  the  fumm  of  the  Produds  of  the  firfl:  Proportional  into  the  fecond,  and 
of  the  third  into  the  fourth ,  to  wit , 

4^ 

6. .  Now  according  to  the  import  and  meaning  of  the  Theorem  it  remains  to  prove ,  that 
the  Remainder  in  the  lafl:  ftep  is  to  the  fumm  of  the  Squares  in  the  fecond  ftep ,  as  the 
fumm  of  the  two  mean  Proportionals  is  to  the  fumm  of  all  four,  viz,,  that 

r  4-  4“’ 

4-.^^  4- 
4—  4“* 

4-.  43  -j-  a^e  ae^  4-’  e^. 

7.  But  that  'they  are  Proportionals  will  be  evident  by  multiplication  •  for  the  Produd 
of  the  extremes  is  equal  to  the  Produd  of  the  means ,  each  Produd  being 

a^e  4^  4^  4~  4^*  4”*  4"  ' 

Therefore  the  Theorem  is  manifefl, 

Theor.  17.' 

If  four  numbers  be  continual  Proportionals ,  the  fumm  of  all  their  Squares  (liall  be  to 
the  fumm  of  the  Squares  of  the  means ;  as  the  fumm  of  the  Produds  of  the  firft  into  the 
fecond  and  the  third  into  the  fourth ,  to  the  Produd  of  the  means  or  extremes. 

This  is  inferr’d  from  Theor.  12,  and  15.  by  exchange  of  equal  Reafons, 

7heor.  18. 

If  four  numbers  be  continual  Proportionals ,  the  fumm  of  the  Squares  of  the  extremes 
fliall  be  to  the  fummiof  the  Squares  of  the  means;  as  the  excefs  whereby  the  fumm  of 

the 


Thefe  four  quantities  are  Proportionals , 


ae^, 

a^e 


4 


h  e 
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the  Produds  of  the  firft  into  the  fecond  and  third  into  the  fourth  exceeds  theProdud  of 
the  means  is  to  the  Produd  of  the  means  or  extremes. 

This  is  inferr’d  from  Theor.  17.  by  Divifion  of  Rcafon. 

7hcor,  19.  . 

If  four  numbers  be  continual  Proportionals ,  the  fumra  of  the  firfl:  and  third  fliall  be 
to  the  fecond  j  as  the  fumm  of  the  Squares  of  the  means ,  is  to  the  Product  of  the  means 
or  extremes. 

This  is  deduced  from  Theor.  1 1,  and  1 2.  by  exchange  of  equal  ReafonS. 


,  Theor.  20. 

t  ^  ^  « 

If  four  numbers  be  continual  Proportionals ,  the  fumm  of  all  their  Squares  (hall  be  to 
the  fumm  of  the  Prod  uds  of  the  firft  into  the  fecond,  and  the  i  third  into  the  fourth  j  as 
the  fumm  of  the  firft  and  third  is  to  the  fecond.  _  _ 

This  is  deduced  irom  Thfor.  i7,and  i^.  by  exchange  of  equal  Reafons. 

Theor.  21, 

If  four  numbers  be  continual  Proportionals,  the  fumm  of  the  Cubes  of  the  means  is 
equal  to  the  Produd  made  by  the  multiplication  of  the  fumm  of  the  extremes  into  the 
Produd  6f  the  means  or  extremes ; 

As  in  thefe  four,  « 

t.  The  fumm  of  the  Cubes  of  the  means  is 
The  fumm  of  the  extremes  is  .  .  .  ,  . 

3.  The  Produd  of  the  means  or  extremes  is  > 

Now  it  is  evident  that  the  firft  of  thdfe  three  Quantities  is  equal  to  the  Produd  of  the 
fecond  Quantity  multiplied  by  the  third ,  as  is  affirmed  by  the  Theorem. 


4aa  ,  aac  ,  aee  ,  eee  -ff- 
8  ,  ^  ,  2  >  1  ‘ 


Theor,  22, 

If  four  numbers  be  continual  Proportionals ,  the  Cube  of  the  fumm  of  the  extremes 
is  equal  to  the  Cubes  of  the  extremes,  together  with  the  triple  fumm  of  the  Cubes 
of  the  means:  _  >  . . 


As  in  thefe  four 


,  .  .  .  . 


?  i  4  >  ^  j  * 


1 ;  ■  The  Cube  of  ( the  fumm  of  the  ex-  ?  ^  ^ 

trcmes)  is  ....  . . .  ^ 

2,  The  Cubes  of  the  extremes  is  ,  .  .  .  -l-^ 

3.  The  triple  fumm  of  the  Cubp  of  the  means?  '  ^  . 

Now  it  is  manifeft  that  the  firft  of  thofe  three  Quantities  is  equal  to  the  (umm  of- the 
Other  two ,  as  the  Theorem  affirms.  •  .  _ 

"  Theor i  23.' 

if  four  numbers  be  continual  Proportionals,  the  difference  of  the  Cubes  of  the  ext^mes, 
is  equal  to  the  triple  of  the  difference  of  the  Cubes  of  the  means ,  together  with  the  Cubs 

of  the  difference  of  the  extremes :  >  .  ,  ^ 

.  ,  -  .  ^  kaa  ,  ,  nee  ,  eee 

As  m  thefe  four;  .  .  .  ;  g  ^  ^  2  ^ 

1 .  The  difference  of  the  Cubes  of  the  extremes  is  1> 

2.  The  triple  of  the  difference  of  the  Cubes  of? 

the  means  is  ’j 

3.  The  Cube^ of  ( the  difference  of  the?  34V4-  54V—  ei 

extremes)  is  . . S 

Now  it  is  manifeft  that  the  firft  of  thofe  three  Q^htities  is  equal  to  the  fumm  of  the 
other  two.  Which  was' to  be  proved;  Theo/'^4' 


■i 
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Theor.  24. 

If  four  uumbers  be  continual  Proportionals  *  the  Cube  of  the  fumm  of  the  firft  and 
fecond  is  equal  to  the  Produft  made  by  the  multiplication  of  the  Square  of  the  firft  by  ihc 
Aggregate  of  the  fumm  of  the  extremes  and  the  triple  fumm  of  the  means : 

As  in  thefe  four,  .  .  .  5  ,  eee 

C8,4,z,i-^rr- 

1,  The  Cube  of  the  fumm  of  the  firfl  and  fecond,7  „  ,  „  ,  71141  . 

to  wit ,  of  4  -f-’  IS . 5  ^  ®  - 

2.  The  Square  of  the  firfl  is  . . 

2.  The  Aggregate  of  the  extremes  and  the  triple?  ^  1  ^  1  z  •  , 

of  the  fumm  of  the  means  is  .  .  .  /  3«  «+ 3->e' 

Now  it  is  evident  that  the  firfl  of  thofe  three  Quantities  is  equal  to  the  Produi^  raad^ 
by  the  multiplication  of  the  third  by  the  fecond.  Which  was  to  be  proved. 

Theor,  25. 

If  four  numbers  be  continual  Proportionals,  the  Cube  of  the  fumm  of  the  means  is  equal 
to  the  Produft  made  by  the  multiplication  of  the  Produft  of  the  extremes  or  means  into 
the  Aggregate  of  the  extremes  and  the  triple  fnmm  of  the  means : 

4aa  i  aae  ,  ate  ,  "eee  4^ 

8 


>  4  i  2  ,  I 


As  in  thefe  four,  i 

I  /  The  Cube  of  the  fumm  of  the  means,  to  wit;?  ,4 1 
is  .  .  . . ’> 


2.  The  Produft  of  the  extremes  or  means  is  ^  a^e^ 
,  The  Aggregate  of  t' 
fumm  of  the  means 


3,  The  Aggregate  of  the  extremes  and  the  triple?  51,1  .  , 

is . 


Now  it  is  evident  that  the  firfl  of  thofe  three  Quantities  is  equal  to  theProduft  of  the 
two  latter.  Which  was  to  be  proved.  ~  " 

Theor,  26, 

m 

>  if  four  numbers  te  continual  Proportiofials ,  the  Produft  made  by  the  multiplication 
of  the  fumm  of  the  extrernes  by  the  fumm  of  the  Squares  of  the  extremes,  is  equal  to  the 
Cubes  of  the  four  Proportionals ; 


As  in  thefe  four, 


■i 


aaa  ,  aai  ,  aee  ,  tee 

8,4,2,! 


•  • 
•  « 


1.  The  fumm  of  the  extremes  is  .  .  i 

2.  The  fumm  of  the  Squares  of  the  extremes  is  ^ 

3.  The  Produd:  of  thofetwo  fumms 'is  .  .  .)>  4^e^ 

4.  The  fumm  of  the  Cubes  of  the  four  Pro- 2  01  ^  ,  1  1  » 

pottionalsis  ...  .  . . f 

Bar  the  Produa  in  the  third  ftep  is  manifellly  equal  to  the  fumm  in  the  fonnh  j  as  th« 
Theorem  affirms. 

Theor,  27. 

If  five  numbers  be  continual  Proportionals,  the  product  of  the  mean  (or  third  Proportio¬ 
nal  )  into  the  fumm  of  the  extremes ,  is  equal  to  the  Squares  of  the  fecond  and  fourth : 

As  in  thefe  five ,  ^  '»  ^ 

4  1"  ,  o  ,  4  ,  2  ,  I 

1.  The  Produft  of  the  mean  into  the  fumm  of?  ,  ,  ,  ,  . 

the  extremes  is . ^  ^  ^ , 

2.  And  the  fumm  of  the  Squares  of  the  fecond 

and  fourth  is  alfo  ...  .  . 


Therefore  the  Theorem  is  manifefl. 


^  4V  +  4  V, 


^heon  28# 


s. 
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Theor,  28, 

If  five  nutpbers  be  continual  Proportionals ,  the  fumm  of  the  firft ,  third  and  fifth ,  fliall 
be  to  the  third  ;  as  the  fumm  of  the  Squares  of  the  fecond,  third  and  fourth  is  to  the  Square 

of  the  third ;  ^  ^ 

^  *  - 

As  in  thefe  five,  .  ;  ,5 

i5  ,  8  ,  4  >  2  ,  I  ; 

1.  The  fumm  of  the  firft,  third  and  fifth  is  . 

2.  The  third  is . ^  ; . 

3.  The  fumm  of  the  Squares  of  the  fecond ,  third  7  6  ,  1  ^  ^  r 

and  fourth  is  ;  .  .  .  . . J  -t  «*-l- <tV  4.  <,V  . 

4.  The  Square  of  the  third  is  . 

1  fay  thofe  four  quantities  arc  Proportionals  ,  in  fuch  order  as  they  are  above  feated  * 
for  it  will  appear  by  multiplication ,  that  the  Produa:  of  the  extremes  is  equal  to  the 
Produa  of  the  means  j  each  Produft  being  H- ;  therefore  the  Theorem 

is  manifeft.  .  ’ 

Theor,  29.  '  ’ 

If  five  numbers  be  continual  Proportionals ,  the  fumm  of  the  extremes  more  by  the 
double  of  the  mean ,  the  fumm  of  the  fecond  and  fourth ,  and  the  mean ,  are  alfo  con¬ 
tinual  Proportionals  ; 

As  in  thefe  five ,  .  .  .  J 

C  ^  ^  5  8  j4  >r 

1.  The  fumm  of  the  extremes  more  by  the  double?  .  ,  .  , 

of  the  mean  is . .  .4 

2.  The  fumm  of  the  fecond  and  fourth  is  .  .J> 

3*  The  mean  is  ,  . 

I  fay  thofe  three  quantities  are  Proportionals  •  fojr,it  will  be  evident  by  multiplication 
that  the  Produft  of  the  firft  and'third  is  equal  to  the  Square  of  the  fecond:  therefore  the 
jheorem  is  manifeft.  v  * 

•  Jheor,  50.  • 

**  ^ 

If  five  numbers  be  continual  Proportionals ,  the  fumm  of  the  extremes, is  to  the  mean’ 
as  the  difference  of  the  Squares  of  the  extremes,  to  the  difference  of  the  Squares  of  the 
fecond  and  fourth :  ^  i  - 


As  in  thefe  five ,  '  .  ’  /  .5  > 

I  , 


aaae  ,  aaeff  ,  acee  ,  eeee 
8 


4,2,1 


I* /.a  . 


1.  The  fumm' of  the  extremes  is 

2..  The  mean  is  ^  ^ 

3.  The  difference  of  the  Squares  of  the  extremes  is  ^  . 

4,  The  difference  of  the  Squares  of  the  fecond  ?  /  ,  ^ 

andfounhis  .  ...  .......  .  .f  . 

1  fay  thofe  four  quantities  arc  Proportionals  in  fuch  order  as  they  are  above  placed^ 
for  it  will  be  evident  by  multiplication,  that  the  Product  of  the’ extremes  is  equal  to  the  Pro¬ 
duce  of  the  means,  each  Product  being  :  therefore  the  Theorem  is  manifeft. 

Theor,  21*  ‘  .  >  l  • 

If  five  numbers  be  continual  Proportionals,  the  fumm  of  the  Squares  of  the  fecond  and  ' 
fourth,  fliall  be  to  the  Square  of  the  mean  ;  as  the  difference  of  the  Squares  of  the  extremes, 
to  the  difference  of  the  Squares  of  the  fecond  and  fourth ;  i  - :  ■ 

As  in  thefe  five,  ,  .  .-5  ’ 

1..  The  fumm  of  the  Squares  of  the  fecond  and"?  « i  •  - 

fourth  is  .  ;  .  .  .  . . 

2.  The  Square  of  the  mean  is  ,  ^ 

3.  The  difference  of  the  Squares  of  the  extremes  is'  )>'  ^4*  —  • 

4.  The  difference  of  the  Squares  of  the  fecond  and?‘  ‘  ^  J  ‘  . 

fo«nh  is  . . .  .s'  ^  ” 

Z 


aaae.  ,  aaee  ,  aeee  ,  eeee 

8.4,- 


a^e^ 


-  / 
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Refolution  of  Quefliont 

1  fav  thofe  four  quantities  are  Proportionals  in  fnch  order  as  they  are  above  feated; 
for  it  will  be  evident  by  mnliiplicaiion ,  that  theProdua  of  the  extremes  is  equal  to  the 
Produa  of  the  means:  therefore  the  Theorem  is  maniteft. 

Theor.  32. 

If  five  numbers  be  continual  Proportionals,  the  fumm  of  the  extremes  fliall  be  to  the 
mean  as  the  fumm  of  the  Squares  of  the  fecond  and  fourth  is  to  the  Square  of  the  mean. 
This  is  evident  from  the  two  laft  preceding  Theorems ,  by  exchange  of  equal  Reafons, 

•  •  "  •  ’Theor.  33.  ^  - 

If  five  numbers  be  continual  Proportionals ,  the  fumm  of  the  Squares  of  the  fecond 
and  fourth  (hall  be  equal  to  the  Produd  made  by  the  multiplication  of  the  third  into  the 

fumm  of  the  firft  and  fifth ; 

,  .  „  C  aaaa  ,  aaae  ,  aaee  ,  aeee  ,  eeee 

As  in  there  five ,  •••^,6,8  ,4  ,  a  ,  • 

1.  The  fumm  of  the  Squares  of  the  fecond  and? 

fourth  is  .  .  . . . 

2.  The  mean  or  third  is 

3*  The  fumm  of  the  firft  and  fifth  is  .  .  .> 

But  the  Produft  of  the  fecond  and  third  of  thofe  three  Quantities  above-written  is  equal 
to  the  firft :  therefore  the  Theorem  is  manifeft. 


Chap.  V I  L 

Oneflions  about  Quantities  in  Continual  proportion  ^  refohed 

by  Literal  Algebra. 


^EST.  i: 

TH  E  fumm  (  O  of  proportional  Quantities  being  given ,  as  alfo  (c)  the  fumm 
of  their  Squares  •  to  find  the  Proportionals. 

RESO  LVTION. 

I .  For  the  mean  Proportional  fought  put . .  J>  4 

2.  Then  fubtrading  the  faid  mean  from  (  ^  )  the  given  fumm  of> 
all  the  three  Proportionals ,  there  will  remain  the  fumm  of  the  >  b  —  a 

extremes,  to  wit, . .  •  . . j 

3.  Therefore  the  Square  of  the  fumm  of  the  extremes  is  .  .  .>  bb  —  2^4 

4.  From  which  Square  ,  if  there  be  fubtraded  the  double  of  the? 

Square  of  the  mean,  to  wit,"  .  .  ......  .3 

5.  There  will  remain  (  as  is  manifeft  by  Theor.  3.  of  the  preceding? 

Chap,  a.)  the  fumm  of  the  Squares  of  the  extremes,  to  wit,  J 

6.  To  which  fumm  of  the  Squares  of  the  extremes  if  you  add^ 

(^aa)  the  Square  of  the  mean,  the  aggregate  Iball  be  the  fumm 
of  the  Squares  of  the  three  Proportionals  fought ,  to  wit , 

7.  Which  fumm  in  the  laft  ftep  muft  be  equal  to  (c)  the  given  7 
fumm  of  the  Squares :  Hence  this  Equation ,  viz,  ,  •  .  3 

8.  Which  Equation  after  due  Redudion  gives  .  1 


244 

bb^iba  —  44 

bb  —  2^4 

bb  —  2  ha  ~  c 
bb  —  c  _  ^ 


And  the  laft  Equation  in  words  is  this 

^  ‘  CANON. 

From  the  Square  of  the  given  Jumm  of  the  three  Proportionals  fought  fubtrad  the 
given  fumm  of  their  Squares ;  then  divide  the  Retriainder  by  the  double  ot  the  fumm  of 
the  three  Proportionals ,  and  the  Quotient  is  the  mean  Proportional. 

Therefore  if  1 4  be  given  for  the  fumm  of  three  numbers  in  continual  proportion ,  and 
84  for  the  fumm  of  their  Squares ,  the  mean  Proportional  will  be  found  4  by  the  faid 
Canon.  Then  the  mean  being  given  4 ,  as  alfo  i  o  the  fumm  of  the  extremes ;  the 

extremes 


chi 


p.  7. 
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extremes  wifi  be  found  2  and  8,  (by  the  Canon  of  4.  Chap,  i  6.  of  my  Firfl  Book 

of  .Algebraical EUments :)  and  therefore  the  three  Proportionals  fought  are  2,  4  and  8. 


V  >  ^EBT.  z. 

The  fump  (/^)  of  three  proportional  Quantities  being  given,'  as  alfo  (r)  the  furntn 
of  the  Squares  of  the  extremes;  to  find  the  Proportionals, 

RE  S  O  Lvr  JO  N. 

—  '  "  * 

I.  For  the  mean  Proportional  fought  put 


a 


a 


1  ha  -j- 


hb  — -  'iha  —  aa 

hb  —  iba  —  ad 
hb  —  c  —  ad\ 


ibd 


JJizbb — C\ — b  —  d. 


Then  fubtraQing  the  faid  mean  from  (^)  the  given ^ 
fumm  of  all  the  three  Proportionals  ,  there  will  remains 
the  fumm  of  the  extremes,  to  wit ,  ,  .  .  .  . 

3.  Therefore  the  Square  of  the  fumm  of  the  extrerncs  is  . 

4.  From  which  Square  if  you  fubtraft  the  double  of  the? 

Square  of  the  mean,  to  wit,  . . •  ’S 

5".  There  will  remain  (  as  is  manifefl:  by  the  third  Theorem 
of  the  preceding  fixth  Chapter,)  the  fumm  of  the  Squares 
of  the  extremes,  to  wit  ^ . .  .  ,  ,  . 

6,  Which  fumm  of  the  Squares  of  the  extremes  mud  be  equal  ? 
to  the  given  fumm  (c,)  hence  this  Equation ,  viz.,  . 

7,  From  which  Equation  after  due  Redudion,  this  wil]  arife,  ^ 

8,  Therefore  by  refolving  the  lad  Equation,  (  according  to 

the  Canon  in  SeJi  6.  Chap,  1 5 .  of  my  Firft  Book  of  Al¬ 
gebraical  Elements  ♦ )  the  value  of  (  4  )  the  mean  Pro¬ 
portional  will  be  made  known ,  viz,  . 

Which  lafl:  Equation  in  words  is  this 

CANON. 

From  the  double  of  the  Square  of  the  given  fumm  of  all  the  thfee  Proportionals  fought 
fubtrafl  the  given  fumm  df  the  Squares  of  the  extremes ;  then  from  the  fquare  Root  of  the 
Remainder  fubcra»B:  the  fumm  ot  the  three  Proportionals ,  fo  fhall  this  lafl  Remainder  be 
the  mean  Proportional  fought.  i  , 

Therefore,  if  14  be  given  for  the  fumm  of  three  continual  Proportionals,  and  6%  for 
the  fumm  of  the  Squares  of  the  extremes ,  the  mean  Proportional  will  be  found  4  by  the 
faid  Canon:  Then  the  mean  being  given  4,  as  alfo  10  the  fumm  of  the  extremes .  th‘^ 
extremes  will  be  found  2  and  8 ,(  by  the  Canon  of  4.  Chap.\^.  of  my  ’firfl 

feook  of  ^Algebraical  Elements  and  therefore  the  three  Proportionals  fought  are 
2 , 4  and  8. 

AvEsr,  3, 

The  difference  (^)  of  the  extremes  of  three  proportional  Quantities  being  given,  as" 
alfo  (  c  )  the  fumm  of  the  Squares  of  the  three  Proportionals  5  to  find  the  Proportionals. 

RESO  LVriON, 

1 6  For  the  fumm  of  the  extremes,  (to  wit  f  of  the  firfl  and? 

third  Proportionals  fought,)  put . • 

Then ,  forafmuch  as  the  difference  of  the  extremes  is  given 


d 


(^,)  and  their  fumm  isaffumed  to  be  (4,)  therefore  (by, 
the  Theorem  in  ^efi.  i.  Chap.  14.  of  my  Firfl  Book  of( 
Algebraical  Elements , )  the  greater  extreme  lEall  be 

3.  And  by  the  fame  Theorem  the  IcfTer  extreme  is  .  .  . 

4.  Then  theProdudl  made  by  the  multiplication  of  the  ex¬ 

tremes  in  the  fecond  and  third  fleps  will  give  the, Square 
of  the  mean ,  to  wit , . 

5.  And  from  the  feconcf  flep  th*e  Square  of  the  greater  ex-> 

treme  is . 5 

6.  And  from  the  third  flep  the  Square  of  the  leffer  extreme  is  ^ 

7. '  Therefore  from  the  foiirth,  filth  and  iixth  fleps,  the  fumm  ? 

of  the  Squares  of  all  the  three  Proportionals  is  .  ' 

'  ■  ■  ■  ■  Z  2 


\a  -1-  \b 


id 


^ad  —  '^hb 


\da 


\db  >-(-•  \hb 
aa  —  iab  ibh 


\ib 


8.  Which’ 
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8.  Which  fnmm  in  the  laft  ftep  muft  be  equal  to  (  c  )  the  7 

fumm  of  the  Squares  given  in  the  Queftion  .  hence  thisS  —  c 

Equation  arifeth,  to  wit  . . 3  _ ,, 

57.  Which  Equation  after  due  Reduction  will  give  .  .  .  ^>  44  m  - - 

I  o.  Therefore  by  extrafting  the  fquare  Root  out  of  each  part^  A^^hh 

of  the  laR  Equation  the  fumm  of  the  extreme  Proportionals>  .  a  ~  - , 

is  difeoveredj  to  wit, . j  ^ 

Which  lafl  Equation  gives  this 

CANON. 

From  four  times  the  given  fumm  of  the  Squares  of  the  three  Proportionals  fought,  fub.' 
tradf  the  Square  of  the  given  difference  of  the  extremes .  then  the  fquare  Root  of  one 
third  part  of  that  Remainder  iball  be  the  fumm  of  the  extreme  Proportionals. 

Then  half  the  fumm  of  the  extremes  increafed  with  half  their  difference  gives  the  greater  ' 
extreme ,  and  half  the  faid  fumm  leffened  by  half  the  faid  difference  leaves  the  leffer  extreme. 

L,aftly,  the  fquare  Root  of  the  Produft  made  by  the  mutual  multiplication  of  the  extremes 
IS  the  mean  Proportional. 

Therefore  if  16  be  given  for  the  difference  of  the  extremes  of  three  Proportionals,' 
and  1;  54  for  the  fumm  of  the  Squares  of  all  the  three  Proportionals ,  the  Proportionals 
are  alfo  given  feverally,  to  wit,  2,6,18  -rr*. 

^VEST.4. 

One  extreme  (  ^  )  of  three  proportional  Quantities  being  given ,  as  alfo  (c)  thefumtis 
of  the  Squares  of  the  other  extreme  and  the  mean ;  to  find  out  that  other  extreme  and  mean. 


RESOLVriON, 


I.  For  the  extreme  Proportional  fought  put  a 


2.  Which  multiplied  by  the  given  extreme  (^  )  produ 
the  Square  of  the  mean  ,  to  wit ,  .  .  ,  ,  .  . 


^  the  Square  of  the  mean  ,  to  wit ,  . 


3.  But  from  the  firft  ftep  the  Square  of  the  extreme  Pro¬ 
portional  fought  is  . . 


4.  Therefore  trom  the  fecond  and  third  Heps  the  fumm  of  7 
the  Squares  of  the  two  Proportionals  fought  is  .  .  .  3 


5.  Which  fumm  in  the  laft  ftepmuft  be  equal  to  (c)  the 7 
fumm  given  in  the  Queftion whence  this  Equation  arirethjr-/^.  ^ 


^  aa-\-^ba  z=z  c 


The  laft  Equation  in  words  is  this 


CANON, 


To  the  given  Eumm  add  the  Square  of  half  the  extreme  Proportional  given  ^  and  out 
of  this  fumm  extract  the  fquare  Root .  then  this  fquare  Root  leffened  by  half  the  given 
extreme  will  give  the  other  extreme. 

Therefore  if  1 8  be  given  for  one  of  the  extremes  of  three  Proportionals ,  and  40  for 
the  fumm  of  the  Squares  of  the  other  two  Proportionals ,  the  Canon  will  difeover  2  for 
the  extreme  fought.  Laftly ,  the  fquare  Root  of  the  ProdutSl  of  the  extremes,  to  wit, 
6  is  the  mean  fought.  Therefore  the  three  Proportionals  are  18,  6  and  2. 


SlVESt,  5. 


The  difference  (  ^  )  between  the  extremes  of  three  proportiortal  Quantities  being  given, 
as  alfo  the  Proportion  which  the  difference  of  the  Squares  of  the  extremes  hath  to  the  furani 
of  the  Squares  of  all  the  three  Proportionals ,  fuppofe  the  difference  be  to  the  fumm  as 
(r)  to  (jj)  to  find  the  Proportionals.  But  (r)  muft  be  lefs  than  (/.) 


RES  O  LVTIO N. 


1 .  For  the  famiti  of  the  extremes  put . .  .  ^  4 

2.  Then  forasmuch  as  their  difference  is  given  .  .  ,  .)>  b 

3.  Therefore  the  .difference  of  the  Squares  of  the  extremes 

ffiall  be  ^4  ;  (  for  theProduift  of  the  multiplication  of  the 
fumm  of  any  two  numbers  into  their  difference  is  equal  to 
the  difference  of  their  Squares  |)  .  ,  ,  ,  .  '  ,  . 


4.  Then 


Chap.  7. 


about  Qontimial  Proportionals, 


8 


"4— 

ia  —  2^ 

\bb  1^4 

ib4 


1 


-'rii 


Ida  ^- 


~bb. 


laa 


ihb 


4.  Then  from  the  firfb  and  fecond  fteps ,  (  by  the  Theor,  of. 

^efl.  I.  Chap.  14.  of  my  Firfl:  Book  of  Algebraical\ 

Elements ,  )  the  greater  extreme  fliall  be  .  .  .  . 

5-.  And(by  the  fame  the  leiTer  extreme  lliall  be  . 

6.  Therefore  from  the  fourth  flep  the  Square  of  the  greater  7 

extreme  is  .  . . •  •  • 

7.  And  from  the  fifth  fiep  the  Square  of  the  leffer  extreme  is 

8.  And  becaufetheProdnff  made  by  the  mutual  multiplication' 
of  the  extremes  is  equal  to  the  Square  of  the  mean,  therefore< 
the  extremes  in  the  fourth  and  fifth  ffeps  being  multiplied/ 
one  by  the  other,  will  give  the  Square  of  the  mean ,  to  wit,N 

9.  Therefore  by  adding  together  the  Squares  in  the  three  laff 

fteps,  the  fumm  of  the  Squares  of  the  three  Proportionals 
(hall  be  . . . 

i  o.  Then  according  to  the  Quefiion  ,  As  r  is  to  j ,  fo  muff  the  difference  in  the  third 
ftep  be  to  the  fumm  in  the  ninth  ftep  j  hence  this  Analogy  arifeth  ,  viz, 

r  ,  s  ba  ,  ^aa^^\bb,  -  •'.*.7., 

1 1.  Whence,  by  comparing  the  Produdf  made  by  the  mutual  multiplication  of  the  esttremes 
to  the  Produft  of  the  means ,  this  Equation  comes  forth ,  viz. 

ibd  ~  j^raa  \rbb.  ^  ^ 

12.  From  which  Equation,  after  due  Redudlion,  there  will  arifc  .  ' 

bb 


\aa  -(-*  \bb 


a 


aa 


1 5 .  Therefore  ( per  Canon  in  SeU.  i  o.  Chap.  1 5 .  Book^  i . )  the  two  Roots  or  values  of  4 
in  the  laft  Equation  are  thefe,  to  vvit, 


a 


_  2sb-y^i^ssbb--,rrbbi  ^  _  ^sb-^:4ssbb  -  ^rrbb : 


the  leffer. 


3r 


14.  But  the  greater  of  thofe  two  values  of  (  4  )  is  the  defired  fumm  of  the  extreme  Pro¬ 
portionals  fought  j  for  if  we  lliould  fuppofc  the  leffer  value  to  be  the  fumm  of  the  ex¬ 
tremes,  it  ought  to  exceed  (  ^  )  the  difference  of  the  extremes  ;  but  from  that  fuppofition 
it  will  follow,  that  (  r  )  is  greater  than  (i,)  and  confequently  that  the  difference  of  the 
Squares  of  the  extremes  is  greater  than  the  fumm  of  the  Squares  of  all  the  three  Proportio¬ 
nals,  which  is  impoffiblc.  Now  to  prove  the  faid  confequence ; 


2  -7—  ^  ssbh  —  3  rrbb  : 

3^ 


cr  b. 


2sb  —  V :  4ssbb  *—  ^rrbb :  cT'  S^b. 

2sb  cr*  3rb  Vj  ^ssbb  —  irrbb  ;  .  ' 

7sb  —  yrb  nr"  V*  ^^^bb  —  3  rrbb  : 

1 2  Srbb  *-j-"  ^rrbb  d**’  4  ^^bb  —  3  rrbb^ 


I  Suppofe  »  '  ■.  ■  .  •  •  • 

16.  Then  by  multiplying  each  part  by  3^*,  ? 

it  follows,  that  ,  .  .  .  .  .  .  > 

17.  And  by  adding  ^  i^ssbb  —  irrbb  \\ 

to  each  part  in  the  fixteenth  ftep ,  .  3 

18.  And  by  fubtrafting  3^^  from  each? 

part  in  the  feventeenth  ff ep ,  .  ...  3 

19.  And  by  fquaring  each  part  in  the?  r _ 

eighteenth  ftep  . . 3  ^ 

20  And  by  adding  5rri^  to  each  part  in?  _\:,irhh-\~iinhh  c*  4»«. 
the  nineteenth  ftep ,  . . S  ’  ■■■  - 

2I_.  And  by  adding  I  rrrM  to  each'  parjj  .,ai4-i2n-U  cr  ^sshb~\- iisM. 

in  the  twentieth  ftep,  .  .  .  .3  ^  ^ 

22.  And  by  (ubtraifting  ^ssbb  from  each? 

part  in  the  twenty-ftrft  ftep ,  .  .  .  3 

23.  Wherefore  by  divfcling  each  part  in  ? 

the  twenty-fecond  ftep  by  ,  .  .S 

24.  Thus,  from  a  fuppofition  that  the  leffer  value  of  (4  )  in  the  thirteenth  ftep  is  greater 
than  (  />  )  the  given  difference  of  the  extremes,  it  follows  by  juft  confequence  that  (  r  )  is 
greater  than  (r,)  which  is  irapofftble  •  for  in  regard  the  difference  of  the  Squares  of 
the  extremes  is  lefs  than  the  fumm  of  the  Squares  of  all  three  Proportionals ,  and  chat  ac-" 
cording  to  the  Queftion  the  faid  difference  is  to  the  faid  fumm  as  (  r  )  to  (/,)  therefore  (r) 
is  lefs  than  (/;)  and  becaufe  the  feries  of  Inferences  drawn  from  the  faid  vSuppofition  ends 

in  an  Impoflibility,  therefore  that  whicli  was  fuppofed  cannot  be  true  j  viz.  The  leffer . 
^  value- 


1  irrbb  CT"  Hsrbb, 


r  ZT  s. 
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Value  of  ( )  is  not  greaterthan  {b')  the  given  difference  of  the  extremes,  and  con- 
fequently  it  cannot  be  equal  to  the  fumm  of  the  extremes.  Which  was  to  be  proved. 

But  by  the  like  argumentation  it  may  be  proved  that  the  greater  value  of  (  4  )  in  the 
thirteenth  ftep  exceeds  (  ^  )  the  given  difference  of  the  extremes  ;  and  if  it  be  expreft 
by  Words,  it  will  give  the  following  Canon  to  find  out  the  fumm  of  the  extreme  Pro¬ 
portionals  fought;  whence  by  the  help  of  the  given  difference  of  the  extremes,  the 
extremes  are  feverally  given. 

CANON. 

From  four  times  the  Square  of  the  latter  or  greater  term  (  f  )  of  the  given  Reafon  fub- 
trafl  thrice  the  Square  of  the  firfl:  term  (  r,)  and  multiply  the  Remainder  by  the  Square  of 
the  given  difference  of  the  extreme  Proportionals  fought ;  then  add  the  fquare  Root  of  that 
ProduA  to  the  double  of  the  Produdf  made  by  the  multiplication  of  the  latter  term  (s) 
into  the  difference  of  the  extremes ,  and  divide  the  fumm  of  that  addition  by  the  triple 
of  the  firfl  term  ( r-)  fo  fhall  the  Quotient  be  the  fumm  of  the  extreme  Proportionals : 
laftly  ,  half  the  fumm  of  the  extremes  increafed  with  half  their  difference  gives  the  greater 
extreme,  but  the  faid  half  fumm  leffened  by  the  faid  half  difference  leaves  the  leffer  extreme. 

As,  for  example,  if  6  be  given  for  the  difference  of  the  extremes  of  three  continual 
Propof  tionals ,  and  the  difference  of  the  Squares  of  the  extremes  hath  fuch  proportion  to 
the  fumm  of  the  Squares  of  all  the  three  Proportionals  as  y  to  7 ,  then  by  the  Canon, 
the  three  Proportionals  will  be  found  2,  4  and  8. 

Again ,  if  2;^  be  given  for  the  difference  of  the  extremes ,  and  the  difference  of  the 
Squares  of  the  extremes  be  to  the  fumm  of  the  Squares  of  all  the  three  Proportionals  as 
123  to  427,  the  Proportionals  will  be  found  4,  5.  and  6j;. 


^V£ST.  6. 

The  fumm  (^)  of  the  extremes,  and  the  fumm  (c)  of  the  means  of  four  Quantities 
in  continual  proportion  being  given  j  to  find  out  the  Proportionals :  but  {h)  muff  exceed  (c.) 

RESOLVTION, 

For  one  of  the  means  put . '.)>  4 

Then  by  fubtrafting  that  mean  from  (c)  the  given  fumm  of^  ^ ^ 


1. 

2. 


4. 


the  means ,  the  Remainder  is  the  other  mean ,  to  wit, 

,  And  by  dividing  the  Square  of  the  latter  mean  by  the  for-?  cc  —  2ca--\-aa 
mcr,  the  Quotient  gives  one  of  the  extremes,  to  wit,  .  .y 

,  In  like  manner  the  Square  of  the  firfl  mean  (  <« )  being  di-? 
vided  by  the  other  raean;^c— <i,)gives  the  other  extreme, to  wit, 3 

,  Therefore  from  the  third  and  fourth  fleps  the  lltmm  of  the 
two  extremes  iV  .  ^  . . 

6,  Which  fumm  mufl  be  equal  to  (  ^  )  the  given  fumm  of  the 
hence  this  Equation  arifeth  ,  to  wit. 


5 


c-^a 

ccc  —  ^cc4> 


\caa 


ca 


' 


extremes 


ccc- 


ccc 


7.  From  which  Equation  after  due  Redudlion  this  arifeth, 

to  wit,  .  .  . . 

8.  Wherefore  by  refolving  the  laft  Equation  by  the  Canon  in  Seljt,  i  o.  Chap.  1  y.  Book^  i  J 
the  two  values  of  (  4 ,)  to  wit,  the  mean  Proportionals  fought  will  be  made  known, 


a  = 


,  cc 
V  :  — 


ccc 


ic  +  b 


a  -zc 


_  ^  cc 


ccc 


Which  values  of  ( <1 )  give  this 


3  c  -f-  ^ 


the  greater  mean  • 


the  leffer  mean. 


CANON. 


Divide  the  Cube  of  the  furnm  of  the  means  by  the  aggregate  of  the  triple  fumm  of  the 
means  and  the  fumm  of  the  extremes ;  fubtraft  the  Quotient  from  the  Square  of  half  the 
fumm  of  the  means ,  and  extradl  the  fquare  Root  of  the  Remainder  .  then  the  faid  fquare 
Root  being  added  to  and  fubtraded  from  half  the  fumm  of  the  means ,  the  Sumra  and  Re¬ 
mainder  lEall  be  the  means  fought, 

then 


,v 


..  m 
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Then  the  Square  of  the  leffer  mean  being  divided  by  the  greater  will  give  the  leffer 
extreme  •  and  the  Square  of  the  greater  mean  divided  by  the  lefler  gives  the  greater  extreme. 

Therefore  if  18  be  given  for  the  furam  of  the  extremes ,  and  11  for  the  fumm  of  the 
means  of  four  continual  Proportionals,  the  Proportionals  are  given  feverally  by  the  faid 


Canon,  to  wit,  z ,  4,  8  and  16. 


XP^ST.  7. 

The  difference  (  ^  )  of  the  extremes,  and  the  difference  (  c  )  of  the  means  of  four  Qj^an- 
tities  continually  proportional  being  given .  to  find  out  the  four  Proportionals* 

RESOLVTJO  N. 

1.  For  the  lefler  mean  Proportional  put . a 

2.  Which  added  to  (c)  the  given  difference  of  the  means >  .  ^ 

gives  the  greater  mean  ,  to  wit  ,  3  ' 

3.  Then  the  Square  of  the  faid  greater  mean  being  divided?  cc-]-*  ‘ica-\-aa 

by  the  lefler ,  gives  for  the  greater  extreme . >  a  . 

4.  Likewife  by  dividing  (  na  )•  the  Square  of  the  lefler  mean  ? 

by  the  greater,  there  arifeth  for  the  lefler  extreme  .  .  0  c-\-a 

5.  Therefore  the  difference  of  the  two  extremes  in  the  third?  ccc  ^cca-\-  %caA 

and  fourth  fteps  is . J 

6.  Which  difference  muff  be  equal  to  (  ^  )  the  given  dif-  ?  ccc-\~2cca^'icaa  _  ^ 

iz.  S 


fercnce  of  the  extremes ,  hence  this  Equation  arifeth ,  viz.  S  ca-\^aa 
7.  From  which  Equation,  after  due  Reduction  ,  this  arifeth,  > 
to  wit  s  •  •••  • 

^  «  r.  %  •  ^ _ _  ’  n  c 


—  ca^y 


aa 


8.  Wherefore  by  refolving  the  laft  Equation  by  the  Canon  in  SeSl.  6,  Chap.  i^.BooJ^p 
the  value  of  (  4,)  to  wit,  the  lelTer  mean  Proportional  fought  will  be  made  known,  viz. 


4  =  V  !  — 

,4 

Which  Equation  in  words  is  this 


ccc 


b—  ic  * 


—  tc. 


CANON. 

Divide  the  Cube  of  the  given  difference  of  the  means  by  the  excefs  of  the  given  difference 
of  the  extremes  above  the  triple  of  the  difference  of  the  means  j  add  the  Quotient  to  the 
Square  of  half  the  difference  of  the  means :  then  from  the  fquare  Root  of  that  fumm 
fubtraa  half  the  difference  of  the  means,  fo  (hall  this  Remainder  be  the  leffer  mean. 

Then  to  the  leffer  mean  add  the  difference  of  the  means,  and  the  fumm  is  the  greater.’ 
Laftly ,  the  Square  of  the  greater  mean  divided  by  the  leffer  gives  the  greater  extreme  ,  and 
the  Square  of  the  leffer  mean  divided  by  the  greater  gives  the  leffer  extreme. 

Therefore  if  jz  be  given  for  the  diference  of  the  extremes  of  four  continual  Proportio¬ 
nals,  and  12  for  the  difference  of  the  means,  the  Proportionals  will  be  found  2,6,18,54. 

XPEST.  8. 

The  fumm  (  O  of  Quantities  in  continual  proportion  being  given ,  as  alfo  {c) 
the  fumm  of  iheir  Squares  j  to  find  the  Proportionals. 

RE  SO  LVT 10  N. 

1 .  For  the  fumm  of  the  means  put  .  «  4 

2.  Which  fubtraaed  from  (  ^  )  the  given  fumm  of  all  the  four?  ^  ^ 

Proportionals ,  leaves  the  fumm  of  the  extremes  ;  to  wit,  5 

3.  The  Square  of  C^)  the  given  fumm  of  all  the  four  Pro-? 

portionals  is . .  *  ?  V  C  ' 

4.  Now  (  according  to  TW.  1 6.  of  the  preceding  Chap.  6.) 
from  the  faid  Square  {bb)  I  fubtraft  (c )  the  given  fumm  oU 
the  Squares  of  the  four  Proportionals,  and  from  the  half  of 
the  Remainder  I  alfo  fubtraft  (44)  the  Square  of  the  fumm* 

of  the  means,  fo  this  Quantity  remains,  to  wit,  .  .  . 

5.  Which  Remainder,  to  wit,  — tc  — 44,  (by  thefaidTW.  16.)  fiiall  be  to  the 
given  fumm  of  the  Squares  of  the  four  Proportionals ,  as  the  fumm  of  the  means  is  to 
the  furam  of  all  the  four  Proportionals  ;  hence  this  Analogy  arifeth ,  viz. 

’ "  ‘  -  aa  .  c  ::  a  ,  b 


ihb-ic  — 


aa 


ihh 


•TC 


6,  Which 


j-  '  •.  ■  'V  .  •  >  ’*• 
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6.  -  Which  Analogy  ,  by  comparing  the  Produft  made  by  the  mutual  multiplication  ofithc 
extremes  to  the  Produ(A  of  the  means,  will  be  converted  into  this  Equation  ,  vi-z,. 

i  .  \bbb' —  \hc  —  baa  •==:  ca 

7.  Whence  after  due-Reduft ion  this  Equation  arifcth ,  to  wit , 


\bb  —  \c  —  aa  -j- 


b 


■a 


Which  Equation  being  refolved  ( per^C^non  inSebi.  6.  Chap.  1  5.  Book  i.)  gives  this 
following  _  CANON.  ‘‘1 

From  the  vSquare  of  the  given  fumrn  of  the  four  Proportionals  fubtraft  the  given  fumtti 
of  their  Squares,  and  to  the  half  of  the  Remainder  add  the  Square  of  half  the  Quotient  that 
arifeth  by  dividing  the  fumrn  of  the  Squares  of  the  four  Proportionals  by  the  furam  of  the 
four  Proportionals.  Then  extrad  the  fquare  Root  of  the  fumm  of  that  addition,  and  from 
the  faid  fquare  Root  fubtrad  half  the  Quotient  aforefaid  ,  fo  lhall  the  Remainder  be  the 
furam  of  the  two  deiired  mean  Proportionals.  ^ 

Then  the  fumm  of  the  means  of  four  continual  Proportionals  being  given  ,  as  alfo  the 
fumm  of  the  extremes ,  the  Proportionals  (hall  be  given  fevcrally  by  the  Canon  of.  the 
preceding  6.  of  this  Chapt. 

So  if  30  begivenfor  the  fumm*  of  four  Proportionals,  and  ^540  for  the  fumm  of  their 
Squares  j  firft  ,  by  the  Canon  above  expreft,  the  fumm  of  the  means  will  be  found  1  a  . 
which  fubtraded  from  3  o  the  given  fumm  of  the  four  Proportionals ,  leaves  i  8  for  the 
fumm  of  the  extremes :  then  the  fumm  of  the  means  being  given  12,  and  the  fumm  of 
the  extremes  1 8  ,  the  four  Proportionals  (  by  the  Canon  of  the  preceding  lixth  Queflion,) 

will  be  found  a  ,  4  ,  8 ,  i6. 

\ 

^  tipmim,  I  ■  ■  .  I  ...■■■  A —  -  ■  . . —  r  ■  ^  - 

ovest,  p.-  •  ■  •  ,  •  • 

The  fumm  (  ^  )  of  four  Quantities  in  continual  proportion  being  given ,  as  alfo  (  c  ) 
the  furam  of  the  Squares  of  the  means  j  to  find  the  Proportionals. 

RESO  LVTION, 

1 .  For  the  fumm  of  the  means  put  ...  .  .  .  .  ^  ^  .  J>  4  • 

2.  Then,becaufe  (by  Theon  1 2.  of  the  preceding  Chap.6.)  the  fumm*^ 

of  four  Quantities  continually  proportional  is  to  the  fumm  of  the  " 
means ,  as  the  furam  of  the  Squares  of  the  means  is  to  the  Product 
made  by  the  mutual  multiplication  of  the  means  or  extremes,  fay, 
by  the  Rule  of  Three ,  ‘ 

If..*.*  b  I  a  ::  c  •  . 

Whence  the  Produd  of  the  means  or  extremes  is  found  .  * 

3.  And  becaufe  if  from  the  Square  of  the  furam  of  the  means  there 

be  fubtraded  the  fumm  of  the  Squares  of  the  means,  there  will 
remain  the  double  Produd  of  the  means  or  extremes ;  therefore 
if  from  (aa)  you  fubtrad  (  c,)  the  half  of  the  Remainder  fhall 
be  the  Produd  of  the  means  or  extremes ,  to  wit . . 

ic  mufl:  be  equal  to  ^ 


1  *' 


Which  Produd  ,  to  wit,  faa  —  fc  muff  be  equal  to  ^  the; 
Produd  in  the  fecond  ftep ;  hence  this  Equation  arifeth ,  to  wit, 
From  which  Equation  after  due  Redudion  there  arifeth  .  .  .  J> 


iaa 


aa  — 


:C  =: 


"ic 


-a  =  ff 


Which  laft  Equation  being  refolved  (  by  the  Canon  in  Sebi,  8*  Chap.  15.  i.) 

gives  this  following 

CANON. 

To  the  given  fumm  of  the  Squares  of  the  means  add  the  Square  of  the  Quotient  that 
arifeth  by  dividing  the  faid  fumm  by  the  given  furam  of  the  four  Proportionals ,  and  out  of 
the  fumm  made  by  that  addition  extrad  the  fquare  Root ;  then  this  fquare  Root  added  to  the 
aforefaid  Quotient  gives  the  fumm  of  the  mean  Proportionals  fought.  ' 

Then  the  fumm  of  the  means  being  given ,  as  alfo  the  fumm  of  the  extremes’,  (  for 
the  furam  of  the  means  found  out  being  fubtraded  from  the  given  fumm  of  all  thefourPro- 
portionals  leaves  the  fumm  of  the  extremes,)  the  four  Proportionals  will  bedifeovered  by 
the  Canon  of  the  fixth  Quefiion  of  this  Chapter. 

Therefore, 


Ch. 


p.  7, 
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Therefore ,  If  be  given  for  the  fumm  of  four  continual  Proportionals,,  and  80  for 
die  fumm  of  the  Squares  of  the  means ,  the  four  Proportionals  are  alfo  feverally  given  . 
to  wit,  2,  q,  8,  16  ;  by  the  Canon  above- expreft. .  * 

 10. 

The  fumm  (  ^)  of  four  Quantities  continually  proportional  being  given,  as  alfo  (c) 
the  fumm  of  the  Squares  of  the  extremes  j  to  find  out  the  Proportionals. 

RESO  LVTI  6  N,  .  , 

1.  For  the  fumm  of  the  means  put . J>  ^ 

2.  Which  fubtraded  from  (^)  the  given  fumm  of  the  four  Pro-? 

portionals  leaves  the  fumm  of  the  extremes,  to  wit,  ,  ,  ,  ,  i 

3.  Therefore  the  Square  of  the  fumm  of  the  extremes, is  .  , 

4.  From  which  Square,  if  (  c  )  the  given  fgmm  of  the  Squares  of  the 
extremes  be  fubtrafted,  there  will  remain  the  double  ProduSff 
made  by  the  mutual  multiplication  of  the  extremes  or  means  •( 
therefore  the  Produft  of  the  means  is 

5.  And,  becaufe  if  from  an  the  Square,  of  the  fumm  of  the  means 
there  be  fubtrafted  bb — ^ba,A^-^aa, — c  the  double  Produft  of.the( 
means ,  there  will  remain  the  fumm  of  the  Squares  of  the  means 
therefore  the  fumm  of  the  Squares  of  the  means  is 


b  —  a 

bb  —  iba  -4' 
bb—iba^aa  — 

X 

xba—^bb 


6.  And  becaufe  by  Theor.  12.  in  the  preceding  Chaj).  6.  the  fumm  of  the  Squares  of  the. 

means  is  to  the  Produ6f  of  the  means ,  as  the  fumm  of  all  the  four  Proportionals  is  to  the 

fumm  of  the  means  j  therefore  from  the  premifes  this  following  Analogy  atifeth ,  viz.. 

t  LL  \  bb  —  2  b^  "1  *  itit  c  7 

iba-^bb  -h  c  •  - - -  lib  .  a 


2 


7.  From  which  Analogy ,  by  comparing  the  Produff  of  the  extremes  to  theProduff  ot 

the  means ,  this  Equation  arifeth  ,  viz. 

t  ti  \  bbh  —  2 bba  >-C baa,  —  be 

2  baa  —  bba  ca  = - — ? - 

Z  I  ^  . 

S.  Which  Equation,  after  due  Redu£iion,  gives  this  following  Equation,  viz. 


aa ' 


'IC 


-a 


bb  — 


'3b  3 

Whence  (  Canon  in  Sebb.  6.  Chap,  i  5.  Rook_i,)  there  arifeth  this  following 

CANON,  ,  ,  ,  > 

Divide  the  given  fumm  of  the  Squares  of  the  extremes  by  the  triple  of  the  given  furara 
of  all  the  four  Proportionals,  and  to  the  Square  of  the  Quotient  add  one  third  part  of  the 
excefs  of  the  Square  of  the  fumm  of  the  four  Proportionals  above  the  fumm  of  the  Squares 
of  the  extremes  •  then  from  the  fqiiare  Root  of  the  fumm  made  by  that  Addition  fubtrait, 
the  Quotient  firft  found  out :  fo  lhall  the  Rertiainder  be  the  defired  furarh  of  the  man 
Proportionals.  ■  ' 

Then  the  fumm  of  the  means  being  given,  as  alfo  the  fumm  of  the  extremes,  (for  the  fumm 
^of  the  means  being  fubtraded  from  the  given  fumm  of  the  four  Proportionals  leaves  the 
fumm  of  the  extremes,)  the  four  Proportionals  will  be  difeovered  by  the  Canon  of  the 
fixrh  Queftion  of  this  Chapter. 

Therefore,  If  80  be  given  for  the  fumm  of  four  continual  Proportionals,  and  2^20  for 
the  fumni  of  the  Squares  of  the  extremes,  the  fonr  Proportionals  will  be  found  2 , 6, 1 8, 5  4. 

'  XpEST,  11,  , 

The  futnm  (^),,of  theSquares  of  the  extremes  of  four  Quantities  in  continual  proportion 
being  given,'  as  alfo  (c)  the  fumtn  of  the  Squares  of  the  means,  to  find  out  the  Proportionalso' 

. . .  RESO  LVTIO  N. 

1.  Add  the  two  given. fumms  into  one,  that  yon  may  have  the  timra^ 

of  the  Squares  of  the  four  Proportionals  fought,  for  which  laft  ^  d 
mentioned  fumm  put  ,  ..  .  .  ^ 

2.  Then  for  thefuinra  of  the  Squares  of  the  firfl  and  fccond  Pro- >  ^ 

portionals  put ... .  3  , 

3.  Therefore  the  fumm  of  the  Squares  of  the  third  and  fourth? 

Proportionals  is.*  ••  \  ■ 

A"  a  4^  Then,* 
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4.  Then,becaure(by  rW.13.of  the  preceding 5.)  thefumm^ 
of  the  Squares  of  the  two  means  is  a  mean  Proportional  bctweenf  ^  e  ••  c  .  4- a 
the  fumm  of  the  Squares  of  the  firff  and  fecond,  and  the  fumra  ofr 

the  Squares  of  the  third  and  fourth,  this  Analogy  is  manifeft, 

5.  Therefore  by  comparing  the  Produd  made  by  the  multiplication  > 

of  the  extremes  of  that  Analogy  to  the  Produd  of  the  means,  this>  da ■=:  cc 
Equation  arifeth ,  viz. . .  * . 3 

6.  Which  Equation  being  refolved  by  the  Canon  in  SeU.  1 0.  Chaf.  16.  Book.  1 .  gives  this 

following 

CANON. 

Add  the  given  ftiram  of  the  Squares  of  the  extremes  to  the  given  fumm  of  the  Squares 
of  the  means,  and  refer ve  half  of  the  fumra  :  from  the  Square  of  this  half  fumm'fubtrad  the 
Square  of  the  fumm  of  the  Squares  of  the  means  and  extrad  the  fquare  Root  of  the  Remain¬ 
der  :  add  this  fquare  Root  to  the  half  fumm  before  referved,  and  alfo  fubtrad  it  from  the  fame 
half  fum  ;  fo  the  Summ  fiiall  be  the  fumm  of  the  Squares  of  the  firfl:  and  fecond  Proportio¬ 
nals  ,  and  the  Remainder  (hall  be  the  fumm  of  the  Squares  of  the  third  and  fourth. 

Then  (according  toTheor.  3.  of  the  preceding  Chap.  <5*)  add  fevtrally  the  fumm  of  the 
Squares  of  the  firft  and  fecond  Proportionals ,  and  the  fumm  of  the  Squares  of  the  third  and 
fourth,  to  the  fumm  of  the  Squares  of  the  means ,  and  out  of  each  furom  extrad  the  fquare 
Root  -  fo  Ihall  one  of  thefe  Roots  be  the  fumm  of  the  firft  and  third  Proportionals ,  and  the 
other  fhair  be  the  fumm  of  the  fecond  and  fourth  :  which  two  laft  mentioned  fumms  being 
added  together  give  the  fumm  of  the  four  Proportionals  fought. 

Laftly ,  the  fumm  of  four  Proportionals  being  given ,  as  alfo  the  fumm  of  the  Squares 
of  the  means,  the  Proportionals  fhall  be  given  feverally  by  the  ninth  Queftion  of  this  Chapt. 

Therefore  if  260  he  given  for  the  fumm  of  the  Squares  of  the  extremes  of  four  continual 
Proportionals ,  and  80  for  the  fumm  of  the  Squares  of  the  means ,  the  Proportionals  will 
be  found  16,8,4,2. 


X^EST.  11.  . 

The  fumm  (  ^  )  of  the  extremes  of  four  Quantities  in  continual  proportion  being  given, 
as  alfo  (c)  the  fumm  of  the  Cubes  of  the  means ;  to  find  out  the  Proportionals. 

R£SO  LUr ION. 

1.  For  one  of  the  extreme  Proportionals  put  .  ^ 

2.  Then  the  other  extreme,  by  fubtrading  (a)  from  (  ^  )  the  given  ?  ^ ^ 

fumra  of  the  extremes,  lhall  be  .  .  .  . 

3.  Therefore  the  Produd  made  by  the  mutual  multiplication  of  the? 

extremes  is  ,  . . . 3 

'4.  And  bccaufe  (  per  Theor.  21.  of  the  preceding  Chap.  6,  )  theN 
Produd  made  by  the  multiplication  of  the  means  or  extremes  into  j 
the  fumm  of  the  extremes,  is  equal  to  the  fumm  of  the  Cubes  of  ^ 
the  means;  therefore  if  you  multiply  ^4 —  by  this  Produd  r  hta-^baa  —  c 
lhall  be  equal  to  (  c  )  the  given  fumm  of  the  Cubes  of  the  means  j  j 
hence  arifeth  this  Equation,  viz . .  ...  .Jf 

5.  And  by  dividing  every  term  of  that  Equation  by  (^,)  there?  a.  ^ 

arifeth  . . ^  pa  aa  -  ^ 

Which  laft:  Equation  being  refolved  (by  the  Canon  in  Se^.  10.  Chap.  15.  Bwk.  i.) 
gives  this  following 

CANON. 

6.  From  the  Square  of  half  the  given  fumm-  of  the  extremes  fubtrad  the  Quotient  that 
arifeth  by  dividing  the  given  fumih  of  the  Cubes  of  the  means  by  the  fumm  of  the  ex* 
tremes ,  and  extrad  the  fquare  Root  of  the  Remainder ,  then  half  the  fumm  of  the  ex¬ 
tremes  being  increaled  &  alfo  lelTened  by  the  faid  fquare  Root, gives  the  extremes  feverally* 

Then  you  may  find  out  the  means  by  a  new  work,  thus , 

7.  Let  the  greater  extreme  found  out  as  above  be  .  .  .  .  / 

8.  And  the  lefter  extreme  ,  . )>  g 

p.  Then  for  the  greater  mean  put  4 

to.  Therefore  by  dividing  (44)  the  fquare  of  the  greater  mean  by  the? 

greater  extreme  (/,)  the  Quotient  lhall  be  the  lefter  mean,  to  wit,  5  f 

II.  But 


/ 
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1 1. 


But  the  Square  of  the  lefTer  mean  is  equal  to  thcProdud  of  the 
lefTer  extreme  multiplied  by  the  greater  mean*,  therefore  from  the^ 
three  iaft  preceding  Heps  this  Equation  arifeth ,  vik. 

12.  Which  Equation,  after  due  Reduftion,  gives . >• 

13.  Therefore  by  extra(3:ing  the  cubick  Root  out  of  each  part  of  7 

the  lafl:  Equation  the  greater  mean  is  made  known ,  viz.  .  .  3 


~T 


a  ~ 


—  go. 

—  ffg 


4 


which  lafl;  Equation ,  together  with  that  in  the  tenth  flep ,  will  give  this' 

CANO^N. 

14.  Multiply  the  Square  of  the  greater  extreme  by  the  leffer,  then  the  cubick  Root  of  the 
Product  lhall  be  the  greater  mean,  l.aftly  ,  the  Square  of  the  greater  rhean  divided 
by  the  greater  extreme  gives  the  lefler  mean. 

Therefore  if  i  8  be  given  for  the  fumm  of  the  extremes  of  four  numbers  in  continual  pro¬ 
portion,  and  576  for  the  fumm  of  the  Cubes  of  the  means ,  then  by  the  firft  Canon  of  this 
Queftion  the  extremes  will  be  found  1  and  2  ;  and  laftly,  by  the  latter  Canon,  the  means 
will  be  found  8  and  4  :  wherefore  the  four  continual  Proportionals  fought  are  1 6,  8,4, 2. 

^  ^  &pEST.  13. 

The  fumm  (  ^ )  of  the  Cubes  of  the  extremes  of  four  Quantities  in  continual  proportion 
being  given  j  as  alfo  (c)  the  fumm  of  the  Cubes  of  the  meansj  to  find  the  four  Proportionals. 

RES  O  LVTI O  N, 

1.  For  the  fumm  of  the  extremes  put  . . j> 

2.  Therefore  the  Cube  of  that  fumm  is . j> 

3.  Then  becaufe  by  TheOr.  22.  of  the  preceding  Chap.  6.  if  four-^ 

Quantities  be  continually  proportional,  the,  fumm  of  the  Cubes  [ 
of  the  extremes  more  by  the  triple  of  the  Cubes  of  the  means  >s)  ,  ,  _  ^ 

'  equal  to  the  Cube  of  the  fumm  of  the  extremes .  therefore  if  to  ^  j  ^ 
you  add  3  f,  it  gives  the  Cube  of  the  fumm  of  the  extremes ,  which  |  ' 

Cube  muft  be  equal  to  hence  this  Equation . . J 

Therefore  by  extrading  the  cubick  Root  out  of  each  part  of  that  ?  /^  n  -i- 

Equation  ,  the  fumm  of  the  extremes  is  made  known ,  viz.  .  —  4 

Which  lafl  Equation  ih  words  is  this  following 

CANON.^ 

Add  the  triple  of  the  given  fumm  of  the  Cubes  of  the  fneansto  thegiWn  fumni  of  the 
Cubes  of  the  extremes,  and  out  of  the  furafti  made  by  that  Addition  extrad  the  cubick  Root,' 
which  lliall  be  the  fumm  of  the  extremes  fought. 

Then  the  fumm  of  the  extremes  being  given,  as  alfo  the  fumm  of  the  Cubes  of  the  means, 
the  four  Proportionals  (hall  be  given  feverally  by  the  Canon  of  the'preceding  twelfth’  Que< 
ftion.  As ,  for  example ,  if  i  5747*  be  given  for  the  fumm' of  the  Cubes  of  the  extremes 
of  four  numbers  in  continual  proportion,  and  6048  for  the  fumm  of  the  Cubes  of  the 
means ;  firfi: ,  by  the  Canon  of  this  Queftion  the  fumm  of  the  extremes  will  be  found  5;<J, 
and  then  by  the  Canon  of  the  preceding  twelfth  Queftion ,  the  four  Proportionals  virill.bd 
found  2  ,  6 ,  1 8 54. 

The  fumm  of  the  extremes  (^  )  of  five  Quantities  in  continual  proportion  being  givena 
as  alfo  (  c  )  the  fumm  of  the  three  means .  to  find  the  five  Proportionals. 

RESO  LVTIO  N. 

1 .  For  the  third  Proportional,  that  is,  the  middU  terra  1 

of  all  the  five,  put  .  ,  .  . . ^ 

2.  Then  fubtrad  that  middle  term  (^)  from(c)  the 

given  fumm  of  the  three  means ,  and  there  will  remain 
the  fumm  of  the  fecond  and  fourth  ,  viz . 

3.  And  becaufe  (by  Theor.ig.  of  the  preceding  Chaf.6.)^ 

the  fumm  of  the  extremes  of  five  continual  Proportio-  I 
nals  together  with  the  double  of  the  mean,  the  fumm  j 
of  the  fecond  and  fourth ,  and  the  mean ,  are  alfo  in  j 
continual  proportion  •  therefore  this  Analogy  is  j 
mantfeft,  'viz.  . . .  .  .  .  ,J 

A  a‘  i  4,  F  rom' 


4 


c  —  4 


za  ,  c  A 


c 
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4.  From  which  Analogy. ,  by  comparing  the  Produa^ 

made  by  the  multiplication  of  the  extremes  to  the  Pro-^  ia  -H  —  cc  —  zca^-^  aa 
dua  of  the  means ,  this  Equation  is  produced  , 

S  Which  Equation,  after  due  Reduaion  ,  gives  .  .  J>  aa^\-ha-\-zca  ^  cc. 

Laftly  ,  by  refolving  the  laft  Equation  according  to  the  Canon  rn  6,  Chap,  i  5. 

Book  I.  there  will  aiile  this  following 

^  CANON. 

Add  the  furam  of  the  extremes  to  the  double  of  the  fumm  of  the  three  means ,  and  take 
the  half  oi  the  lumm  made  by  fuch  Addition  5  then  to  the  Square  of  the  faid  half  fumm  add 
the  Square  of  the  fumm  of  the  three  means ,  and  out  of  this  fumm  extraa  the  fquare  Root  5 
from  which  Root  fubtraa  the  half  fumm  firft  taken ,  and  the  Remainder  ihall  be  the  middle 

(or  third)  Proportional  of  the  five  fought.  r,  ,  , 

Then  by  fubtraaing  the  faid  third  Proportional  from  the  fumm  ot  the  three  means ,  the 
Remainder  is  the  fumrn  of  the  fecond  and  fourth ;  by  which  Sumra  and  the  third  Proportio¬ 
nal  the  fecond  and  fourth  lhall  be  given  feverally  ,  (  by  the  Canon  of  4.  Chap,  i  5* 

Bolk  T  )  Then  the  Square  of  the  fecond  Proportional  being  divided  by  the  third  gives 
the  firft  ,  and  the  Square  of  the  fourth  being  divided  by  the  third  gives  the  fifth. 

Therefore  if  3  4  be  ?jven  for  the  fumm  of  the  firft  and  filth  of  five  continual  Proportio¬ 
nals  and  z  s’ for  the  fumm  of  the  three  means ,  the  five  Proportionals  thali  be  given  feve- 


rally , 


ViZ. 


2,4,8,  16  , 


ZAO, 


^JUEST.  1  5‘ 

The  fumm  (  ^  )  of  the  firft,  third  and  fifth  of  five  Quantities  in  continual  proportion 
being  given,  as  alfo  (  c  )  the  fumm  of  the  fecond  and  fourth  j  to  find  the  five  Proportionals* 

KESOLVTION. 

1.  For  the  third  Proportional*  that  is,  the  middle  term  of  the  five,  put  ;>  4 

2.  Then  fubtraa  that  middle  term  (  4  )  from  the  given  fumm  (  ^  )  7  ^  ^ 

and  the  Remainder  is  the  fumm  of  the  firft  and  fifth ,  viz.  •  •  A 

3.  And  becaufe  (  by  Theor.  27.  of  the  preceding  Chap. 6.)  the  Pro-^ 

dud  made  by  the  multiplication  of  the  third  or  middle  terra  of  I 
five  continual  Proportionals  into  the  fumm  of  the  firft  and  fifth  1 
is  equal  to  the  Squares  of  the  fecond  and  fourth  .  therefore  (  from  j 
the  firft  and  fecond  fteps  )  the  fumm  of  the  Squares  of  the  fecond  J 
and  fourth  Proportionals  is . .  J 

4.  The  Square  of  the  third  Proportional  (  4  )  is  equal  to  the  Produd , 

of  the  fecond  multiplied  into  the  Fourth  j  therefore  the  double 
of  that  Produd  is . . 

5.  Therefore,  from  the  two  laft  fteps,  the  Aggregate  of  the  Squares  >  r 

and  the  double  Produd  of  the  fecond  and  fourth  Proportionals  is  5  ‘ 

6.  But*  the  Aggregate  of  the  Squares  and  the  double  Produd  of  theT 

fecond  and  fourth  Proportionals  is  equal  to  the  Square  of  theirC 
fumm,  therefore  the  Aggregate  in  the  fifth  ftep  muft  be  equal  tojT 
the  Square  of  the  given  fumm  (c,)  viz . j 

Which  Equation  being  refolved  by  the  Canon  in  Se^.  6,  Chap^  15.  Book^i.  will  give 
this  following  CANON 

Add  the  Square  of  half  the  given  fumm  of  the  fixft  third  ,  and  fifth  Proportionals  to  the 
vSquare  of  the  given  fumm  of  the  fecond  gnd  fourth  .  then  from  the  fquare  Root  of  the  fumm 
made  by  that  Addition  fnbtrad  the  faid  half  fumm ,  and  the  Remainder  ftiall  be  the  third 
Proportional. 

Then  by  fubtrading  the  faid  third  Proportional  from  the  given  fumm  of  the  firft,  third 
and  fifth,  the  Remainder  is  the  fumm  of  thefirft  and  fifth  •  by  which  fumm  and  the  third 
(or  mean)  Proportional ,  the  firft  and  fifth,  (to  wit,  the  extremes )  fliall  be  given  feverally 
by  the  Canon  of  4.  16.  BooJ^  i.  Th'eft  the  third  Proportional  being  multi¬ 

plied  into  the  firft  and  fifth  feverally  ,  and  the  fquare  Root  being  ‘extraded  out  of  each  Pro¬ 
dud  ,  thefe  Roots  fliall  be  the  fecond  and  fourth  Proportionals. 

Therefore,  if  42  be  given  for  the  fumm  of  the  firft,  third  and  fifth  of  five  numbers  in 
continual  Proportion ,  and  20  for  the  fumm  of  the  fecond  and  fourth ,  the  five  Proportionals 


fC, 


will  be  found  thefe ,  to  wit,  2,  4,  S,  16,  32. 
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1 6. 


as 


I. 


,  .  Mvest.  .... 

The  third  Proportional  {  b)  of  five  Quantities  in  continual  proportion  being  given , 
alfo  (c)  the  Aimm  of  the  other  four;  to  find  out  the  five  Proportionals. 

RESOLVTJON. 


ei 


A 


.bb 


bb 


AA 


—  ibb 


AA  —  I  bb 

b 


For  the  fumm  of  the  fecofid  and  fourth  Proportionals  put  .  . 

2.  Then  fubtraft  that  fumm  ( )  from  (c  )  the  given  fumm  of  the 

firftjfecond,  fourth  and  fifth  Proportionals,  and  there  will  remain 
the  fumm  of  the  firfl:  and  fifth ,  to  wit ,  .  .  .  .  .  .  . 

3.  The  Square  of  the  third  (that  is,  of  the  mean)  Proportional  (  ^  ) 

is  equal  to  the  Produft  of  the  fecond  multiplied  into  the  fourth  , 
therefore  the  double  of  that  Produft  is . .  . 

q.  Which  double  Produifl  {ibh')  fubtrafted  from  Qaa)  the  Square 
of  the  fumm  of  the  fecond  and  fourth  Proportionals,  leaves  for  the 
fumm  of  the  Squares  of  the  fecond  and  fourth,  ...  .  . 

5,  And  becaufe  (by  Theor.  33.  of  the  preceding  Chap.  6.)  the^ 
fumm  of  the  Squares  of  the  fecond  and  fourth  of  five  continual  Pro-  I 
portionals  is  equal  to  the  Produd  of  the  third  (or  mean)  multiplied  I 
by  the  fumm  of  the  firfl  and  filth  j  therefore,  if  (^aa — ihb)  the  j 
fumm  of  the  Squares  of  the  fecond  and  fourth  be  divided  by  the  \ 
mean  (  ^  )  the  Quotient  fliall  be  the  fumm  of  the  firfl  and  ^ikh,viz!.) 

6i  Which  fumm  found  out  in  the  laft  flep ,  raufl  be  equal  to  the 
fumm  of  the  firfl  and  fifth  Proportionals  found  out  in  the  fecond 

flep;  hence  this  Equation  arifeth,  viz.  . _ 

7.  Which  Equation  ,  after  due  Reduiilion  ,  gives  .  ,  1  .  .^  aA^-l-'ba^ibb^-^bc, 

Wherefore  by  refolving  the  lafl  Equation  (  according  to  the  Canon  in  SeB.  6.  Chap.  1 5. 
Bool^  I .)  there  will  come  forth  this  following 

CANON. 

To  the  Square  of  the  half  of  the  given  third  (or  mean)  Pfoportional  «dd  the  double  of  the 
Square  of  the  faid  mean,  as  alfo  theProdu6l  of  the  faid  mean  multiplied  into  the  given 
fumm  of  the  other  four  Proportionals ,  and  out  oEthc  futtim  of  that  Addition  extrad  thfe 
fquare  Root  5  this  Root  kffened  by  half  the  given  mean ,  gives  the  fumm  of  the  fecond  -and 

fourth  Proportionals.  ^ 

Then  from  the  given  fumm  of  the  firfl,  feCond,  fourth  and  fifth  Proportionals  fubtrao: 
the  fumm  of  the  fecond  and  fourth  (  found  out  as  above  i)  and  the  Remainder  is  the  fumra 
of  the  firfl  and  fifth  .  by  which  fumm  and  the  third  (  or  mean  )  Proportional,  the  faid  firft 
and  fifth  (hall  be  given  feverally  by  the  Canon  of  Ch^p.  16.  Boo\  i. 

Laflly ,  the  fquare  Roots  of  the  Produft  of  the  firfl  multiplied  into  the  third ,  and  of  the 
Produft  of  the  third  into  the  fifth ,  fliall  be  the  fecond  and  fourth  Proportionals. 

Therefore,  if  8  be  given  for  the  third  of  five  numbers  in  continual  proportion ,  and  ^4 
for  the  fumm  of  the  other  four ;  the  five  Proportionals  will  be  found  thefe ,  to  wit , 

4>  3^* 


^Esr.  17.  . 

The  fumm  (  ^  )  of  the  extremes  of  five  Quantities  in  continual  proportion  being  given,  as 
alfo  (  c  )  the  fumm  of  the  Squares  of  the  three  means  j  to  find  the  five  Proportionals.  . 

'  RES  O  LVriO  N. 

1 .  For  the  mean  (  or  third  )  Proportional  put  .  .  t  '.  .|>- 

2.  Then  (  by  The(fr.  3  3.  of  the  preceding  ChAp.  S.)  the  mean  (a  )^ 
multiplied  by  (  ^  )  the  given  fumm  of  the  extremes,  produceth  the 
fumm  of  the  Squares  of  the  fecond  and  fourth  proportionals,  viz.^ 

3.  Therefore  if  to  (<?4)  the  Square  Of  the  mean,  you  add  (bA)  the* 
fumm  of  the  Squares  of  the  fecond  and  fourth ,  there  will  Comef 
forth  the  fumm  of  the  Squares  of  the  fecond ,  third  and  fourth^ 

Proportionals,  viz . .  • 

4.  Which  fumm  found  out  in  the  lafl  flep  mufl  be  equal  to  the  given?  i 

fumra  (  c  j)  hence  this  Equation  arifeth ,  viz,  :  ^ 
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Wherefore  by  refolving  that  Equation  (according  to  the  Canon  in  Se^.  Ch/!p.  15. 
Book  I.  )  there  will  arife  this  following 

CANON, 

Add  the  Square  of  half  the  given  fumm  of  the  extremes  to  the  given  fumm  of  the  Squares 
of  the  three  means ,  and  out  of  the  fumm  of  that  Addition  extract  the  fquarc  Root  j  this 
Root  lelTened  by  half  the  fumm  of  the  extremes,  will  give  the  mean  (or  third)  Proportional. 

1  hen  the  mean  (or  third)  Proportional  being  given,  and  the  fumm  of  the  extrmes ,  (  vtz., 
of  the  firft  and  fifth  ,)  the  faid  extremes  lhall  be  given  feverally  by  the  Canon  of  4* * 
Chap.  I  6.  Boof^  1 . 

Laftly  ,  the  fqnare  Roots  of  the  Products  of  thefirft  into  the  third  ,  and  of  the  third 
into  the  fifth  lliali  be  the  fecond  and  fourth  Proportionals. 

Therefore  ,  if  34  be  given  for  the  fumm  of  the  extremes  of  five  numbers  in  continual 
Proportion,  and  3  36 'for  the  fumm  of  the  Squares  of  the  three  means,  the  five  Proportio¬ 
nals  lhall  be  alfo  given  ,  to  wit ,  2  ,  4  ,  8  ,  16  ,  3  2. 

£IZ^EST.  18. 

The  fumm  (  ^  )  of  the  extremes  of  five  Quantities  in  continual  proportion  being  given^ 
as  alfo  (  c  )  the  fumm  of  the  Squares  of  the  fecond  and  fourth  j  to  find  the  five  Proportionals. 

RE  S  O  LVT 10  N. 

1 .  For  the  mean  Proportional  put . 9 

2.  Then  (  by  TW.  3  3. of  the  preceding  Chap.  6.  )  the  mean  {  a) > 

multiplied  by  ( ^  )  the  fumm  of  the  extremes,  produceth  the  fumm  >  ha 
of  the  Squares  of  the  fecond  and  fourth ,  . ^ 

3.  Which  fumm  mufl  be  equal  to  the  given  fumm  (  c,)  therefore  'p  ha  —  c 

4.  Wherefore ,  by  dividing  each  part  of  that  Equation  by  (  ^ ,)  ^  _  c 

the  mean  Proportional  will  be  made  known ,  viz.  .  .  .  .5  ^ 

•  Which  laft  Equation  ,  in  words ,  is  this  following 

CANON. 

Divide  the  given  fumm  of  the  Squares  of  the  fecond  and  fourth  Proportionals  by  the  given 
fumm  of  the  firft  and  fifth ,  fo  fhall  the  Quotient  be  the  mean  or  third  Proportional. 

Then  the  mean  (  or  third  )  Proportional  being  given ,  as  alfo  the  fumm  of  the  firft  and 
fifth  ,  thefc  fhall  be  given  feverally  by  the  Canon  of  4.  Chap.  1 6,  Book^  i. 

Laftly ,  the  fquare  Roots  of  the  Produdls  of  the  firft  into  the  third ,  and  of  the  third 
into  the  fifth  fhall  be  the  fecond  and  fourth  Proportionals. 

Therefore  ,  if  34  be  given  for  the  fumm  of  the  extremes  of  five  numbers  in  continual 
proportion,  and  272  for  the  fumm  of  the  Squares  of  the  fecond  and  fourth,  the  Pro¬ 
portionals  will  be  difeovered  feverally ,  viz.  2,  4,  8,  i5,  32. 

^  *;  .  ■  JIVEST.  ip. 

A  Vintner  having  a  vcffel  full  of  Wine  containing  16  (or  h)  Gallons,  draws  out 
4  (or  c)  Gallons ,  and  then  pours  into  the  veffel  as  much  Water  as  he  drew  out  Wine  5 
then  out  of  that  mix’d  quantity  of  Wine  and  Water  he  draws  out  the  fame  number  of  Gal¬ 
lons  as  before,  and  pours  in  the  fame  quantity  of  Water;  again  he  makes  a  third  draught 
of  the  fame  quantity  as  at  firft  ;  The  Qpeftion  is,  to  find  how  much  pure  Wine  remained 
in  the  veftel  after  the  third  draught. 

RE  S  OLVTIO  N. 

1.  The  number  of  Gallons  of  Wine  in  the  veffel  at  firft  was  J> 

2.  Out  of  which  quantity,  (c)  Gallons  being  drawn,  there;) 

remained  of  pure  Wine  in  the  veffel  .  .  .  .  ’  .  .5 

3.  To  which  remaining  quantity  of  pure  Wine,  (r)  Gallons^ 

of  Water  being  added,  the  veffel  is  again  full,  and  contains 
(^)  Gallons  of  Wine  and  Water  together;  out  of  which 
drawing  again  (  c  )  Gallons ,  we  muft  feek  how  much  pure 
Wine  was  in  this  fecond  draught*  faying  by  the  Rule  of  Three, .  he 

mixti  Wine ,  mixt ,  Wine. 

If  h  ,  h  —  ~S~  , 


h 

b 


J 


cc 


whence  it  is  found ,  that  the  quantity  of  pure  Wine  in  the 
fecond  draught  was  f  ,  .  .  . . J 


Which 


■■  V**  r 
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4.  Which  quantity 


—  cc 

r~ 


being  fubtra(^ed  from  ^  —  c  the 


^h-\- 


cc 


■  i 

bhc  —  2  b£c  ’-i-ccc 

lb 


quantity  of  pure  Wine  in  the  veffel  before  the  fecond  draught 
was  made,  there  remains  for  the  quantity  of  pure  Wine  in 

the  veffel  after  the  fecond  draught . . 

) .  To  which  remaining  quantity  of  pure  Wine  add  (c)  Gallons 
of  W atcr,  fo  the  vcflel  is  again  full,  and  contains  (  ^  )  Gallons 
ol  Wine  and  Water  together;  out  of  which  drawing  again 
(c)  Gallons ,  we  muft  feek  how  much  pure  Wine  was  in  this 
third  draught,  fayij^, 

mixty  Wfuey  mixt,  ^ 

As  b  .  — - c  .  to  a  fourth 

t’roportional  or  quantity  of  pure  Wine  in  the  third  draught, 

which  will  be  found . . 

6,  Then  by  fubtrafting  the  faid  fourth  Proportional  or  quantity  'i 

of  pure  Wine  in  the  third  draught ,  from  2bc-\~cc 

b 

'  the  quantity  of  pure  Wine  in  the  veflel  when  the  third  draught 
was  made ,  there  remains  for  the  defired  quantity  of  pure 
Wine  in  the  velfel  after  the  third  draught . ^ 

Which  Quantity  laft  found  out  is  the  Anfwer  of  the  Queftion ;  and  if  it  be  refolved 
into  numbers  it  gives  6^  for  the  number  of  Gallons  of  pure  Wine  that  remained  in  the  veffel 
after  the  third  draught.  Moreover,  if  the  firfl:,  fecond,  fourth  and  fixth  ffeps  of  the 
Refolution  be  well  examined  and  compared  with  Se^.  2,  5,  and  6.  Chap.  of  this  Second, 
Book,  it  will  be  manifeft  that  the  quantity  of  pure  Wine  in  the  velfel  at  firlf ,  and  the  fevera! 
quantities  of  Wine  remaining  in  the  velfel  after  each  draught  are  in  Continual  Proportion  ; 

bb  —  2  be  cc  -  bbb  —  5  bbc  -[-•  -^bcc 

Viz.  '  '  '  *  ' 


bbb. 


-lbbc-\-'i^  bcc.-cce 


bb 


ccc 


bb 


16  ,  iz  ,  p  • 

.■j  '  *  '  '  ■  7 

Of  which  continual  Proportionals  the  firft  is  the  given  quantity  of  Wine  in  the  velfel 
at  firfl:  •  the  fecond  is  the  cxccfs  of  the  fame  quantity  above  the  given  quantity  drawn  out 
at  each  draught  .  and  then  the  fourth  continual  Proportional  is  the  quantity  of  pure  Wine 
remaining  in  the  velfel  when  three  draughts  have  been  made,  according  to  the  import  of  the 
Qyeflion  j  but  the  fifth  continual  Proportional  when  four.draughts  j  the  fixth  when  five, 
draughts  j  the  feventh  when  fix  draughts  lhall  be  the  remaining  quantity  of  pure  Wine 
fought  by  the  Quefiion,  Laflly ,  the  firfl  and  the  fecond  Terms  of  a  Rank  of  numbers 
in  continual  proportion  being  given,  any  of  the  following  Terms  .lhall  be  given  by  the  Rule 
in  5,  and  5.  y.  of  thisSecond  Book. 


20, 


^vEsr. 

A  Vintner  having  a  velfel  full  of  Wine  containing  16  (  or  b)  Gallons ,  draws  out 
si  certain  quantity ,  and  then  pours  into  the  velfel  as  much  Water  as  he  drew  out  Wine ; 
again  ,  out  of  that  mixt  quantity  of  Wine  and  Water  he  draws  out  the  fame  quantity 
as  before,  and  pours  in  the  fame  quantity  of  Water  then  he  makes  a  third  draught  of  the 
fame  quantity  as  at  firfl,  and  after  this  third  draught  there  remained  6^  (or  J)  Gallons 
of  pure  Wine.  ,  The  Q^ieftion  is,  to  find  what  quantity  of  pure  Wine  was  drawn  oirt 
at  the  firfl  draught,  or  what  quantity  of  Wine  and  Water  together  at  the  fecond  or  third' 
draught ,  (  for  the  three  draughts  were  Equal  quantities. ) 

RESO  LVTJON. 

1.  The  number  of  Gallons  of  Wine  in  the  velfel  at  firfl  was  5>  b 

2.  For  the  number  of  Gallons  of  Wine  drawn  out  at  the  firfl? 

draught  put  .  .  .  .  .  .  .  .  •  r  -S 

3.  Then  the  quantity  of  Wine  remaining  in  the  velfel  after  the  firfl  7 

draught  was  ,  »  ,  .  ......  •  ■  v.  • 

4.  By  profccuting  the  fearch  as  in  the  preceding  nineteenth  QuefttOT,  faving  that  (a)  is  to?^ 

.  be 


a 


b  —  a 


\ 


I 
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be  ufed  here  inftead  of  (c  )  there,  you  will  find  this  quantity,  viz. 


Ifhb—'^bba-^lbaa—aaa 


hb 


to  be  the  number  of  Gallons  of  pure  Wine  remaining  in  the  veffel  after  the  third  draught, 
and  therefore  it  muft  be  equal  to  the  given  quantity  6-^,  (or  d  {)  hence  arifeth  this 
Equation  ,  viz. 

bbb  —  ^bba'-]-' ^baa. —  aaa  _ 

bb  ’ 

Therefore  by  multiplying  each  part  of  that  Equation  by  the  Denominator  bb  ,  there 
will  come  forth  this  Equation  in  Integers,  viz, 

bbb  —  3 -j-*  2)bA(i  —  aM  —  bb^ , 

6.  And  by  extra£ling  the  Cubick  Root  out  of  each  part  of  the  laft  Equation,  there  arifeth 

b  —  a  ■= 

7.. Wherefore  from  the  laft  Equation  after  dueTranfpofition ,  the  value  of  (^)  will  be 
made  known,  viz.  a  =  b — V  (3)^^^  =  4* 

Whence  it  is  manifeft  that  four  Gallons  were  drawn  out  at  every  one  of  the  three 
draughts;  But  if  the  Refolution  had  been  wrought  out  at  large,  as  in  the  preceding  nineteenth 
Queftion ,  then  it  would  appefir ,  that  if  between  {b)  and  (  ,)  viz.  the  quantity  of 
Wine  firft  given  and  the  quantity  of  Wine  remaining  after  the  laft  draught ,  there  be  found 
the  greater  of  two  mean  Proportionals  when  three  draughts  are  propofed ,  or  the  greatefl: 
of  three  means  when  four  draughts ,  and  fo  forwards ;  then  the  mean  fo  found  out  being 
fubtrafted  from  the  greater  extreme  (  ^  )  leaves  the  Quantity  drawn  but  at  each  draught. 
The  manner  of  finding  out  mean  Proportional  numbers  between  any  two  numbers  given 
for  Extremes  hath  already  been  (hewn  in  SeB.  1 4.  Chap.  of  this  Second  Book. 

If  the  Reader  defires  more -variety  of  Queftions  about  Quantities  in  continual  Pro¬ 
portion,  he  may  confult  the  ^Algebra  of  Jac.  de  Billy  entituled  NovaGesmetrU  Clavis 
and  the  Firft  Part  of  our  Learned  Dr.  Wallit  his  Mathematical  Works. 


C  H  A  P.  VIII. 

'the  manner  of  finding  out  all  the  Aliquot  parts  both  of  Numbers 
and  Algebraical  Qjiantities  ,  as  alfo  the  f  malleji  numbers  that 
Jball  have  given  multitudes  (?/ Aliquot  parts. 

J.TN  the  Refolution  of  knotty  Queftions  about  Quantity ,  there  is  oftentimes  great  ufe 
I  of  finding  out  all  the  Ali^uet  farts ,  or  yttfi  Divifors  ^  as  well  of  Numbers ,  as  of 
Quantities  reprefented  by  Letters  •  and  therefore  in  this  Chapter  1  lliall  Ihew  how 
that  work  may  be  done  •  as  alfo ,  how  to  find  out  the  leaft  number  that  (hall  have  a  given 
multitude  of  according  to  the  method  of  Fran,  van  Schooten  in  Sebb,  2,3, 

and  4.  of  his  AFifcellanies ,  and  in  his  Principia  Afathef.  miverfal. 

I I.  A  Prime  or  Jncmpojit  number  is  that  which  can  only  be  meafured  or  divided 

by  it  fclf,  or  by  Unity,  and  leave  no  Remainder:  as,  2,  3,  5,  7,  11,  are 

Prime  numbers. 

III.  A  Compojit  number  is  that  Which  may  be  divided  by  forae number  Icfs  than  the 
Compofit  li  but  greater  than  Unity :  as,  4,  5,  8,  9,  10,  &c.  are  Compojit s.  " 

I V.  Divifors  are  fuch  numbers  or  quantities  as  will  divide  a  given  number  or 
quantity  and  leave  no  Remainder  j  every  one  ot  which  Divifors ,  except  that  which  is  equal 
to  the  given  Quantity,  is  called  an  jiliqmt  part,  bccaufe  if  it  be  taken  ( Aliqmties,  that  is,^ 
certain  times,  it  will  precifely  conftitute  the  given  Quantity:  As,  if  6  be  a  number 
propofed,  its  juft  Divifors  are  i,  2,  3,  and  <5;  but  the  Aliquot  parts  of  6  are  only  1,2, 
and  3  :  for  6  cannot  be  a  part  of  6,  but  it  may  be  aDivifor  to  it  felf ,  that  is,  6  may 
be  divided  by  6,  and  the  Quotient  is  Unity.'  Hence  it  is  manifeft,  that  the  jufi  Divifors 
of  a  number  are  more  in  multitude  by  one  than  the  number  of  its  'Aliquot  parts. 

V.  The  Aliquot  parts  of  a  whole  number  may  be  found  out  in  this  manner,  viz. 
Firft,  if  the  number  propofed  be  even,  divide  it  by  2  ,  and  referve  theDivifor;  again, 
tf  the  Quotient  be  even  divide  it  by  2  and  referve  the  Divifor  j  and  continue  the  Divifion 

'  '  I  of  every 
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of  every  following  Qiiotient  by  2  until  the  Quotient  be  an  odd  number:  But  if  either 

the  number  firff  propofed ,  or  the  Quotient  refulting  from  fnch  Divifion  by  2,  be  odd 
divide  it  by  g,  if  it  will  give  an  Integer  Qiiotient,  and  continue  the  Divifion  by’:;  in  like 
manner  as  before  by  2  ,  fo  long  as  the  Quotient  is  an  Integer  without  any  Fratffion  » 
likewifc,  when  the  Divifion  by  3  ceafeth,  divide  by  5,  7,  1 1, ,  3,  17,  ip,  that  is,  by 
every  Prime  number,  until  you  find  a  Quotient  lefs  than  the  Divifor  ;  and  if  no  fuch  Divifor 
will  give  an  Integer  Quotient  before  the  Qiiotient  is  lefs  than  the  Divifor ;  you  may  con- 
elude  the  number  firfi:  propofed  to  be  Incoiripofit,  ( fuch  as  hath  no  Divifor  but  it  felf 
or  Unity,)  and  that  laft  Divifor  to  be  greater  than  the  fquare  Root  of  the  propofed 
number :  then  by  the  help  of  thofe  Prime  Divifors  to  the  given  number,  all  the  reft  may 
be  found  out  by  the  Operation  direded  in  the  following  Examples. 


Example  i. 


-  r 


I  I  •  .  *  i  ,1  • 

Suppofe  it.  be  defired  to  find  out  all  the  Aliquot  parts  and  Divifors  of  3^0  :  Firft, 
I  diyide  350  by,2  ,  and  the  Quotient  is  180,  this  divided  by  z  gives  go,  which  di¬ 
vided  by  2  gives  45-,  this  being  an  odd  number,  the 

D4vifipn.^y  2  ceafeth  :  then  1  divide  the  faid  45. by  3,  '  |  i  80  |  90  [  4^  |  t  5  jlv  }  r 

and  the  Quotient  is  i  y  ,  this  divided  by  3  gives, the  ,■>  j  ajl  21'  2  3  I  3  115  1 

Quotient  5  ,  and  fo  the  Divifion  by  3  ceafeth  ;  then  '  \ 

1  divide  5  by  it  felf,  and  the  Quotient  is  Unity.  Now  by  the  help  of  thofe  Divifors  or 
Prime  numbers,  which  (as  mayeafily  be  proved,)  are  fuch,  that'if  they  be  continually  muU 
tiplied  will  produce  the  given  number  3  60,  all  the  reft  of  the  juft  Divifors  of  the;  faM  350 
may  be  found  out  thus :  '  ,  '  !  I  ^ 

Firft,  I  fet  every  one  of  the  faid  Prime  Divifors',  2,'  2,  2,  3,  3  and  5  attheHeadUf 
a  Columel ,  as  you  fee  in  this  Table  then  1  multiply  the  firft  Divifor  2  by  the  fecond 
Divifor  2,  and  fettheProdud  4  under  2  in  the  fe-  v 
cond  Columel  •  again ,  I  multiply  the  faid  4  by'  2  , 

(  which  ftands  at  the  Head  of  the  third  Columel,)'  'and 
fet  the  Prodiid  8  under  2  in  the  third  Columel.  Then 
I  multiply  every  one  of  the  numbers  in.the  firft,  fecond 
and  third  Columels,  by  3  ,  which  ftands  at  the  Head 
of  the  fourth  Columel ,  and  write  th’^  Produds  under  3 
in  the  faid  fourth  Columel;  except  fuch  Produds  which 
happen  to  be  the  fame  with  any  of  thofe  before  written, 

( for  one  and  the  fame  Prodird  muft  not  be  written 
twice;)  fo  multiplying  2 , 4  and  8  by,3  ,  I  fet  the 
Produds  6, 12  and  24  under  3  in  the  fourth  Columel. 

Again,  1  multiply  every  one  of  the  numbers  in  the  firft, 
fecond,  third  and  fourth  Columels  by  3',-  (  Which  ftands 
at  the  top  of  the  fifth  Columel ,  )  and  fet  the  Produds’,  y 

under  the  faid  3;  except  (  as  betore  )  fuch  Produds  which  happen  Itot  be  the  fame  vvirh 
any  of  thofe  before  written  in  any  of  the  precedent  Columels ;  fo  , the, Produds  wriireit 
under  3  in  the  fifth  Columel  are  9,  18,  36  and  72.  Laftly ,  I  multiply  every  one  of 
the  numbers  in  the  firft,  fecond,  third,  fourth  and  fifth  Columels  by  5.,  (which  ftands 
at  the  Head  of  the  laft  Columel,)  and  write  the  feveral  Produds,  (exc^puas  is  before  ex¬ 
cepted,  )  under  the  faid  5  :  So  at  length  all  the  juft  .  Divifors  to.  thej  given  number  360 


2 

.2 

'  2 

■3 

'3 

5 

4 

8 

6 

9 

.  ..10 

12 

18 

2  0 

24 

36 

40 

• 

.  72 

15 

, 

30 

60 

\ 

.  , 

,  I  20 

> , 

f .'ill 

•' 

“ 

45 

• 

i 

90 

•  '  A 

I  80 

3<5o 

arc  found  thefe ,  to  wit , 


35'4>  5*  8,  9,  10, 12,  it;  18, 


•4>  3^,40, 


45,  7^)  9°,  1  1  80  and  360  .  every  one  of*  which  Divifors  jExcept  the  greareft, 

(which  is  always  equal  to  the  number  firft:  propofed,)  is  an  p^rt  of  36c, 

which  (  as  you  fee  ),  hath  23  Aliejuot  parts ,  zxiA  24  Divifots.  !  i 


C  ■ 


B  b 


Exam:?le  2, 


I 


/ 
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Operation  will  be  like  that  in  Example 

z^io\  !  M_5  lj^l_77_hli 
3l  7i«il 


Example  2. 

Aaain  if  it  be  required  to  find  out  all  the  Aliquot  parts  arid  Dfvifors  of  1310,  the 

_  '  i;  Fdr,  firft  the  Prime  Divifors  will  be  found 

iheie  ,  to  wit ,  2  ,  3 ,  5 ,  7 ,  1 1  .  then  after 
the  faid  Prime  Diviibrs  are  fet  at  the  heads  of 
fo  many  Columels ,  as  you  fee  in  the  Table 
in  the  Margin ,  the  reft  of  the  Divifors  will  be 
found  out  by  Multiplication  according  to  the  foregoing  diredions  *  which  in  fumm  amount 
to  this  Each  Prime  Divifor  ftanding  at  the  head  of  every  Columel  following  the 
’  firll: ,  is  to  be  multiplied  by  every  one  of  the  numbers 

in  the  foregoing  Columels ,  (  except  fuch  which  make 
the  fame  Produds  as  were  before  produced,  )  and  the 
Produfts  are  to  be  fet  under  each  Prime  Divifor  re- 
fpedively  by  which  they  were  produced :  So  all  the 
Divifors  to  the  given  number  2310  are  difeovered  to 
bethefe,  to  wit,  1,2,  3,  5;^ (5, 7, 10, 11,14,1^,21, 
22,  &c,  as  you  fee  in  this  Table;  every  one  of  which 
Divifors  except  the  greateft ,  to  wit,  2310,  (  which  is 
the  fame  with  the  number  propofed ,)  is  an  Aliquot  part 
of  the  faid  23JO,  which  hath  31  Aliquot  pans ,  but 
3  2  Divifors. 

Upon  the  fame  Foundation  the  Divifors  of  C^antities 
expreft  by  Letters  may  be  found  out ;  as  will  appear 
by  the  following  Examples.  But  this  work  requires 
that  the  Analyft  be  well  exercis’d  in  the  Rules  of  Alge-» 
braical  Multiplication,  Divifion,  and  the  Extra(^ion  of 
Roots  •  for  the  finding  out  of  the  Primitive  or  Incora- 
pofit  Divifors ,  when  the  given  Quantity  is  compos’d  of  many  large  Members  connected 
by  different  Signs ,  is  oftentimes  both  difficult  and  laborious. 


2 

3 

\5 

7 

1 1 

6 

10 

14 

22 

If 

21 

33 

30 

42 

66 

5f 

70 

110 

105 

i55 

210 

330 

-  - 

77 

'  lU 

231 

462 

385 

y 

770 

2  3  T  0 

Example  5,' 

Let  it  be  required  to  find  out  all  the  Divifors  and  Aliquot  Parts  of  this  Quantity  aaabhcl 
Firft ,  i  divide  the  faid  aaabbe  by  a ,  and  the  Quotient  is  aabbe ,  which  divided  by  a 

gives  abbe ,  this  divided  by  a  gives  bbc  • 


aaabbe  [  aabbe  |  abbe  [  bbc  \  be  |  c 

\a  \b  \b  \c 


a 


a 


a 

aa 


a 

aaa 


b 

bh 


and  fo  the  Divifion  by  ti  ceafeth.  Then 
I  divide  bbc  by  b ,  and  the  Quotient  is  be , 
this  divided  by  b  gives  c,  which  being  a 
Primitive  or  Incompofit  quantity  I  divide  by  it  felf ,  and  the  Quotient  is  1  :  So  all  the  Pri¬ 
mitive  Divifors  of  the  propofed  Quantity  aaMc  are  found  4,  4,  b^  ^  and  c ;  which  arc 
manifeftly  fuch  as  being  multiplied  continually  will  produce  the  given  quantity  aaabbe. 

Now  out  of  thofe  Divifors,  after  they  are  fet  at  the  heads  of  fo  many  Columels  as  you 
fee  in  this  Table ,  1  fearch  out  the  reft  of  the  Divifors  by  Algebraical  multiplication ,  in 

_  • _  like  manner  as  in  Example  i.)  So 

all  the  different  Divifors  to  the  given 
quantity  aaabbe  are  found  thefe ,  to 
wit,  I,  4,44,444,  b^abyaaby  aaaby 
bby  abby  aabhy  aaabby  Cy  acj  aaCy  aaaCy 
bcy  abcy  aabcy  aaabcy  bbcy  abbcy  aabbe, 
aaabbe  •  every  one  of  which  Divifors 
except  the  laft  and  greateft  is  an  Ali¬ 
quot  part  of  the  given  Quantity 
aaabbe y  which  hath  23  Parts,  and 
24  Divifors. 

Note  y  That  this  third  Example  dif¬ 
fers  not  from  Example  i.  favingthat 
Algebraical  Divifion  and  Multipli¬ 
cation  is  ufed  here ,  in  ftcad  of  vulgar  Divifion  and  Multiplication  in  numbers  there. 


b 

ab 

aab 

aaab 


aabb 

aaabb 


ac 
aae 
’  aaac 
be 
abc 
aabc 
aaabc 
bbc 
abbe 
aabbe 
aaabbe 


y 
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Example  4. 

After  tfie  fame  manner ,  3 1  Aliquot  parts  and  3  2  r)ivirors  will  be  found  to  tfiis  tjuaritity 
ahcdt  y  viz.  "iyayhyAbyCy  acybcy  abe  y  4,  ad,  jficc.  as  yOd  fee  them  cxpreit  in 
the  following  Table. 


Primitive  Divifdrs,' 


ahede 

bede  1  ede  {  de  \  e  \  l 

a 

b  1 c  \d  \  t  \ 

d 

b 

c 

4 

e 

ab 

dc 

ad 

ae 

be 

bd 

be 

ahe 

abd 

abe 

cd 

ee 

acd 

ace 

bed 

bee 

abed 

abet 

de 

ade 

' 

bde 

abde 

ede 

aede 

bede 

. 

abede 

Compare  this  Example 
with  the  precedent 
Example  2. 


Example  5, 

Again ,  to  find  all  the  Divifofs  of  this  Compound  quantity  aadc  —  abbbc-^  Firft  y 
1  fearch  out  all  its  Prime  Divifors  thus,  viz.  I  divide  the  faid  Compound  quantity  by  a, 
and  the  Quotient  is  —  bbbc^  this  divided  by  b  gives  aac~-^bbcy  which  divided  by  *c 
gives  the  ^orient  aa  —  bb :  This  divided  by  ^  ^  gives  the  C^otient  which 

being  a  Pnraitive  quantity  I  divide  it  byitfelfand  the  Quotient  is  i.  So  the  prime  Di¬ 
ffers  arc  found  ay  b  y  c,  a — ^  and  44-^,  which  arc  to  be  referved. 

aaabc  —  abbbi;  |  aabe~-^bbbc  |  aac  —  bbc  |  aa  —  bb  |  a-\^b  |  i 

^  I  b  I  I  a  —  ^~\~a^r  (  ^ 

then,  (  as  in  the  foregoing  Examples,)  I  fet  the  faid  Primitive  Divifors  at  the  heads 
of  fo  many  ColumelS,  and  from  thofe  Divifors, (according  to  the  diredions  in  Example  i.) 
I  find  out  all  the  reft  by  Multiplication  ;  foat  length  it  appears  that  daabc — abbbe  the 
Compound  quantity  propofed  hath  31  Aliquot  parts  and  32  Divifors  5  to  wit,  1,4,^,  aby 

^  a  —  by  aa  —  ab,  ab  —  bby  &c.  as  yoU  fee  them  expreft  in  the  following 

Table. 


a 

b 

€ 

4-^b 

4*4-^ 

ab 

ac 

aa — ab 

aa- 

-^ab 

be 

ab-r-bb 

ab~ 

[-bb 

abe 

aab  —  abb 

dab- 

-abti 

at  —  be 

ac- 

-be 

aac  —  abe 

aac- 

->abc 

abe  —  bbc 

abe- 

-bbc 

aidpc  —  abbe 

aabc- 

-abbe 

aa  — 

-  bb 

Aaa  — 

-  abb 

dab  — 

-bbb 

aadb  —  abbb 

aac  — 

•bbc 

' 

aaac  — 

-  at?bc 

aabc— 

•bhbc 

aaabc  abbbe 

Bb  2 
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'  Example  6. 

Again'  tp  find  .out  aU  the  Diviforsof  this  Quantity  aaMc  ^laMbc  -1-  dbhbcy  Firft, 
(as  before  )  1  fearfh  out  the  Primitive  Divifors,  vi^/A  divide  th.e  Quantity. propofed  by  a, 
and  the  Quotient  1s  aabbc —  2dbbc^\-bbbbc'^  Vvfiieh  'divided  by  b  gives  the  Quotient 
adc  —  \dbc  -H  bbbc  •  this  divided  again  by  b  gives  aac--2dc-\rbbr,  whkh  divided  by  c 
gives  aa  ~  this  laft  Quotient  being  a  Sqkre  whofe  fide  is  either  ar—b  or 

b^a  according  as  a  is  greater  or  lefs  than  b ,  I  .(hall  fuppofe  a  to  be  gfeatef  than  b, 
and  then  dividing  the  faid  Square  aa  —  2ab-\--  bb  by  its  fide  a  —  b  the  Quotient  is  alfo 
a-b-  and  laftly,  by  dividing  4—^  by  it  felf,  (  becaufe ’tis  a  Primitive  quantity ,  )  the 
Quotient  is  i.  Thus  the  Primitive  Divifors  of  the  quantity  propofed  are  found  a,  b,  b,  c, 
a—b  and  a  —  b.  Then  every  one  of  them  being  fee  at  the  head  of  a  Columel,  and 
multiplication  made  according  to  the  Operation  in  the  precedent  Examples ,  the  reft  of 
the  defired  Divifors  to  the  quantity  aadic —  laabbh^abbbbc  will  be  found  out;  and 
at  length  all  the  Divifors  to  the  faid  quantity  are  difeovered  to  be  ihefe,  viz.  1,4,^,  ab, 
bb,  db,  c,  4(7,  he,  abc,  bbc,  dbc,  a^b,  na  —  d,  d  —  bb,  &c.  as  you  fee  them  expreft 
in  the  following  Table. 


’'V.U.i  t 

■'Ci  5m  > 


4 

b 

b 

c 

4  —  b 

ab 

bb 

ac 

aa —  ab 

abb 

he 

ab  —  bb 

abc 

aab  —  abb 

bbc 

abb  —  bbb 

abbe 

aabb  —  abbb 

ac —  be 

aac  —  abc 

abc  —  bbc 

.. 

adc  —  albc  j 

< 

abhc  —  bbbc  ^ 

A 

.  1 

aabb'c  dbbe 

. 

.  4  *  i  w  ^ 

\ 

Ci - -H - H— 4 - - 

4  —  b 
44  —  id  bb 

444  —  2  ad  db 

ad  —  2  abb  bbb 

aaab  — ■  2  adb  abbb 
\adb  —  2  abbb  -!•  bbbb 
aaabb —  2  aabbb  -|-  abbbb 
aac  —  2  abc  -j-  bbc 
aaac  —  2  adc  -j-  dbc 
adc  —  2abbc -\^  'bbbc  .  , 
aAabc  —  2  adb'c  -  abbbe 
adbc  —  2  abbbe  ri~  bbbbe 
aadbe  —  2  aabbbc  dbbbc^ 


n.  2j 


i.... 


n-.- 


5;^  j‘  •  Example 

In  like  rndnherj,  dfjit  be  defired  tq_'ftnd  cut  all  the^Dhifors  of  ibis  Quamlry  -|- 

^aaaaccA-  aacccc  fjhdit  ,is‘  4^-H  2  4'^c(7 -^1- 44(7+ .  1  diiyde  it  fijrft  by  4'..and  the  Quotient 

■*  •  ‘L  -  4.1  I  —4  -r»rr4 _ l_ 


is  j^  2a^cc-\-^  4^1%. ‘.this  divided 'again  by  4  gives  4+4**  244cf:  Now  Ufr  eV^ent 

‘fhatWisiaft  (Quotient  cannot  be  divideil  by  4  or  by.  (7  ,,  or  the  like  quantity^' but  bti?aQfe 
'{by  SeB. 4.  Chap^.sBooJ^  i.  )  the  faid  4+ ? 44(7(7-1 -‘7+  is  a  , Square,,  whbfe  is 


are,. 

I  divide  the  faid  Square  by  its  Root  44^-j r(7, ‘and  the  Quotient  is  alfOi.ithe.TaiJte 
Root  aa-l-cc;  which  being  a  Pxipitive 'quantity^,  I  (Jivide  it  by  it  felf,  and  the:Q^o.u^iit 
is  I .  So  the  Divifors  to  be  referved  ‘are  4  ,  4 ,  aa  ~\-^'cc  and  44  -j-  cc,  , 

4+  -j-  2  dee  -1-  44C+  [  4.1  -]-"  2 aHc  4^  4r+  |  4+  *-H  2  aacc  4-  d+  I  *  44  cc  [  i 

4~^  -  I  U  aa'-\-^'cc  j  aa-\-cc  ( 

Then  after  thofe  Divifors  are  fet  at  the  heads  of  fo.many  Columels,(as  you  fee  in  the, 
foil  owing  Table,)  I  proceed  to  find  out  the  reft  of  the  Divifors  by  Multiplication  according 
to  the  diredlions  in  Example  i .  viz.  I  multiply  each  primitive  Divifor  ftanding  at  the 
head  of  every  Columel  following  the  firfl:  by  every  one  of  the  Quantities  in  the  preceding 
Columels ,  and  fet  the  FrodulSls  under  '"the  refpe^five  primitive  Divifor ,  with  this  Caution, 
that  one  and  the  fame'ProlduSf  Be  not  written  dow*n  twice  :  So  at  length  I  find  all  the 
different  Divifors  to  be  thefe ,  It  ^ 

4+  4-^  2  aacc  4-^  e+.  j  4f,^lJ-  2  dec  -j-  4r+ ;  and  4+ 
cept  the  laft  are  Aliquof  parts  of  the  propofed  Quantity 


44  -h  cc 


2  4+CC 44(7+1 


a’  -J-  HCC  ;  4+  4-  * 

:  all  which  Divifors  cx- 


24+e(7  4p  aac^^. 


-r^-*c 

^  .  > 

.a 


a 

aa 


ah  4~* 

4“* 

\  d  4^  aacc 


aa  — [— *  cc 

4+  -f-  244e(7-|-£'‘t 
O'  4“*  2a^cc  -{-  ac‘^ 

4+  4“*  24+gC  4"^ 


VI.  By 
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V  I.  By  this  skill  of  finding  out  all  the  Diviforsof  Quantities,  we  may  reduce  two 
or  more  given  Quantities ,  when  they  arc  not  Prime  between  tlaemfelves ,  to  others  in  the 
fame  Reafon  (  or  Proportion  )  with  thofe  given,  and  in  the  fmallefl:  Terms :  As,  to  reduce 
thefe  three  quantities ,  aaa  —  al?if ;  aal?  —  ■  and  aaa  -j-  to  the 

fraalleft  quantities  in  the  fame  Proportion  with  thofe  propofed  ;  Firfl- ,  I  feek  (  by  the 
Method  before  delivered  )  all  the  different  Divifors  to  every  one  of  thofe  three  given  Quan¬ 
tities,  fo  I  find  the  Divifors  of  the  firfl:  quantity  aaa  —  al^l^  to  be  thefe,  i  ■  a. 

a — 44 <-[-'4^;  aa — ai>;  aa  —  bh'^  aaa —  abb:  and  the  Divifors  of  the 
fecon^  quantity  44^- — to  be  thefe ,  •viz.  i*  a-b-^  ab-bb-^  4^-^;  ab4^-bb\ 
aa  -\-  bb  •  and  aab  —  bhb  :  alfo  the  Divifors  of  the  third  quantity  aaa  -|-  aab  —  abb  —  bbh 
ta  be  thefe,  to  wit,  i  ;  a  —  b 4-[^^;  aa — bb  •  44 -j- 2  4^ and  aaa  aab 
' — abb-^bbb.  Now  becaufe  among  thofe  three  Companies  of  Divifors,  thefe  three  4—^, 
4  b  and  44  —  bb  are  found  in  each  Company,  we  may  by  the  help  of  any  ione  of  thofe 
three  Divifors  reduce  the  given  Quantities ,  to  others  more  fimple  and  in  the  fame.  Pro¬ 
portion  with  thofe  given  ;  But  to  find  out  the  fmallefl  Terms,  I  divide  the  propofed  Quan¬ 
tities  aaa  —  abb  ^  aab  —  bbb  and  aaaA^—aab  —  abb  —  bbb  feverally  by  aa — ■  bb  ^  (to 
wit,  )  fuch  of  the  faid  three  Divifors  which  hath  raofl  Dimenfions,)  and  there  arife  4,  b 
and  a-\-b-^  which  .three  Quantities  arc  the  'fmallefl  Terms  that  can  be  found  in  the  fame 
Proportion  with  the  three  Quantities  fit  ft  propofed. 

Note.  The  Quantities  propos’d  to  be  reduced  are  faid  to  be  Prime  the  one  to  the  other 
when  they  have  no  common  Divifor  befides  i ,  (to  wit,  Unity,)  in  which  cafe  the  Quan¬ 
tities  propofed  are  already  in  their  fmallefl  Terms. 

V 1 1.  The  finding  out  of  Divifors  may  very  fitly  be  applied  to  the  reducing  of  Fra- 
iflions  to  their  fmallefl  Terms :  As ,  to  abbreviate  this  Fra(flion , 

'  •'  aaa  aab  —  abb  —  bbb 

*■  aaa  —  abb 


Firfl ,  the  Divifors  of  the  Numerator  (by  the  precedent  Method)  are  found  i  •  a  —  b  \ 
aJ^b-^  (ta  —  bbi  aa~\-^2ab-\-bb  ^  and  444^1-44^ — abb  —  bbb-:  likewife  ,  the  Di- 
vifors  of  the  Denominator  are  i  5  4j  4-]-^;  a-, —  b^  aa'\-~ab;  aa — ab^  aa —  bb,i 
and  444  —  abb.  Then  becaufe  among  thofe  Divifors,  thefe  three;  to  wit,  a-yb-,  a  —  b 
and  44  —  bb  are  common  both  to  the  Numerator  and  Denominator  ,  1  divide  the  Nu¬ 
merator  and  Denominator  feverally  by.  44  —  bb^  (  to  wit,  that  common  Divifor  which 
hath  mdft  Dimenfions ,  )  fo  there  arifeth  a  -1-*  b  for  a  new  Numerator,  and  a  for  a  new 

Denominator ,  which  gives  this  Fraction  —  ,  (or  i  *-1-  —  )  equal  to  that  propofed, 


4 


4 


an((in  the  fmalleft'Terms;  as  was  defired. 

—  "'‘iL  •  aaa  abb 

Iniike  manner  to  abbreviate 


_ _  ,  becaufe  the  greatefl  Divifor  common 

■  aa^2ab~\-bb' 

to  the  Nnmerator  and  Denominator  15^4  +  b ,  Pdivide  the  Numerator  'and  Denominator 
feverally  by  4  4-^  ,1  and  there  arifeth  j  which  is  equal  tq  \  the  Frailion  pro¬ 


pofed,  and  in  the  fmallefl. Terms. 


4  4-  b 


V'lII.  Obfervations  ttponihe  Ex  ample  pin  t/je  foregoing^  V. 

Firji  y  When  two,  th'rce ,  or  more' of  the  formofl'Letters  (  towards  the  left  hand  )  of 
a  Simple’-quantity  areequal  to  one  another,  (viz.  expreftby  one  and  the  fame  Letter,)  then 
mark  weir  how  many  equal  Letters  fland  formofl  together,  for  fo  many  Aliquot  parts 
.  they  will  give :  As ,  iir  Exrample  3.  in  Se^.  5.  where  the  Quantity  propofed  is  aaabbe , 
the  three  firfl  letters  4,  4,  4,  (  that  is,  aaa  )  give  thre^  Aliquot  parts ,  to  wit,  i  ,4,  44  ; 
but  four  Divifors,  i,  4,  aa,  aaa.  In  like  manner,. if  four  equal  Letters  fland  formofl 
togetljer  ,  as  a,  a,  a,  a,  or  aaaa,  they  will  afford  thefe.  four  Parts,  i,  4,44,  aaa-,  but 
five  Divifors,  to  wit ,  i ,  a,  aa,  aaa,  aaaa.  The  lik  property  enfues,  when  five  or  more 
equal  Letters  fland  formofl  together.  (  .  .  -i  •  ,  r^- 

Hchce  it  is  evident  that  every  Power  hath  fo  many .  Aliqviot  Parts  as  t.here  be  Dimcn.ions 
in  the  Power  i  As,  the  Square  aa  whoTe  Index  (.or  number  of  Dimenfions  )  is  2  ,  hath 
two  Parts,  to  wit,  i  and  4;  likewife  the  Cube  aaa,  or  a^,  hath  three  Parts  •  the  fourth 

Power  4444  (  or  4^)  hath  four  Parts  ^  and  fo  forwards. 

_ _ - - - -  •  Seconal], 


\ 


I 
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Sicortdly,  It  is  evident  from  all  the  precedent  Examples  in  SeSi.^,  that  when  among 
the  Primitive  Divifors,  (  which  are  fet  at  the  tops  of  the  Columels ,  )  a  following  Divifor 
differs  from  the  next  precedent  Primitive  Divifor  ,  then  the  multitude  of  Divifors  in  the 
Columel  of  the  faid  following  Divifor  is  more  by  one  than  the  multitude  of  all  the  different 
Divifors  in  the  precedent  Colitmels :  As ,  in  Example  3.  in  Seci.  5.  where  the  Quantity 
propofed  is  adahhc ,  the  letter  (or  Primitive  Divifor)  b  which  follows  and  is  different  from 
the  next  foregoing  Primitive  Divifor  gives  four  Divifors ,  to  wit,  6,  ab^  aab^iT\Aaaab-^ 
which  are  more  in  multitude  by  one  than  all  the  foregoing  different  Divifors  ^<«,and  aaa.  * 

Again,  in  Example  4.  in  Std.  5.  where  the  Quantity  propofed  fs  abeiiby  the  Divifors 
b  diVid  *ib  in  thefecond  Columel  afe  more  in  number  by  one  than  a  inthefirft .  likewife 
the  Divifors  r,  ac  be y  and  dhr  in  the  third  Columel  are  more  in  multitude  by  one  than  b 
and  to  wit,  all  the  Divifors  in  the  firfi  and  fecond  Columels :  al fb  dyadybdyobdjtdyacJ, 
bed  and  abed  in  the  fourth  Columel^  kre  more  in  multitude  by  one  than  all  the  Divifors 
in  the  firft  fccond  and  third  Columels,  and  fo  forward.  The  Reafon  is  manifeft  •  for  every 
Primitive  Divifor  which  ftahds  at  the  top  of  a  following  Columel  is  multiplied  into  ail  the 
different  nivifofs  fcverally  in  all  the  foregoing  Columels;  and  therefore  if  that  multiplying 
Primitive  Divifor  be  added  to  the  number  of  thofe  Produfts ,  the  total  multitude  muft  necef- 
farily  be  more  by  one  than  the  multitude  of  diff  rent  Divifors  in  all  the  foregoing  Columels. 

Thirdly,  It  is  alfo  evident,  that  when  the  faid  Primitive  Divifors  are  all  different,  then 
the  numbers  which  exprefs  the  muititude  of  Divifors  in  every  Columel  are  in  continual 
Proportion  increafing  from  Unity  in  a  Duple  Reafon  :  As,  in  the  fourth  Example  in  Se^.<y. 
where  the  Primitive  Divifors  a^byCydy  t  areal)  different,  there  is  one  Divifor  in  the  firft 
Columel .  two  in  the  fecond  •  four  in  the  third  j  eight  in  the  fourth  •  and  fixtecn  in  the 
fifth;  which  numbers  of  multitude,  to  wit,  1,2,4,  Sand  16  are  mamfeftly  in  Duple  Pro¬ 
portion.  Therefore  when  all  the  Primitive  Divifors  of  a  Quantity  propofed  are  different, 
or  unlike,  then  if  fc  many  of  the  formoft  Terms  of  the  faid  continual  Proportionals  1,2,4, 
8, 1 6,  &c.  be  added  together ,  as  there  be  Primitive  Divifors,  ( to  wit ,  thofe  Incompofic 
quantities,  which  being  continually  multiplied  will  produce  the  Quantity  propofed  ,)  the 
the  fumm  fhall  be  the  number  of  Aliquot  Parts  contained  in  that  Quantity  •  and  the  number 
of  Divifors  fhall  be  more  by  one  than  that  fumra. 

As ,  for  Example,  if  the  number  of  Aliquot  Parts  in  the  quantity  ab  b'e  de/ired,  f  add 
1  and  2  together,  (to  wit,  the  two  firft  Terms  of  the  faid  Geometrical  Progrtftion  i,  2, 
4,  8,  i  &C.')  and  the  fumm  3  lliews  that  ab  contains  three  Aliquot  Parts,  and  4  ( that  is, 
3  -|  - 1  )  Divifors.  L.ikewife  if  there  be  propofed  the  Quantity  abc ,  (  which  confifts 
of  three  different  letters,  )  the  fumm  of  1,2,4,  (to  wit,  of  the  three  firft  Terms  of  the 
faid  Geomerrical  Progreffion, )  is  7  ;  which  (hews  that  abe  contains  feven  Parts,  but  eight 
(or  7*4—  r  )  Divifors.  Again,  if  abed  (  which  conlifts  of  four  different  letters,}  be 
propofed,  the  fumm  of  1,1, 4,  8,  (the  four  formoft  Terms  of  the  faid  Progreflion, ) 
is  15’ ;  which  (hews  that  the  quantity  abed  contains  fifteen  Aliquot  Parts ,  and  fixccen 
(or  1 5  I )  Divifors ,  and  fo  forward.  But  becaufe  the  faid  Proportionals  proceed  in 
a  Duple  Reafon  from  Unity  ,  the  fumm  of  any  number  of  Terms  may  be  found  out  by 
this  brief  Rule,  vU.  The  third  Term  (or  Proportional)  leffened  by  Unity;  (the  firft  Term) 
gives  the  fumm  of  the  firft  and  fecond  Terras;  likewife  the  fourth  Term  leffened  by  i, 
gives  the  fumm  of  the  firft,  fecond  and  third  Terms .  and  the  fifth  Term  leffened  by  i ,  gives 
the  fumm  of  the  firft,  fecond,  third  and  fourth  Terms;  and  fo  forward,  infinitely.  All 
which  may  be  further  illuftrated  by  the  ten  Quantities ,  and  their  rcfpeiftive  multitudes  of 
Aliquot  Parts ,  expreft  in  the  following  Table. 


Quantities 

given. 

Multitude 

of  Parts. 

Suenms  of  Terms  iu  continual  Proportion,  proceeding 
from  I  in  Duple  Reafon. 

a 

ab 

abe 

abed 

abode 

abedef 

abedefg 

abcdefgh 

ahedefghi 

abedefghik^ 

hath  I  = 

.  .  3  = 

.  .  7  — 

.  .  15  = 

.  .  31  = 

.  .  <^3  = 

.  127  = 

•  = 

.  511  = 

.  1025  = 

I 

I-l-X 

i+2-|-4-[-8 

1  _  _2.- -<4- 6 

I  8.^1  j 

I  *-  -*2*-  -*4“ —8*^— I  <5H~‘3  2-4—^4 

I*-— 2- -<4- — 8-j— 1 6“|-«32-f- 54-f^i  2&  -< 

-*4-  —8“-|— ^  8”1“’2  5'(5 

S^fHrtkbt 
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Fourthly  y  When  two,  three  or  more  equal  letters  in  a  Simple  quantity  fiantl  together, 
and  follow  forae  different  foregoing  letter  or  letters  ^  then  as  many  Aliquot  Parts  as  the 
firft  of  thofe  following  equal  letters  produceth ,  (  according  to  Olfervat.  z.  )  fo  many 
Parts  every  one  of  the  reft  of  the  faid  following  letters  will  produce.  As ,  in  Example 
in  SeEi.  s.  where  this  quantity  aaabhc  is  propofed,  the  three  firft  letters,  4,  (  or 

aaa)  give  three  Parts ;  (  by  Obfervat.  i.)  and  the  firft  following  letter  in  regard  it 
differs  from  the  next  preceding  letter  gives  four  Parts,  (by  Obfervat.  2.)  now  i  fay 
the  fecond  b  lliall  alfo  give  four  Parts,  and  if  there  had  been  a  third  or  a  fourth  b,  6cc. 
every  one  of  them  would  give  four  parts,  to  wit  j  as  many  as  the  firft  b  produced. 

.  In  like  manner  ,  if  this  quantity  abbbbb  or  ab^  be  propofed ,  the  firft  letter  a  gives  one 
Part ;  .then  (  by  Ob/erifat.  2.)  the  next  following  letter  b  (  in  regard  it  differs  from  a  ) 
gives  two  Parts :  now  I  fay  every  b  following  the  firft  b  will  alfo  give  two  Parts  and 
I'o  hbbbb  will  give  ten  (to  wit,  five  times  two  )  Parts,  which  added  to  one  Part  noted 
for  4  makes  1 1  Parts  ♦  whence  I  conclude  that  the  quantity  abbbbb  contains  1 1  Aliquot 
Parts ,  and  i  ?.  Divifors.  All  which  may  be  produced  particularly  by  the  Rule  in  the 
foregoing  5.  i. 

Again ,  if  this  quantity  abc^dd  be  propofed  Obfervat,  5.  )  abc  will  give 

feven Parts ,  and  (  by  Obfervat.  2,)  the  next  follovving  letter  d  gives  eight  Parts;  there¬ 
fore  (  by  this  fourth  Obfervat,)  every  d  following  the  firft  d  gives  alfo  eight  Parts ,  and 
confequcntly  ddd  24  Parts,  which  added  to  the  feVep  Parts  before  noted  for  abc^ 
makes  3 1  Parts.  So  that  the  quantity  abeddd  hath  3 1  Aliquot  Parts,  and  3  2  Divifors  j 
and  the  fame  number  of  Parts  and  Divifors  will  be  found  in  the  number  produced  by  the 
contiuual  Multiplication  of  thefe  five  Prime  numbers ,  2  ,  3,537,7,7. 

Fifthly  ,  From  whatt  hath  been  faid  in  the  precedent  Obfervations  ’tis  eafie  to  difeover 
how  many  Aliquot  Parts  are  contained  in  any  Simple  quantity  defign’d  by  letters,  without 
producing  the  particular  Parts :  As ,  if  aaabbe  be  propofed  <  firft ,  tliree  Parts  are  to  be 
noted  for  eiaa^  (according  to  Obfervat.  i .)  and  eight  Parts  more  for  bb,  (by  Obfervat.  4.) 
which  eight  Parrs  added  to  the  three  Parts  before  noted  make  eleven  Parts  j  then  for  c  ^ 
twelve  Parts  are  to  be  noted,'  ( to  wit,  ii  according  to  Obfervat.  2.)  which  added 
to  the  faid  eleven  Parts  makes  2  3  Parts :  whence  I  conclude  that  the  quantity  aaabbe  hath 
2  3  Aliquot  Parts,  and  24  Divifors ;  which  are  particularly  expreft  in  Example  3.  Se5i.  5. 

In  like  manner ,  we  may  difeover  that  this  quantity  dadaabbbbcecdi  or  a?b'^e^d^  hath 
359  Aliquot  Parts,  and  360  Divifors  <  for  firft,  I  note  5  Parts  for  <?%  (  according  to  Ob^ 
fervai.  i.)  then  (by  Obfervat.  4.)  bbbb  or  b*  gives  2 4  Parts,  which  added  to  the  five 
Parts  before  noted  makes  29  Parts ;  and  becaufe  one  Tingle  c  gives  30  Parts,  to  wit  2  94-1,' 
(by  Obfervat.  2.)  ccc  or  c’  will  give  90 ,  to  wit  /  3  times  30  Parts ,  (  by  Obfervat.  4.  ) 
which  added  to  29  Parts  before  noted  makes  n9  Parts;  laftly,  becaufe  the  letter  d 
is  written  twice,  and  onefingle  d  gives  120,  to  wit,  i  ip  -j-.  i  Parts,  (  by  Obfervat.  2.) 
dd  will  give  240  Parts;  (by  Obfervat.  4.)  Which  added  to  1 19  Parts  before  noted,  makes 
3^9  Parts .  which  is  the  multitude  of  Aliquot  Parts  the  propofed  Quantity  hath,  but  its 
number  of  Divifors  is  ^6oi  ,  ..  ,  .  .  ^ 

And  with  the  like  facility  we  may  difeover  the  multitude  of  Parts  af|d  Divifors  of 
a  given  number,  after  its  Primitive  Divifors  are  found  our*  As,  for  example,  to  find 
how  many  Parts  and  Divifors  1^876000  hath,  I  fearchoutby  Divifion  (in  like  manner 
as  in  the  Examples  in  SeEt.  5.)  all  the  Primitive  Divifors  which'  being  continually  multiplied 
will  produce  the  faid  given  number,  and  find  them  to  be  thefe,  to  wit,  2,  2,2, 2,  2, 3, 3,  3, 3/ 
5,  5,  5,7,7,  which  may  be  noted  by  but  this  Quantity  (as  before  hath  been 

(hewn)4ath  359  Aliquot  Parts  and  gdo  Divifors,  and  therefore  the  faid  lySytJooo 
hath  the  fame  number  of  Parts  and  Divifors ;  which  may  be  partfeularly  found  out  by 
the  method  in  the  precedent  Examples  in  5. 

Sixthly  y  If  a  Quantity  be  compofed  of  different  letters  or  Powers/  and  Unity  be  added 
V  feverally  to  the  Indices  of  thofe  Powers,  that  is,  to  the  numbers  exprefting  hovv  oft  each 
letter  is  found  in  that  Quantity,  then  the  numbers  refulting  by  thoft  Additions  being 
multiplied  one  into  the  other  continually,  will  produce  a  number  greater  by  Unity  than' 
the  number  of  Aliquot  Parts  that  Quantity  hath :  As,  for  example,  if  aaaabhb  or  a‘^b^ 
be  propofed  .  I  add  i  to  4  and  3  feverally ,  (  becaufe  the  Indices  of  aaaa  and  bhb  are 
4  and  3,)  and  it  makes  5  and  4  .  thefe  multiplied  one  into  the  othef  make  20,  which  is 
greater  by  i  than  19  the  number  of  Aliquot  Part's  that  the  propofed  wantity  hath, 
Thereafonof  this  property  is  not  difficult  to  be  conceived  ^  tor  fthce  (by  Obfervat.  i.) 


1P9 
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Han't  hath  four  Pam,  that  is,  five  Parts  wanting  one  Part;  and  l?hh  following  aaaa  hath 
thncefive  Parts,  (by  4.)  therefore  the  whole  quantity  {or  hath 

4  X  c;  Parts  wanting  one  Part ,  viz..  1 9  Parts ;  which  numbers  4  and  5  exceed  3  and  4 
the  Indices  oi  bhh  and  feverally  by  Unity. 

Again,  if  aaaabhhcc  be  propofed  ,  the  indices  of  aaaa.,  hhb  and  cc  are  4,3  and  2, 
which  increafed  feverally  by  i,  make  5, 4  and  3  j  thefe  multiplied  continually  produce  60, 
which  is  greater  by  Unity  than  5  9,  the  number  of  Aliquot  Parts  which  the  propofed 
quantity  aaaabhhcc  hath.  For  fince  (for  the  reafon  in  the  laft  preceding  Example)  aaaabbb 
hath  4  X  j  Parts  wanting  one  Part,  and  cc  following  aaaabbb  hath  (  by  Obfervat. 
2x4x5  Parts ,  the  propofed  quantity  aaaabhhcc  hath  confequently  3x4x5  Parts 
wanting  one  Part,  that  is,  5  9  Parts ;  which  numbers  3,  4  and  y  do  feverally  exceed 
the  Indices  of  cc,  hhb  and  aaaa  by  Unity. 

Seventhly ,  From  the  preceding  Obfervat  6,  it  follows ,  That  if  a  Compofit  number 
be  refolved  into  any  two  or  more  of  fuch  of  its  Factors,  the  leaft  oj  which  exceeds  Unity, 
and  if  trom  every  one  of  thofe  Faftors  Unity  be  fubtraded ,  the  Remainders  fhall  be  Indices 
of  fo  many  feveral  Powers  expreffible  by  different  letters  that  being  joyned  together,  (that 
is ,  multiplied  one  into  the  other ,)  will  give  a  Quantity  having  a  number  of  Aliquot  Parts 
lefs  by  Unity  than  the  Compofit  number  propofed  ;  As ,  for  example ,  if  20  be  propofed  5 
for  as, much  as  5  and  4  multiplied  one  by  the  other  produce  20  ^  I  fubtraft  i  from  y  and  4 
feverally  ;  fo  the  Remainders  4  and  3  do  (liew  ,  that  if  the  fourth  Power  of  fome  quan¬ 
tity  a,  as\aaa^  be  multiplied  into  the  third  Power  of  fome  other  quantity  b,  as  into  bbb^ 
the  Quantity  produced,  to  wit,  aaaabbb  hath  19  Aliquot  Parts,  which  19  is  lefs  by 
Unity  than  20  the  number  propofed.  Again ,  beCaufe  the  Produft  of  i  o  into  1  .doth  alfo 
make  20,  I  fubtraiff  i  from  to  and  2  feverally  f  fo  the  Remainders  9  and  i  do  (hew, 
that  if  the  ninth  Power  of  fome  quantity  ay  as  be  multiplied  by  fome  other  different 
quantity  b,  the  Quantity  produced,  to  wit,  4’^  hath  alfo  19  Aliquot  Parts.  Hence  it  is 
manifeil,  that  often  times  many  Quantities  may  be  found  out,  everyone  of  which  (hall 
have  a  given  multitude  of  Aliquot  Parts  j  as  will  appear  in  the  next  following  Seftion. 

I X.  Tb)e  manner  of  finding  out  all  fuch  ^antities  as  fijall  have 
a  given  multitude  of  Aliquot  Parts, 

If  the  multitude  of  Aliquot  Parts  defired  be  any  of  the  numbers  of  the  fecond  Columel 
of  the  Table  in  Obfervat.  3.  SeLt.  8.  the  Quantity  there  {landing  on  the  left  hand  of  that 
number ,  and  on  the  fame  line  with  it ,  hath  the  number  of  Parts  defired.  As ,  if  it  be 
defired  to  find  a  Quantity  that  hath  63  Aliquot  Parts ,  that  Table  fliews  that  abedef  hath 
63  Parts ;  and  therefore  if  fix  Prime  numbers,  fuppofe  2,  3,  5,  7, 1 1 , 1 3  be  taken  lor  the 
values  of  thofe  fix  letters,  by  c,  dy  c,/,  the  Produ(^  made  by  the  continual  raultiplidation 
of  the  faid  Prime  numbers,  to  wit,  30030,  fhall  have  <^3  Aliquot  Parts,  and  ^qDivifors. 

But  without  refped  to  that  Table,  by  thehelp'of  the Obfervations  in  the  foregoing 
SeU.  8.  many  Quantities  for  the  mofl  part ,  and  alwayes  one  C^antity  may  eafity  be  found 
out  that  Ihall  have  a  given  multitude  of  Aliquot  Parts ;  as  will  be  made  manifeft  by  the 
following  Examples. 

Example  n 

Let  it  be  required  to  find  out  all  fuch  fimple  Quantities  expreffible  by  letters ,  that 
may  every  one  of  them  have  1 5  Aliquot  Parts,  and  1 6  Divifors. 

1,  To  the  faid  1  5  I  add  i  and  it  makes  1 6 ,  this  I  divide  by  2  and  the  Quotient  is  8,’ 
which  divided  by  itfelf  gives  i  ;  then  from  each  of  the  Divifors  2  and  8,  (the  Product 

of  whofe  multiplication  makes  the  firft  Dividend  1 6,)  I  fub- 
^  I  8  (  T  traft  I ;  fc  the  Remainders  i  and  7  do  fhew  that  if  fome 

'  2  j  I  letter,  as  Uy  be  written  once,  and  next  after  it  another  different 

letter  b  feven  times,  the  Quantity  fo  compofed,  to  wit,  ahbbbbbb 
or  fhall  have  i  j  Aliquot  Parts,  and  1 6  Divifors ;  ,as  was  defired. 

2.  Again  ,  I  divide  the  faid  16  (to  wit,  15  .4^  i,)  by  2,  and  the  Quotient  is  8  ♦  this 
divided  again  by  2  gives  4,  which  divided  again  by  2  gives  2,  which  divided  by  it  felf  gives  i ; 

.;then  from  every  one  of  the  Divifors  2, 2, 2, 2  1  fub- 

I  8  I  4  }  2  1  I  •  I  .  fo  the  Remainders  i ,  i ,  i ,  i  do  Ihcw  that 
2  I  2  J  2  j  2  I  if  4  different  fingle  letters  be  fet  together,  as  abedy  this 

•  j  quantity  fiiall  have  i  y  Parts,  and  1 6  Divifors  j  as  before. 

.3*  Again, 


1 
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3.  Again,  I  divide  16  by  2,  and  the  Quotient  is  8  ;  this  divided  by  2  gives  4^  which 
divided  by  it  felf  gives  i  ;  then  from  every  one  of  theDivifors  2,2,4  1  fubtraft  i,  and 
the  Remainders  i,  i,and  3  do  (hew,  that  if  two  different 

letters  a  and  b  be  joyned  together ,  and  next  after  them  i  ^  j  8  j  4  j  i 
a  third  ditferent  from  each  of  them,  as  c  be  written  thrice,  2  [  2  [  4  | 

the  Quantity  fo  compofed ,  to  wit  ahccc ,  (hall  have  1 5 
Aliquot  Parts,  and  i5  Divifors ;  as  before*  v 

4.  Again  ,  I  divide  16  by  4,  and  the  Quotient  is  4,  this  divided  by  it  felf  gives  i  j 
then  from  each  of  theDivifors  4  and  4,  1  fubtrail:  i,  and  the 

Remainders  3  and  3  do  flievv ,  that  if  fome  letter  a  be  written  J  [  4  I  i 

thrice,  as  aaa ,  and  next  after  the  fame  another  letter  different  4  I  4  1 

from  a,  as  ^ ,  be  likewife  written  thrice ,  the  Quantity  fo 

compofed,  to  wit,  aaabbby  or  A^b^  fliall  have  i  5  Aliquot  Parts,  and  1 6  Divifors ;  as  before, 
5-.  Laftly,  I  divide  16  by  it  felf  and  the  (Quotient  is  i ,  then  from  16  I  fubtraft  i, 
and  the  Remainder  i  y  (hews  that  if  fome  letter  a  be  written  1 5  times, 
as  aaaaaaaaaaaaaad ,  or  this  Quantity  (liall  have  15  Parts,  I  i 

and  16  Divifors  J  as  before.  16  | 

Hence ,  becaufe  16  cannot  be  divided  by  any  other  ways  than  thofefivc  before  expreff, 
we  may  conclude  that  the  five  Quantities  found  our,  and  thofe  only ,  to  wit ,  4^’,  abc^^  abc^, 
a^bi  and  have  each  of  them  1 5  Aliquot  Parts,  and  1 6  Divifors. '  AH  which  Operations 
do  clearly  refult  from  Obfervau  6,  and  7.  in  the  precedent  Seii.  8, 


Example  2,  '  •  • 

Let  it  be  required  to  find  out  all  fuch  Quantities  expreflible  by  letters  J  whiA  may  every 


one  of  them  have  23  Aliquot  Parts ,  and  24  Divifors. 

Firft,  (as  before)  I  addd  i  to  23  ,  and  it  makes  245  this  may  be  divided  by  its 
Factors  in  a  feven-fold  manner  before  the  Quotient  be  Unity,  as  here  you  fee. 


24|8l4h|i 

24\6\2\i  :  24 

4U  |l 

1  - 

3  2  2  2I 

4  31^1  ■  6 

24  4  I  *24 

24I I 

6  4 1  ■  Shi' 

Ml 

Whence  I  conclude  that  feven  different  Quantities  may  be  produced ,  every  one  of  which 
(liallhave2  3  Aliquot  Parts,  and  24  Divifors ;  now  to  find  out  the  faid  Quantities,  I  fub- 
ira^f  I,  (to  wit  Unity,)  from  everyone  of  the  Divifors  of  the  foregoing  feven-fold  Di- 
vifion,  fo  the  Divifors,  3,  2,  2,2  of  the  firfl:  Divifion  being  feverally  lelTcned  by  Unity 
give  1,  I,  1,  1 .  whence,  according  to  the  precedent  direftions  in  Example  i.  of  this 
Se^.  9.  this  Quantity  may  be  compofed,  to  wit,  aabed ;  and  by  proceeding  in  like  manner 
with  the  reft  of  the  Divifors,  feven  different  Quantities,  every  one  of  which  hath  23  Aliquot 
Parts  and  24 Divifors,  are difeovered  j  and  may  be  expreft  either 


a^b^c. 
o' be. 


bbl 


Or  thus ,  <  ,a^bi. 


Thus , 


> 


< 


/ 


Let  it  be  required  to  find  out  a  Quantity  which  hath  42  Aliquot  Part^. 

Firft,  (as  before)  f  add  i  to  42  and  it  makes  43,  which  being  a  Prime  number,  (that  is,, 
fuch  as  cannot  be  divided  by  any  number  but  by  it  felf  or  Unity ,)  doth  (hew  ,  that  there  is 
only  one  ^antity  can  be  found  that  hath  42  Aliquot  Parts  yii.,  fome  letter ,  as  a  being 
Written  42  times  one  after  another,  or  a  fingle  a  with  its  Index  42 ,  as  doth 
exprefs  a  Quantity  (to  wit,  the  forty-fecond  Power  of  d)  which  hath’ 42  Aliquot  Parts,  and 
43  Divifors.  The  like  is  to  be  underftood  of  other  Quantities ,  when  the  multitude  of 
Aliquot  Parts  defired  being  increafed  with  Unity  makes  a,  Prime  number. 
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-For  further  illuftration  of  the  premifes ,  the  Learner  may  view  the  following  Table, 
ivhich  fticws  all  the  various  Quantities  expreft  by  Letters,  that  have  a  given  multitude 
of  Aliquot  Parts  not  exceeding  5-0 ;  and  upon  the  grounds  before  explained,  the  Table 
may  be  cohtinued  as  far  as  you  pleafe. 


Quantities. 


er 


hath 

hath 

have  pach 
&c. 


aaby 


a^y,  ahe^ 
aabht 
af'by  ^ 


Jo 


a*bcy  A^b*f  t^by 

a%  4^’ 

A^'bby  'a^ 

a'bcy  abedy  43^3,  ^b, 


a 


.16 


a*b*Cy  4^^*,  a^by  <*7. 


A 


18 


A'^bcy  a^b\  a^by  d"* 

db\  4"° 


d^by  d\ 


A 


22 


43^%  A^bcdy  dbcy  db'^y  fCb^y  d^^by  4*3 
d^by  d^  _  _ 


A^b*c*y  a^b*y  4*" 

a^bcy  a^b'^y  d^by 


A 


,*8 


A^bHy  db\  db\  d%  d\ 

,30 


4 


A^bcdy  A^b^Cy  dbcy  Abcde,  db'^y  d^by 

d°b\  43a 
a'^b,  433 
A^b\  d^ 

A^b^cdy  a^b^Cy  A'^b*c*,  A^bc,  ddy  d^^y  d^dy  d’^by  d^ 


,36 


My  d^ 

d^d  d^ 

a'^bedy  A^dcy  dbcy  ddy  4’P,  d'^by 

40  X 


•“Aliquot  Parts. 


4 


A^dCy  A^dy  A%\  d^by  4^^^ 


4 


,4i 


/'fe,  J'h,  «« 

a-'tV,  »'*k\ 


.46 


,  so 


«'y%  dkeie,  Ji'e,  d'bc,  a”  If,  a'<b^,  n'ib,  a^l 

"Jbdjb',  tf'b,  »'•> 

a’‘b\  4!’° 


X. 
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X.  Bow  to  find  out  the  finalleji  number  that  fifall  have  a  given 
.  ^  multitude  of  Aliquot  Parts,  ' •  /  '  .» 

Firft ;  by  the  foregoing  SeB.  9.  fearch  our  all  the  Quantities  expreHible  by  letter?^ 
everyone  of  which  may  have  the  number  of  Aliquot  Parts  defired  •'  then  tothe  different 
letters  by  which  every  one  of  thofe  Quantities  is  exprefl:,  a/figri  the  fmalleft  Prime  numbers, 
and  find  out  by  continual  Multiplication  the  Produdls  of  thofe  Prime  numbers  correfpon-i 
dent  to  the  faid  Quantities.  Again  ,  let  the  values  of  thofe  letters  be  expreft  by  the  fame 
Prime  numbers,  varied  as  many  wayes  as  is  po/Iible,  and  find  out  their  refpedfive  Produdfs, 
as  before.  Laftly  ,  all  thofe  Produfts  being  compared  one  to  another,  the  lead  of  therfl 
iliall  be  the  fmalleft  number  that  hath  tfic  preferibed  multitude  of  Aliquot  Parts^ 

Example  i.  ,  , 

Let  it  be  required  to  find  the  fraallefl:  number  that  hath  1 5"  Aliquot  Parts.  ' 

Firft ,  all  the  different  Quantities  that  can  be  found  to  have  feverally  1 5  Aliquot  Parts, 
(  as  appears  by  the  precedent  SeB.  9.)  are  thefe,  to  wit,  abedj  a^bcy  a^b^^  a^b^  ;  then 
by  afligning  to  a^b^c,  d,  the  fmalleft  Prime  numbers ,  2,3,  5J7,  for  abed  there  will  be^ 
found  210,  (by  multiplying  2,  5, 7  one  into  the  other  continually.)  for  a^bc,^  1205 

for  a^b^,zi6  ;  for  384  .  and  for  327^8  *  the  leaft’of  which  Products  is  120.' 
But  before  we  can  determine  whether  120  be  the  leaff  number,  or. not  that  hath  i  5  Aliquot 
Parts  ,  enquiry  muff  be  made  by  excha'nging  the  Values  of  thofe  letters  with  the  faid  Prime 
numbers  all  manner  of  ways,  viz.  we  may  fuppofe  ^nd  d~7'. 

or,  4  =  5  ;  ^  =  2  j  tf  =  3  .  and  ^  =  7  t'  or  again,  a  —  7  •  b  —  2  c  =  3  ;  d=5i 
and  many  other  wayes  the  values  of  a,  b,  c,  d  may  be  exprefl  by  the  faid  Prime  numbers  2,3, 
y,  7  :  and  confequently  from  thofe  variations ,  the  quantities  abed,  a^Cy  ab^b\  a^by 
will  be  expounded  by  various  numbers ,  which  mufl  be  compared  together,  and  then  the 
lead  among  them  all  is  the  number  fought.  So  after  all  variations  are  made,  it  will 
appear  that  a'^bc  is  that  C^antity  by  which  120 ,  the  fmalled  number  having  1  y  Aliquot 
Parts  and  1 6  Divifors  will  be  found  out.  "  * 

Example  2. 

Again,  if  the  lead  number  that  fath  23  Afiquot  Parts,  of- -24  Divifofs,  be  defired, 

Fird,  bySeB.p.  all  the  Quantities  which  have  feverally  23  Parts  will  be  found  thefe 
to  wit,  a'^bed  •  a'dbc dbc  \  db'^\  db^'y  db -y  and  Then  by  affuraing  for  the 

values  of  a,byCyd  the  lead  Prime  numbers  2,  3,  5,  7;  for  a^bed  there  will  be  found  420. 
for  a^b'^c  y  360.  for  a^bcy  480.  for  864;  for  4^^^11525  for^”A^i44;  and 
for  83  88608  :  and  after  all  other  poffible  variations  made  with  the  faid  letters  and 
Prime  numbers ,  by  taking  fometimes  one,  foraetimes  another  of  the  faid  numbers  for  the 
value  of  aybyScc.  it  will  at  length  appear  that  finds„oat  360.,  the  lead  number  that 
hath  the  defired  multitude  of  2  3  Alfq^uot  Parts ,  and  T4  Divifors.  . 

If  there  be  not  occafion  to  find  the  lead  ,  but  any  number  that  hath  a  given  multitude 
of  Aliquot  Parts,  fuppofe  1 5-,  then  you  may  indifferently  ufe  any  one  of  thefe  five  quantities, 
Abcdya^bCydldyo’byd^ ;  byafiigning  to  a,byCyd  Prime  numbers  at  pleafurc ,  and  taking 
fometimes  one ,  foraetimes  another  of  thofe  numbers;  or  alwayes  new  Prime  numbers  for 
the  values  of  4,  by  Cyd\  whence  innumerable  numbers  may^be  found  out,  every  one  of 
which  diall  have  1 3'  Aliquot  Parts;  As  ,  if  we  fdppofe.  4  =  2  ;  =3  ;  and  c  ~  5 

there  will  be  found  for  a'^bcy  120,:  but  by  putting  4  ~  3  .  b~z.^  and  c  =  5  ,  there 
will  be  found  for  a^hcy  270.  Or  alfo  by  ad’uming  a  —  q  \  b  ■==.  i\  ;  and  c  1 3  ,  there 
will  be  produced  for  a'bCy  49049  :  ,or  if  we  put  a  —  iq  ^—19;  and  e  =  2  3,  then 
'  45^c=  2146981.  And  in  like  manner -you  may  ufe  everyone  of  the  other  four  quan- 
'lities  abedy  a^b^yO^by  and  4*^.  The  like  alfo  is^to^be  ynderdood  of  every  one  of  thefe,' 
a^cd;  a^bc‘  -  dP  -y  d^b and  4*5",  for  fbc^fin^.in^  out  innumerable  num- 

bers  which  have  feverally  2  3  Aliquot  Parts,  and  24  Divifors.  , 

Ladly,  to  find  the  lead  number  that  hath  42  Parts  ^  and,  43  Divifors .  forasmuch  as 
a  Quantity  having  this  multitude  of  Parts  and  Divifors  can  jbe  defi'gned  only  in  one  manner, 
viz.  by  writing  4+^;  let  the  lead  Prime  number  2 'bd  taken  for  the  value  of  4,  and  then 
feek  the  forty  fecond  Poviief  of  the  Root  2,  by  writing  dovyn  2  forty. two  times  feperately,' 
and  multiplying  thofe  numbers  one  into  another ,  according  'to  the  Rule  of  ConrinuaL 
Multiplication ,  fo  the  laft  Produfl  will  be  43  9  8046  5 1 1 1 04  which  is  the  lead  number 
that  hath  the  defired  multitude  of  42  Aliquot  Parts.  And  fo  of  others. 

C  c  2"  For 
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For  further  illuftratioh ,  the  Learner  may  view  the  following  Table ,  which  fliews  the 
leaft  number  that  hath  any  given  multitude  of  Aliquot  Parts  under  51.  NoUy  That  the 
number  of  Divifors  to  any  number  is  alwayes  more  by  one  than  its  number  of  Aliquot 
farts }  for  albeit  a  nuiribcr  Cannot  properly  be  called  a  Part  of  it  felf,  yct'tis  contained 
in  it  felf  once ,  and  therefore  may  be  faid  to  be  a  Divifor  to  it  felf. 

Each  number  in  the  firft  of  ihcfe  Columels  is  the  fmalleft  that  can  be  found  to  have 
fuCh  a  multitude  of  Aliquot  Parts  a$  is  exprefl  in  the  latter  Columel. 


hath 

hath 


Aliquot  Part. 
Aliquot  Parts. 


i  ' 


64 

5 

24 

7 

8 

48 

9 

*0*4 

10 

*  60 

11 

■^096 

12 

191 

<3 

^44 

14 

120 

I? 

6SS3^ 

j6 

1 80 

»7 

252144 

18 

'240 

19 

20 

3072 

2 1 

4194304 

22 

350 

9296 

24 

11288 

900 

26 

955 

'^7 

z6S43S4S6 

28 

720 

29 

.  107374^814 

30 

840 

31 

92 15 

32 

i955o8 

33 

5184 

'  34 

125o 

  3^ 

3« 

786451 

37 

35854 

38 

1580 

39 

1099511527775 

40 

2880 

4» 

4398045511104 

42 

15350 

43 

3500 

44 

12582912 

4^ 

70358744177554 

45 

2520 

47 

45555 

48 

6480 

49 

. 
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Chap.  IX. 

The  Arithmelichjboth  of  Surd  ’NnmherSydhd  S  'nrd  ^a^tities  eipreft 
by  Letters-  The  CovUitution  and  Inbention  of  jix  Binomials 
in  numbers  ,  agreeable  to  thofe  ekpounded  i«  Prop.  49,  50,  5  f, 
52,5  3,5  4.  Elem.  10.  Euclid,  with  Rules  to  ehraB  the  Squari 
Root  out  of  every  one  of  ihem\  as  alfo^  what  Root  you  f  leafs 
out  of  any  Binomial  in  numbers ,  having  fuch  d  Binomal  Root 
ks  is  defired. 

Se6^.  1.  Defnithhs  concerning  Surd  Roots ,  and  their 
Fundamental  Operations, 

Every  Abfolute  (or  Ordinary)  number ,  whether  it  be  a  whole  number,  or  a  Fra£lions 
or  a  whole  number  with  a  Fraction  annext  to  it,  i$  called  Rational;  As,>  &c;- 

•  alio,  and  at, (or  J,)  jf,  (  or  ^f,)  zoff ,  &c.  are  called 

Rational  numbers  j  fo  alfo  a,  ah,  — ,  ^4“  reprefent  Rational  Quantities. 

,  ‘  a  ^  ^  a  ^ 

. ..  But  when  the  Square  Root,  Cubick  Root,  or  any  other  Root  c,annot  be  perfectly  extrafted 
out  of  a  Rational  nurriber,  that  Root, is  called or  Surd;,  and  becaufc  it  cannot 
be  exaftly  expreft  by  any  Rational  number ,  it  is  ufual  to  fet  fome  Gharafter  (  which  is 
called  the  Radical  Sigh  )  before  the  Rational  number  out  of  which  the  Root  ought  to  be 
extracted.,  to  defign  or  fignifie  the  fame  Root :  As ,  V  pr  v'(^)  prefixt  before  any  Ratio¬ 
nal  number,  fignifies  the  Square  Root  of  that  number ;  V(3)  the  Cubick  Root  J  V(4)  the 
the  Biquadraiick  Root;  VC  5)  the  Root  of  the  fifth  Power,  ' 

Hence  or  denotes  of  reprefents  the  fquareRoot  0^12,'  which  Root  is 

called  Irrational  or  Surd ,  becaufe  it  cannot  be  .perfc^lly  .cxprcfi:  by  any  Rational  number . 
for  3  multiplied  by  it  felf  produceth  9,  which  is  lefs  than  12  ;  and  4  multiplied  by  it  felf 
produceth  1 5,  which  is  greater  than  12, ;  and  although  there  be  innumerable  mixenurabefs: 
confiding  of  3  and  fome  FratSion,  which  fall  between  3  and  4,  yet  none  of  them  multiplied 
into  it  felfquadraiickly  can  produce  the  whole  number  T  2.  .  .  ^ 

In  like  manner  ,  v(3)5  ,  which  reprefents  the  cubick  Root  of.  5,  is  called  an  Irrational 
or  Surd  number ,  becaufe  no^nurober  can  be  found,  which  being  mulciplied  into  it  felf  cubi- 
cally  will  produce  ^  exaftly  :  fo  alfo  reprefent  Surd  quantities. 

There  are  two  forts  of  Irrational  PtSurd  numbers,  Simple  and  Compound  :  a  Simple, 
Surd  numbef  is  expreft  by  one  finglc  term;  fuch  are  Vio,  V(3)i<5,  ^(4)8,  &c«‘ 
but  a  Compound  Surd  number  confifts  of  many  Ample  or  lingle  terms,  .and  is  formed  by 
the  Addition  or  Subtratftion  of  Simple  terms;  fuch  are  Vs" — V2 

V8  4-  ;  V^(  3 )  1 7  "h  :  which  laft  is  called  an  Univerfal  Rqot,  and  fignifies 

ifie  cubick  Root  of  the  fumrti  of  7,  and  the  fquareRoot  of  2«  (  See  SeEi,  28.  Chd^.  i! 

I.  concerning  the  defigning  of  Surd  numbers.)  /  ;  . 

The  Arithmetick  of  Surd  Numbers ,  and  Surd  Quantities  defign’d  by  Letters ,  depends 
chiefly  upon  thefe  fix  Primary  or  Fundamental  Operations  in  fimple  Surds ,  ^ 

’  I.  The  Reduction  of  Rational  numbers  and  Rational  quantities  expreft  by  letters,  to  the 
form  of  furd  Roots  /  which  (hall  have  a  given  radical  Sign.  ^  ^ 

2.  TheReduftion  of  Ample  furd  Roots  having  different  radical  Signs,  to  otlier  Surd? 
which  ftiall  have  one  common  radical  Sign,  and  be  equal  in  value  to  the  given  Surds, 

3.  Multiplication  in  Ample  Surds. 

4.  Divifion  in  fimple  vSurds.-  ,  f 

5.  The  KeduClion  of  a'  given  Surd  number  of  quantity  to  another  more  fimple ,  when  ft 
imay  be  done.  ^  ^  ^  .y  . 

6.  How  to  difeover  whether  two  fimple  Surd  numbers  or  quantities  be  CormOenfurdple^ 
ornot,  2's^.  whether  their  Rcafon  or  Proportion  can  be  expreft  by  Rational  numbers  or 
i^uanticies ,  or  Thefe  (lx  Opetafions  1  ihall  handle  in  order, . 
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Scd.  1 1.  Reduce  Rational  numbers  and  quantities  defigned  by  Letters^ 

to  the  form  of  Surd  Roois^  which  Jfjall  have  the  fame  Radical  Sign  with  any 
surd  Root  prefiribed,  ,  . 

Multiply  the  given  Rational  number  or  quantity  into  it  felf ,  fo  often  as  is  requifite  to 
produce  a  Power  of  the  fame  Degree  with  that  Power  which  is  denoted  by  the  radical  Sign 
of  thepreferibedSurd,  and  then  fetthefaid  radical  Sign  before  the  Power  produced  by  the 

faid^ra  ^  ^  which  fiiall  hak  the  fame  radical  Sign  with 

Vii  (orVCO^^i)  ^  multiply  6  into  it  felf  quadratickly ,  and  it  makes  3  5  then 
(thatis  (^,)  and  have  the  fame  radiCaVSign ,  to  wit  V  or  ^(2).  ^  . 

Again,  to  reduce  5  to  the  fame  radical  Sign  with  ^(3)12  I  multiply  5  into  it  felf 
cubically ,  5  into  5  >  ^od  the  Produft  into  5^»)  ^tid  it  produceth  125*  then 

VC3)i2S  (thatis,  5  J  and  V(  3)12  have  the  fame  radical  Sign,  to  wit,  V(3)* 

‘  Likewifej  to  reduce  3  to  the  fame  radical  Sign  with  V(4)i  2,  I  feek  the  fourth  Power 
of  3,  which  (by  multiplying  the  Square  of  3  into  it  felf)  will  be  found  8 1  5  then  1/(4)  81 
and  V(4)  1 2  arc  of  the  fame  kind.  And  fo  of  others. 

By  the  help  of  this  Rule,  when  the  radical  Sign-of  a  fimplc  Surd  Fraftion  hath  reference 
enly^to  one  of  its  Terras ,  we  may  reduce  the  FraClion  to  another  whofe  radical  Sign  fliall 

refer  both  to  the  Numerator  and  Denominator:  As  if be  propofed  ,  which  fignifi'es 

that  Vi  is  divided  of  to  be  divided  by  5,  we  may  take  1/25  ihftead  of  p,  and  then  that 
Fraction  will  be  reduced  to  this  Vif  »  whofe  radical  Sign  refers  as  well  to  the  Denomina¬ 
tor  as  the  Numerator  j  vU,  Vif  lignihes  that  V2  is  divided  by  V2  y. 

Likewife  — i _  may  be  reduced  to  V(3)‘4^>  Getting  125  the  Cube  of  5  for 

VC  3)4 

a  Numerator  inftcad  of  5,  and  the  radical  Sign  Vf  3)  againft  the  middle  of  the  Fraaion  j 
fo  that  V(3)"4^  (which  lignifies  that  ^(3)125  is  divided  by  VC3)4)  iinpo«s  as  much 


as 


V(3)4 


•,  (thatis,  5  divided  by  V(3)4' 


Nor  will  the  Operation  be  otherwife  in  reducing  Rational  quantities  defigned  by  letters 
to  the  form  of  Surd  quantities  ;  (  refpea  being  had  to  the  Rules  of  Algebraical  Muliipli* 
cation  before  delivered.)  As  to  reduce  the  quantity  ^ ,  fo  as  it  may  have  the  fame  radical 
Sign  with  I  multiply  a  into  it  felf  quadratickly ,  and  it  makes  -  then 
(that  is,  a)  and  have  the  fame  radical  Sign. 

Again,  to  reduce  to  the  fame  radical  Sign  with  I  fquare  a'\-b  and  it 

makes  rah  +  bb  j  then  V:  aa-fiab bb  :  (  that  is,  A-\-b)  and  ^/bc  have  the 

fame  radical  Sign,  >  ,  •  ,  ,  •  -nr 

Likewife  ,  to  reduce  b  to  the  fame  radical  Sign  with  VC  3)^^,  I  multiply  b  into  it  felf 

cubically,  and  it  makes  j  then  ^{^)bhb  (thatis,  b)  and  V(3>^  ^^^vc  the  fame  radi¬ 
cal  Sign,  to  wit,  V(3)* 


aa 


Hence  alfo  may  be  reduced  to  V  ^ 


and  .V(M.  to  ^(3)-"^. 

3  c  X7CCC 


Sed.  III.  How  to  reduce  two  fimple  Surd  numbers  or  quantities  having  different 
radical  Signs  ^  to  two  others  that  may  have  a  common  radical  Sign, 

This  Redudion  is  like  that  of  reducing  Vulgar  Fradions  to  a  common  Denominator  j 
but  how  'tis  wrought,  I  (ball  (hew  by  Examples ,  firft  in  Surd  numbers*,  and  then  in  Surd 
quantities  expreft  by  letters, 

Example  i. 

Let  it  be  required  to  reduce  V(4)io  ^ind  V(^)7  into  two  other  Roots  that  may  have 
a  common  radical  Sign ,  and  be  equal  in  value  to  thofe  given. 

Firft  divide  the  given  Indices  (4)  and  (6)  by  th«r  greateftcommon  Divifor  (2),  and 
V  .  ^  fet  the  C^oiients  (2)  and  (3)  under  their  refpedive 

Dividends  as  here  you  fee  5  then  multiply  crofs-wife, 

'  ^  ^  ^  viz.  the  firft  Dividend  or  Index  (4)  ,  by  the  fecond 

V(i2)iooo  V(i2)49  Quotient  (3);  (or  the  fccond  Dividend  (6)  by 

the 
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the  firft  Quotient  (  2  ),  )  and  the  Produa  is  ( 1 2  )  ,  before  which  fetcing  it  gives  V(  1 2  ) 
which  is  to  be  referved  for  the  common  radical  Sign  fought.  Then  multiply  the  Powers 
of  the  given  Roots  according  to  the  altern  Quotients ,  viz.  multiply  the  firft  Power  1  o 
cubically,  becaufe  the  fecond  Quotient  is  (3)  ;  and  latter  Power  7  quadratickly  ,  becaufe 
the  firft  Quotient  is  (2);  fo  theProdufts  will  be  1060  and  49,  before  each  of  which' 
prefixing  1^(1 2)  the  common  radical  Sign  before  found,  there  arife  VC >2)1000  and 
1/(12)49  the  two  furd  Roots  fought,  which  are  equal  in  value  to  the  given  Surds  re* 
fpeaively.  viz.  ^/{iz^iooo  is  equal  to  -v/(4)fo,  and  1/(12)49  is  equal  to  v^(6)7  5 
and  the  Surds  found  out  have  a  common  Radical  Sign,  as  was  required. 

Example  2.  ' 

In  like  manner ,  V(^)5  and  ^(5)5  will  be  reduced  to  ^(5)125  and  ^nd 

the  work  will  ftand  as  here  you  fee  underneath.  '  '  ’ 

(0  ')  i^COr  •  V  V'(3)<5 

^  (O  ^  .(3) 

y{6)iis  .  VTOS^-' 

«  * 

Example 

'Again,  if  and  be  propofed  to  be  reduced  to  a  common  Radical  Sign, 

firft  by  the  Rule  in  the  preceding  2.  I  reduce  them  to  -/f  (or  V(2)f)  and  V(3)‘-^,' 
which  according  to  the  Rule  in  the  firft  Example  of  this  Section  will  be  reduced  to  thefe* 
to  wit,  V(^)ttt  and  J  and  the  work  will  ftand  as  here  you  fee. 

CO  )  V(2)f  V  ~  ' 

'  .  (0  (3) 

The  like  work  is  to  be  done  in  reducin|  two  Surd  quantities  exprefi  by  letters ,  which 
have  different  radical  Signs ,  to  two  others  vvhich  fliall  have  a  common  radical  Sign as  will 
appear  in  the  following  Examples. 

Example  4. 

Suppofe  it  be  defired  to  reduce  ^(2)^  and  ^/{6')aa  to  a  common  radical  Sign. 

Firft,  I  divide  the  given  Indices  (2)  and  (d)  feverally  by  their  greateft  common  Divifor 
(2)  and  fet  the  Quotients  (i)  and  (3)  under 
their  refpeCtive  Dividends  as  here  yon  fee;  x 

then  I  multiply  crofs- wife,  2^1^.  the  firft  Di-  C^)  ^  1/(2)^  ^  ^/{6)aa 

vidend  (2)  by  the  fecond  Quotient  (5) ,  (or  (0  ^  (3) 

the  latter  Dividend  (5)  by  the  firft  Quotient  ^(b)aaa  ‘ 

(i),  and  the  Produft  is  (6);  before  which 

fetting  ^  it  gives  y/{6)  for  the  Common  Radical  fign  fought.  Then  I  multiply  the 
Powers  of  the  given  Roots  according  to  the  alternate  Quotients,  viz.  the  firft  Power  d 
cubically,  becaufe  the  latter  Quotient  is  (3),  but  the  fecond  Power  aa ,  becaufe  the  firft 
Quotient  (1 )  is  a  lateral  Index,  is  not  to  be  multiplied  into  it  felf  at  all.  So  the  Produffs 
are  aaa  and  aa^  before  each  of  which  prefixing  V(6),  (the  common  radical  Sign  be¬ 
fore  found,)  there  arife  V(<^)  and  the  two  furd  Roots  fought  -  which  are 

equal  in  value  to  the  given  Surds  refpeffively,  viz.  is  equal  to  VC 2)4,  and 

^(6)ad  is  eqUal  to  i/(6)#?/«  .  and  the  furd  Roots  found  out  have  a  common  radical  Sign, 
to  wit,  V (<^).  Therefore  that  is  done  which  was  required.  * 

Example  5.  ^ 

After  the  fame  manner  V(4)3^and  V(io)5^i^  will  be  reduced  to  -^(20)24;^^^^^ 
and  V(2o)2  5^^?c'c,  and  the  work  will  ftand  as  here  you  fee. 

(0  }  V(4)3^’  V 

(O  (5) 

*  ■*  *  •  ’ 

-  .  ■  sea.M 
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Seft.  1 V.  Multiplication  in  fimple  Surd  ^antitks. 

Before  Addition  and  Subtraftion  can  be  perform'd  in  Surd  Quantities,  the  manner  o£ 
their  Multiplication  and  Divifion  mud  firftbe  learnt-  1  llaall  therefore  begin  with  Multi¬ 
plication  ,  which  requires  that  the  furd  Roots  propofed  to  be  multiplied  be  of  thfi  fame 
kind  i  and  therefore  if  they  be  of  different  kinds ,  they  mud  fird  of  all  be  reduced  to  the 
fame  Radical  lign ,  (  by  the  Rule  in  the  foregoing  Sed.  3. )  Then , 

1.  Multiply  the  numbers  or  quantities  danding  next  after  their  common  Radical  fign 
one  into  another  ,  without  any  regard  had  to  the  faid  Sign ;  and  to  the  Produft  of  that 
multiplication  prefix  the  common  Radical  fign  :  fo  this  new  Root  (liall  be  the  Produft  fought. 

As,  for  example,  to  multiply  V)  by  I  multiply  ^  by  3  and  it  makes  1 5  -  to  which 
I  prefix  V,  ( the  Radical  fign  of  each  of  the  Surds  given  to  be  multiplied,)  and  there  arifeth 
v' 1 5  for  the  Product  fought. 

Likewife  if  ^6  be  multiplied  by  v'J?  it  ptoduceth 

Alfo,  Vi  multiplied  by  Vi»  ^a^es  Vs* 

And  V^t  (oc  Vi)  (or  Vf))  gives  VH* 

Again,  V(3)4  multiplied  by  v(05>  produceth  VCb)^®* 

Likewife  V(4)l  ‘rito  VC4)^  ,  produceth  VC4)^ 

And  if  be  to  be  multiplied  into  V(3)^  »  Produa  will  be  V(6)4500  5  for, 

fird,  the  given  Roots  being  of  different  kinds  are  reduced  to  thefe ,  to  wit ,  -y/(6)i  2  5  and 
V(6)35,  which  multiplied  one  into  another  make  V(6)45oo.  ^ 

After  the  fame  manner ,  Multiplication  in  fimple  Surd  quantities  expreft  by  Letters  is 
performed;  as,  if  ^/a  be  to  be  multiplied  by  y^»  tbe  Produa  will  be  For 

(  according  to  the  Rule  of  Algebraical  Multiplication  )  the  quantity  a  multiplied  by  the 
quantity  produceth  ai;  •  to  which  I  prefix  the  given  Radical  fign  V,  and  it  gives  V^^' 
the  Produa  fought. 

Likewife  V<*^  into  ^cd,  produceth  *Jabcd. 

And  V"-—  .multiplied  by  V-^^  ,  maketh  V 

3c  2^  c  ^ 

Again,  to  multiply  ^/(^i)d  by  V(3)^^>  ^rft  (by  the  Rule  in  the  foregoing  5^5. 3.)' 
I  reduce  them  to  ^'(6)ddd  and  which  multiplied  one  into  another,  give 

j^(  6)dddaabb  for  the  Produa  required.- 

2.  When  any  Surd  Root  is  to  be  multiplied  into  it  felf  according  to  the  Index  of  its 
own  Power,  viz.  if  a  furd  Square  Root  be  to  be  fquared,  or  a  furd  Cubick  Root  be  to  be 
cubed  -  caff  away  the  Radical  fign ,  and  take  the  number  or  quantity  remaining  for  the 
Produd  fought,  which  in  this  cafe  is  alwayes  Rational :  as,  to  multiply  V5  into  it  felf, 
I  caff  away  the  Radical  fign  V,  and  take  5  for  the  Produd,  or  Square  of  V5  ;  (fo^.VS' 
into  V  9  makes  V^5i  that  is,  ^.)  Likewifeyhe  Square  of  y8  is  8,  and  the  Square  of  V4  4* 

In  like  manner,  to  multiply  V(3)5  into  it  felf  cubically,  I  take  5  for  the  Prod ud, 
to  wit,  the  Cube  of  VCs))  :  V(3)5  into  VC3)5  niakcs  VCs)^^  and  this  again 

into  V(3)5  produceth  VC3)t2  5»  that  is,  ^.) 

Again,  V(4)t^  multiplied  into  it  felf  biquadratickly ,  produceth  12  .  for 
into  V(4)i^  maketh  V(4)  1 44,  (which  is  the  Square  of  v(4)»'^  0  then  V(4)t44  again 
ihto  V(4)t^  makes  V(4)i7i^,  (  which  is  the  Cube  of  vr4)t2  i)  laftly,  V(4)i7^S 
again  into  V(4)t2  produceth  V(4)i 0736 ,  that  is  12  .  which  is  the  fourth  Power  of 
V(4)  1 2 ,  the  Root  pfopofed. 

The  like  is  to  be  done  in  Surd  quantities  expreft  by  Letters;  as  ^ ah  be  to  be 

multiplied  into  it  felf,  or  fquared,  I  caff  away  the  Radical  fign,  and  write  ab  for  the  Produd 
dr  Square  of  ^/ab.  Likewife,  if  ‘\/(^^')bcd  be  to  be  multiplied  into  it  felf  cubically ,  the 
Produd  or  Cube  thereof  will  be  bed. 

3.  When  a  Surd  quantity  is  given  to  be  multiplied  by  a  Rational  quantity ,  reduce 
.the  Rational  into  the  form  of  a  Surd  of  the  fame  kind  with  the  given  Surd,  (  by  the  fore¬ 
going  Rule  in  Se5i.  2.  )  and  then  multiply  according  to  the  firft  Role  of  this  fourth 
Sedion;  as,  to  multiply  V8  by  2,  I  firft  reduce  2  to  V4,  then  V 8  into  V4  gives  V3  2,  the 
Produd  defired :  likewife  V7  multiplied  by  5,  that  is,  by  V2  5>  gives  the  Produd  Vi  7^. 

Again,  if  V(3)^  to  be  multiplied  by  2,  I  reduce  2  to  V(3)8>  (  by  multiplying 
z  into  it  felf  cubically  j)  then  v(3)^  multiplied  by  V(3)^  j  gives  v(3)48  for  the 
Produd  defired. 

Like- 
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Likewife  v(4)8  multiplied  by  5,  that  h,  by  v(4)^2  y,  gives  V(4);ooo  for  the  Product 
fought.  . 

After  the  fame  manner  ,  to  n:ultiply  the  Surd  quantity  ^/a  by  the  Rational  quantity  b  ' 
J  firft  reduce  b  to  .Jbb ,  then  into  ^bb  makes  ^abb  the  Produdt  fought;  likewife^ 
V(0^  in^o^n^ak^s  ^/(s')abbb,  (  b  being  firft  reduced  io^/(^^)bbb.  )  * 

Again,  >y/5  into  gives  the  Produft 

4.  But  when  a  Surd  quantity  is  given  to  be  multiplied  by  a  Rational  quantity,  it  will 

oftentimes  be  very  convenient  to  omit  their  multiplication,  and  only  to  conned  them  fd 
as  that  the  Rational  quantity  may  ftand  on,  the  left  hand  of  the  given  Surd,  to  fignifie 
the  Produd  of  their  multiplication  •  as,  to  inaltiply  ^8  by  2, 1  write  2>v/8  for  the  Produft, 
which  fignifies  twice  the  fquare  Root  of  8.  Likewife  20^5  reprefents  theProdud  of 
the  multiplication  of  ^3  hy  zo ,  viz.  it  imports  ^3  to  betaken  20  times .  which  amounts 
to  as  much  as  found  out  by  the  preceding  third  Rule  of  this  vScd’ion. 

Again,  fignifies  the  Produd  of  ^7  multiplied  by  f  ,  (or  f  by  -v^7  .  )  and 
denotes  the  Produd  of  f  multiplied  into  Vf,  (or^f  intof ;)  alfo,  4  into  20^3  makes 
8ov/3,  that  is,  taken  four  times.  Likewife  2^(^)6  fignifies  twice  the  Cubick  Root 
of  6,  and  is  of  equal  value  with  ^(3  )48  •  likewife  |•v'(3  )8o  denotes  the  Produd  of  the 
Cubick  Root  of  80  multiplied by  |•,or|■of  V(3)8o,  which  is  equivalent  to  V(  3  * 

and  3VCO)  multiplied  by  d  makes  i  8-^(3) 5,  that  is,  ^/(^')^9l6o.-  \ 

The  like  may  be  done  in  Surd  quantities  expreft  by  Letters.  As7  if  be  to  be 
multiplied  by  I  write  to  fignifie  the  Produd alfo,  5  into  makes  5  .  and 

cinto^V'**,  gives  the  Produd  cb^/a-^  likewife,  4^  into  ^3  makes  qizy/3. 

Again ,  if  ^ah  be  to  be  multiplied  by  ^  — d,  the  Produd  may  be  expreft  thus/ 
b  —  dx.^aby  or  thus,  b  —  d^ab. 

Alfo ,  if  ^(3  )1^  be  to  be  multiplied  by  i,  the  Produd  may  be  expreft  thus,  d^,/  '(3M 
^  c 

V(3)^  into  y ,  makes  ^^'(3)4,  which  is  equivalent  to  ■^/(^'^')abbb. 

5.  Vv  hen  two  Rational  quantities ,  whether  they  be  equal  or  unequal ,  are  multiplied 
feverally  into  one  common  furd  fqilare  Root ,  according  to  the  method  in  the  preceding 
fourth  Rule,  and  it  is  defired  to  multiply  thofe  Produds  one  into  the  other,  (  which  Produds 
are  called  Commenfurable  quantities ,  for  the  reafon  hereafter  given  in  7.  )  multiply 
the  Rational  by  the  Rational,  and  that  which  is  produced  multiply  by  the  faid  comniori 
Surd,  omitting  its  Radical  fign  ;  fo  the  laft  Produd  is  that  which  is  fought,  and  wiill  be 
entirely  Rational. 

As,  for  example,  to  multiply  3^5  by  I  multiply  3  by  2,  and  the  Produd  ^  by  5-, 
fo  it  makes  30  j  which  is  the  Produd  of  3^/5  multiplied  by  2  >^75,  (or  of  -v/4?  into-v/20,) 
Likewife,  2^3  multiplied  by  2v'3,  (  viz.  the  Square  of  2^3,)  makes  12  ;  and 
20^3  into8V3  makes  480,  (  by  multiplying  20,  8  and  3  one  into  another  continually  ;) 
again,  f^iz  into  5'V'i2,  prodneeth  160.  '  ’ 

After  the  fame  manner,  to  multiply  by  h^/c^  I  multiply  a  by  h,  and  the  Produd 
rf^y  c ;  fo  there  arifeih  abc  for  the  Produd  fought.  The  Reafon  of  this  Rule  is  evident, 
for  (that is, multiplied  into  (that is,  b^c)  makes  ^uMcc ^  that  is  Ahc\ 
as  before. 

In  like  manner,  5  V^into  produceth  25^  ,  to  wit,  the  Square  of  and 
into  gives  the  Produd  iQAab:  alfo,  <^adizd  multiplied  by  ^A^izdf  produceth 
1  Sodhd. 

But  here  is  to  be  noted ,  that  this  fifth  Rule  of  multiplication  takes  place  only  when  the 
common  furd  Root  into  Which  Rational  numbers  are  multiplied  is  a  furd  fquare  ftoot  j  fo  that: 

4^/(3)5  be  to  be  multiplied  by  2  vr 3)Sy  the  faid  fifth  Rule  will  be  in€ffedive,*and  the 
Produd  is  to  be  found  out  by  the  following  fixth  Rule. 

6.  When  tvvo  Rational  quantities,  whether  they  be  equal  6r  unequal,  are  multiplied 
into  two  unequal  furd  Roots  of  the  fame  kind  ,  or  into  one  common  Surd  above  the  quadra- 
tick  kind  ,'  according  to  the  method  in  the  foregoing  fourth  Rule  of  this  Sedion  ,  and  it  is 
defired  to  multiply  thofe  Produds  one  into  another  5  multiply  the  Rational  by  the  Rational,' 
and  the  Surd  by  the  Surd,  and  joyn  chefe  Produds  together,  fo  as  the  Rational  Produd  may 
ftand  on  the  left  hand  j  then  thofe  twio  Produds  fo  connedf  ed  fiiall  be  the  Produd  fought. 

As,  for  example,  to  multiply  ^y^8  by  ay' 3  ,  1  multiply  5  by  2,  and  the  Produd  is  10  . 
alfo,  -v/8  into  y'3  make  V 24 ;  then  thofe  two  Produds  conneded  make  10^24,  (  that  is, 

D  d  ^2400,) 
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^/240C,)  the  Prodiid  fought.  In  likemanner^  2^8  into  2  V3  makes  4^24,  that  is,  V584. 

Again,  2o\/s  rouliiplied  by  1 8\/3  produceth  and  S-v/a 7  into  2^3  makes 

j6V^i,  that  is,  144*  alfo,  5V(3)4  mto  3>s/(5)5  produceth  that  is, 

V(3)337^;  likewife,  4V(3)5  2V(3)5  maketh  8^(3)^ 5 }  and  3^(4) 5  into 

2v'(4)65naakestj\/(4)30' 

After  the  fame  manner ,  to  multiply  4  into  g\/ad-^  firfi ,  I  multiply  4  by  and 
it  makes  ag  j  then,  ^bc  into  Ajad  produceth  ^hcad-^  laftly,  ag  into  ^bcad gives  ag^/bcadf 
the  Product  fought. 

Likewife,  2  unjltiplied  by  ic^/bc,  produceth  6c^abhc  and  'i^a.  into  2-/^  makes 
^^ab. 

Alfo,  ^‘^^ddd  multiplied  by  gives  thePiodu£l:  ab^/aeddd;  and 


^c 


into  makes  bc^/i^)ddf-  again,  into  VC3>  makes  ab^Q-^yc, 

7.  When  a  fimple  Surd  quantity  whofe  Radical  fign  hath  for  its  Index  l^ome  even 
number  greater  than  2  is  to  be  fquared ,  prefix  a  Radical  fign  whofe  Index  is  half  the  given 
Index,  before  the  Power  of  the  given  Surd  ;  fo  fliall  this  new  Surd  be  the  Square  of  that 
given.  As,  if  l/(4)5  be  to  be  fquared  or  multiplied  into  itfelf,  take  V(i)5j  or  V5>  for 
the  Square  or  Produft  fought :  likewife,  the  Square  of  V(^)io  is  V(3)io*  andV(8)io 
into  V'(8)io  makes  ^(4)10. 

After  the  fame  manner,  to  multiply  VU)bc  into  it  felf  quadratickly,  I  write  V('^)bc^ 
or  for  the  Produdf,  or  Square  of  V(4)^c:  likewile,  the  Square  of  V(8)ic^c 
is  v(4)iok:  and  V(io>  into  V(io>,  makes  V(3>:  moreover,  2aby/C^)d  into 
3V(4y  makes  6ab^d‘^  for  zab  into  3  makes  6abj  and  V(4)^  i^^ing  fquared  makes  v(^)^ 
or  \/d. 

But  when  a  fimple  Surd  quantity  whofe  Radical  fip  hath  for  its  Index  fonie  ternary 
number  greater  than  3  ,  as  6 ,  9 ,  &c.  is  to  be  multiplied  into  it  felf  cubically ,  prefix 
a  Radical  fign  with  an  Index  that  may  be  a  third  part  of  the  given  Index  before  the  Power 
of  the  given  furd  Root ,  fo  (hall  this  new  Surd  be  the  Cube  of  that  given  :  As ,  if  ^(6 364 
be  to  be  multiplied  into  it  felf  cubically  ,  then  -v/(2)^4  ^^4  fought  j 

likewife,  the  Cube  of  V(9)ji ^  is  VC3)n^- 

More  Examples  to  exercife  the  precedent  Rules  of  Multiplication 

in  fimple  Surd  Numbers. 


Multiply 

by 

Prodnfl 


V40 


V(3)4 

Vh)7 

V(3)^8 


V(4)8 

V(4)^ 

^(4)1  <5  ,  that  is  ]  z. 


Multiply 

by 

V32 

V3i 

S 

Multiply  thefe  three  continually,  <  V(3)so 

C  V0)3o 

Produd: 

32 

50 

Multiply 

by 

V27 

6 

12 

\/(3)3- 

/ 

Produ£l 

6^17.,  or,  V972 

iii/(3)5  5 

or,  V(3)8<^4o 

Multiply 

by 

18V5 

4V5 

a4-v/6|' 

sV^s  i 

6^7 

f>/3 

Produft 

360 

76s 

30y/ll 

Multiply 

by 

3  that  is  5  ‘V('5)5ii 

V(3)4S  ’1  V(«)I6 

4V5 

Ws 

Produd:  . 

•  •  •  » 

80 

Multiply 

by 

4 

i2V(3)4 

V(4)i2 

v(4)i^ 

Produd 

Icy'S 

3oV(3)4 

Vli  

t 


Afor  e 
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JlJore  Examples  to  cxerdfe  the  precedetit  Rules  of  Multiplication  in  fmpk 

Surd  Quantities  expreji  bp  Letters^ 


Multiply 

by 

* 

Produd 

^  ^  (5  j  Of  ^  6  ^ 

-v/ ^  aabc ,  or ,  2  a^bc. 

Multiply 
''  by 

7 

that  is 

.  1 

\/(6)aaa 

^J{6'^aaAA 

Prociud 

•  •  •  •  • 

1 

•  •  • 

•  • 

Multiply 

by 

fd'i-jaA 

C  \/(s)aa 

Multiply  thefe  three  continually, 

Produd 

I'jaa 

aa 

'  Multiply 
by 

^ibc 

2 

■  ! 

■  V(3)s« 

Produd 

2  y'  3  or,  y'  1 2 

y  ^V'(  3  )2  or,  y'(  3  )  2  y  oabbb. 

Multiply 

by 

3V5 

zb^S 

I^Jhc 

r\.^Jhc 

^a,^bc 

\b^/bc 

Produd 

}cab 

2  %bc 

2  ahhe. 

Multiply 

}ay/s 

A 

by 

2 

b.^6 

"  v''/ 

2C 

Produd 

1  'y^/aabc 

1  6ab^}  0 

1  abd. 

The  certainty  oF  the  firfl  Rule  of  this  fourth  Section,  (upon  which  all  the  reft  depend) 
for  the  multiplication  of  two  fimple  Surd  numbers  of  the  fame  kind,  may  be  Demonftrated 
in  manner  following.  Firft,  let  there  be  two  fquare  Roots  given  to  be  multiplied,  fuppofe 
V 5"  andy'g,  then  (  by  thefaid  Rule)  the  Product  of  their  Multiplication  is  ^/l‘)  •,  now 
we  muft  prove  that  y'l  5  is  the  true  Produft  of  ninltiplicd  by  y'3. 


Demonliration, 


^3 


n 

1 


}>  Produfl, 

J  Square  of  the 
/  Produ6f. 


By  the  Definition  of  Multiplication,  > 
thefe  are  Proportionals,  'Viz,.  5 
Therefore  their  Squares  Ihall  be  alfo 
Proportionals ,  (  per  22.  prop. 

6:  Elem.  Euclid.)  viz..  .  . 

But  thefe  are  Proportionals ,  (per? 
ip.prcp.  j.  Elm.ExxzMA.')  .  .> 

therefore,  from  the  two  laft  Analogies,  i  y  is  equal  to  the  Square  of  the  Product  •  and 
ionfequently  Vi  5  the  Produft  of  y'5  into  ^3  •  which  was  to  be  proved. 

Likewife  in  Cubick  Roots,  if  ■v/(3)S  be  to  be  multiplied  by  VC3)4j  Produ(5t 
(by  the  fame  Rule)  is  v'(  5)  20,  For, 


If- 


By  the  Definition  of  Multiplication,  1 
thefe  are  Proportionals,  viz,.  ^ 
Therefore  their  Cubes  are  alfo  Pro¬ 
portionals, (  per  prop,}  7.  Elem.  1 1 
Euclid. )  viz..  .... 

But,'  as . '  .  .  .> 


V(3)f  V(3)4  -  > 


f 

D'd 


4 

4 


5  Cube  of  the' 
C  Product. 

20. 

There- 
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Therefore  ^o  is  equal  to  the  Cube  of  the  Produd  ;  and  confcquently  the  cubick  Root ' 
of  zc,  to  wit,  V(3)zo  is  the  Product  of  V(3)5’  multiplied  by  v/(3)4;  which  was  to 
be  proved.  ^ 

Moreover,  becaufe  {\yy  SeEi.  \i.Chap.  if  four  numbers  be  Proportionals,  their 
fourth  Powers,  fifth  Powers,  are  alfo  Proportionals,  this  Demonfiration  may  be 
extended  to  prove  the  certainty  of  the  faid  Rule  for  multiplying  any  two  fimple  Surd 
numbers  (Jf  the  fame  kind. 


,  '  V.  Divipou  in  fimple  Surd  ^ entities. 

As  before  in  Multiplication  ,  fo  here  in  Divifion ,  if.  the  given  Surd  Roots ,  to  wit ,  the 
Dividend  and  Divifor  be  not  of  the  fame  kind,  they  raufi  be  reduced  to  a  common  Radical 
.  fign  by  the  preced.ing  3.  Then, 

1 .  Divide  the  Number  or  Quantity  folloVving  the  Radical  fign  of  the  Dividend ,  by  the 
Number  or  Quantity  following  the  fame  Radical  fign  of  the  Divifor ,  without  any  regard 
to  the  Sign,  and  to  the  Quotient  prefix  the  faid  common  Radical  fign  .  fo  this  new  Root 
lhall  be  the  Quotient  fought.  _  ,  . 

■  ,  '  As ,  for  example ,  to  divide  V 1 5  by  V  3  i  J  divide  1 5  by  3 ,  and  there  arifeth  y  before 

which  I  prefix  V,  (  the  Radical  fign  common  to  the  given  Surds,)  fo  ^5  is  the  Quotient 
fought. 

Likewife,  if  ^30  be  divided  by  ^^5  ,  the  Quotient  is  ^6, 

Alfo ,  divided  by  gives  the  Quotient 

And  or  divided  by  zf,  or  f  ,  gives  the  Quotient  zf. 

•  Again,  divided  by  gives  the Qnot'icnt  -vf(3)4r^f  divided  by  y 

gives  4,  bstore  which  fening  ^(3 )  the  Radical  fign  belonging  to  each  of  the  given  Surds, 
there  arifeth  V('^J4  the  Quotient  fought.  ^ 

Likewife  vC4)y’ divided  by  ^(4)2*  gives  the  Quotient  v'(4)3^-‘ 

Moreover,  if  V(^)45bo  be  given  to  be  divided  by  v(z)5  ,  the  Quotient  will  be“ 

•  '  VC3  }  for  firft  ,  the  given  Roots  being  of  difierent  kinds  are  reduced  to  chefe  ,  to  wit, 

V(6)45oo  and  then  by  dividing  ^(6)4500  by  there  arifeth' 

,  whofe  fquare  Root  being  extraaed  ,  (  becaufe  3 <5  is  a  fquare  number,  and  the 
Index  (6)  an  even  number,  )  it  gives  Vf  3  )5  for  the  Quotient  fought 

After  the  fame  manner,  Divifion  is  perform’d  in  fimple  Surd  Quantities  expreft  by  L  etters:’ 

As,  to  divide by  Vf*  j  I  divide  alf  by  a  and  there  arifeth  then  fctcing  ^  before^, 
it  gives  for  the  Quotient  fought ;  to  wit,  the  Quotient  that  arifeth  by  dividing  by  ^/a,' 

;  Alfo ,  divided  by  gives  the  Quotient 

■  .  .  .  .  ^ 

Likewife,  \/abcd  divided  \iy  ab  gives  the  Quotient  xjed. 

Alfo  ,  divided  by  gives  the  Quotient 

Again,  to  dmde  y^yddaabb  by  1  firft  reduce  them  to  ^/(^6)dddaabb 

x(^(>)aabb  ^  then  I  ddfidt  ^^'(6^dddaabb  hy  (^6^ aabb^  and  there  arifeth  ^/(6)dddi  that  is 
‘  for  the  Quotient  fought,  ^  * 

I  z.  When  a  Rational  number  or  quantity  is  to  be  divided  by  its  fquare  Root,  that 

^  Root  is  the  Quotient  ,*  as ,  if  5  be  divided  by  its  fquare  Root ,  to  wit  by  w  e ,  the  Quotient 

will  be  Vy  ••  alfo,  8  divided  by  gives  yg  for  the  Quotient.  ^ 

In  like  manner  if  the  quantity  be  be  divided  by  its  fquare  Root,  to  wit,  hy  J be  the 
Quotient  will  be  ^  bc  •  and  54  divided  by  ^54,  gives  the  Quotient  y  54.  ^ 

3.  When  a  Surd  number  or  quantity  is  to  be  divided  by  a  Rational  number  or  quantity’ 
or  a  Rational  ntiraber  or  quantity  by  a  Surd .  reduce  the  Rational  into  the  form  of  a  Surd, 
(by  Sea.  2.  of  this  Chapt.  J  and  then  divide  according  to  the  firft  Rule  of  this  Sea.  5. 

As,  todivide  ^32  by  2,  I  firft  reduce  2  to  ^4;  then  by  dividing  v'32  bvv^4,  there 
arifeth  ^/S  for  the  Quotient. 

Likewife  Vi  75  divided  by  y^  that  is,  V2  5>  gives  the  Quotient  Vz* 

Alfo  12,  that  is,  Vi44j  divided  by  y3  gives  the  Quotient  V4^* 

^  Again  ,  if  VCO4S  be  to  be  divided  by  2  ,,  1  firft  reduce  2  to  V(3)8  •  then  by  dividing 
V(3)48  by  V(3)8,  there  arifeth  V(3)6  for  the  Quotient  fought ;  alRi,  V(4)5coo  divided 
by  5 ,  ( that  is,  by  )  gives  the  Quotient  V(4)8,  .  .  " 

After 


4 


chap.  9.  The  Arithmeiick^of  Surd  Qiuxntitks, 


'1 1 


After  the  fame  manner,  to  divide  the  quantity  hy  I  firff  reduced  to  >^hh  ^ 
and  then  by  dividing  s' Ah  by  s  hb  ,  there  arifeth  ya  the  Quotient  fought.  Again’ 
V'qSaadividedby  thatisby  v'ldaa,  gives  the  Quotient  ^3.  Alfo  JC^'^abhh  divided’ 
by  that  is  by  gives  the  Quotient  v'(3V*  ^ 

Likewife,  to  divide  the  Rational  quantity  —  by  ^{f)hhcc  i  I  firfi  reduce  — 


to 


^  hhhccc 

k  ' 


hhhccc 


a 


Aii]- - )  then  I  divide  \/(3) -  by  V(3)^^cc,  and  there  arifeth  v'f:! 


or 


\K^)bc 

a 


he 


the  Quotient  fought. 


4.  When  the  Produft  of  a  Rational  number  or  quantity  multiplied  into  a  Surd  Dumber 

or  quantity  is  to  be  divided  by  the  fame  Surd  ,  the  Quotient  will  be  the  faid  multiplying? 
Rational  number  or  quantity.  As ,  5^/3  divided  by  ^3  gives  the  Quotient  v  •  alfo^ 
2 oV( 3)4 divided  by  v,(  3)4  gives  the  C^otient  20.  ’  ^ 

In  like  manner  ,  divided  by  gives  the  Quotient  and  4V(3)i2  divided 
by  VCb  j  1 2  gives  the  Quotient  4^. 

5.  When  the  Dividend  and  DIvifor  are  the  Produfts  of  two  Rational  numbers  or 
quantities  multiplied  feverally  into  one  common  Surd ,  according  to  the  fourth  Rule  of 
Multiplication  in  SeU;.^.  (which  Produfts  are  called  Commenfurable  Surd  Roots,  as 
hereafter  will  appear  in  Schi.  7.  of  this  Chap.  )  divide  the  Rational  part  of  the  Dividend 
by  the  Rational  part  of  theDivifor,  and  that  which  arifeth  fliall  be  the  Quotient  fonaht. 
As,  for  example,  to  divide  6^3  by  2^3, 1  divide  d  by  2,  and  there  arifeth  3  the  Quotient 
fought;  (for  z-y/y  multiplied  by  5,  produceth  Cis/^.) 

Again,  divided  by  1^/6  gives  the  Qiiotient  or  2^. 

Alfo ,  ^^/6  divided  by  5  s/^  gives  the  Quotient  f  ;  and  2  V!)-  divided  by  2  Vy,  gives  the 
Qiiotient  i .  , 

So  alfo  8V(3)7  divided  by  4^(3)/,  gives  the  Quotient  2!  and  37(4)5  divided 
by  47(4)5,  gives for  the  Quotient. 

In  like  manner,  to  divide  ^^77  by  2^77  •  I  divide  4a  by  2d,  and  there  arifeth  2, 
the  Quotient  fought;  (for  2^77  into  2  produceth 4^77  alfo,^37^  divided  by  57^ 

gives  the  Quotient  ^  ;  and  2  divided  by  2  7^; ,  gives  the  Quotient  ij  ' 

Again,  c^73^  divided  by  3^*73^  gives  the  Quotient  f. 

And  yahs/'^dd  divided  by  3^7(3)^^^,  gives  the  Quotient  ^a. 

6.  When  the  Dividend  and  Divifor  are  the  ProduiRs  of  two  Rational  numbers  or 

quantities  multiplied  into  two  unequal  Surd  numbers  or  quantities ,  according  to  the  fourth 
Rule  of  Multiplication  in  the  preceding  SeB.  4.  (  which  Products  are  called  Incommenfurable 
Surd  Roots,  as  hereafter  will  appear.)  divide  the  Rational  part  of  the  Dividend  by  the 
Rational  part  of  the  Divifor,  and  the  Surd  part  by  the  Surd  part,  then  conned  the 
Quotients  fo  as  the  Rational  quotient  may  (land  on  the  left  hand  ,  and  this  new  quantity 
Ihall  be  the  Quotient  fought.  ' 

As,  for  example,  if  47^5  be  divided  by  2  7y,  firfl  I  divide 4  by  2,  and  there 
arifeth  2  .  -slfo  I  divide  71  y  by  75,  and  there  arifeth  73 :  then  chofe  two  Quotients 
joyned  together  make  273  (  or  7*  tbe  Quotient  fought. 

In  like  manner  471  ^  divided  by  372  gives  the  Quotient  f7<5;  for  4  divided  by  3, 
(^5  Wit;  the  Rational  by  the  Rational,  j  gives  f  ;  and  7*2  divided  by  72,  ( to  wit,  the 
Surd  by  the  Surd,  j  gives  76  :  then  by  joyning  together  thofe  two  Quotients  there  arifeth 
1=7 137^,  )  for  the  Qu^otient  fought. 

Agam,  277  ^ivide4  by  375  gives  the  Quotient  f 7,  j  and  273  divided  by  2  7y 
gives  the  Quotient  i7i,  or  7f. 

Likewife  to  divide  47(3  )64  by  27(3)8,  I  divide  4  by  2,  and  it  gives  2;  alfo,  7(^54 
divided  by  7(3)8  gives  3)8  ;  then  thofe  two  Quotients  joyned  together  make  27(3)', 
that  is  4,  the  Quotient  fought.  Moreover,  57(3)-o  divided  by  37(3)4  S’ves  the 
Q.uotient  1-7(3)). 

After  tbe  fame  manner,  ^as'fh  divided  by  2^7/ gives  the  Quotient  27^5  for  44 
divided  by  24  gives  2  •  and  7j4'  divided,  by  v/  gives  y  h  y  then  connedfing  thole  two 
Quotients  there  arifeth  27^  for  the  Qiiotient  fought. 

So  alfo;  ^4^7c^f  divided  by  6a^df  gives  the  Quotient  ^7-^* 
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And  divided  by  ,  gives  the  Quotient 

The  Detnonflration  of  the  aforefaid  firft  Rule  of  Divifion  (  which  is  the  Rife  of  all  the 
reft)  may  be  foimed  like  that  of  Multiplication  in  the  preceding  Se^.4,  if  there  be  laid, 
as  a  ground- work  ,  this  Analogy  ;  viz..  As  the  DRifor  is  to  1  (or  Unity  ,)  fo  is  the 
Dividend  to  the  Quotient.  But  waving  the  Demonftration,  I  ftiall  give  more  Examples 
of  Divifion  in  fimple  Surds,  both  in  Numbers  and  quafiticiesexpreft  by  Letters. 


^  "  More  Examples  to  exercife  Divifion  in  fiwpk  Surd  Numbers, 


Dividend 

Divifor 

Quotient 

Viiy 

or,  VCO^f 
V(0  3r,or,  V(Oi 

✓(4)»5^ 

V(4)'« 

1 -  -  ^ 

1  8 

VCs)  4t>  or,  v^Cs)-1 

_  2 

Dividend  ' 
Divifor 

V(ii)5iz5? 
v/(4)^  1 

V( <5)8192 

Quotient 

•  r  •  •  • 

..  .  V(i'i)4950i',V(6)7 

V'(3)4 

Dividend 

1 2 

5V8 

Divifor 

Vi  i 

V8 

^(3)25 

Quotient 

Vi  2  • 

5 

16 

Dividend 

V(3)<5S6 

V(5)233^8 

Divifor 

si 

Si 

6 

Quotient 

V^O 

V(3)i<^ 

V(5)3 

Dividend 

20VI4 

fV^o 

sVCs)3 

Divifor 

2  V14 

rfV^o 

2VO)  3 

.Quotient 

10' 

5 

1  Lot 

>  21 

Dividend 

1 5  Vi  S 

3V8 

^V(3)24 

'  Divifor 

3^/6 

3V3 

9VC3)4 

Quotient 

Ws 

Vf  1 

tV(3> 

More  Examples  to  exercife  Divifion  in  fimple  Surd  quantities 

expreU  by  Letters, 


Dividend 

Vi 

^(^'0]bbddd  ^ 

V(4)32^^ 

Divifor 

Vs^ 

Wh%bb 

V(4)2^^ 

Quotient 

be 

5  — 
a 

^C^ydd,  or,d 

V(4)i^,  or,  2 

Dividend  ^(6')6q'^aaaaahbbbb  )  ,  .  C 
Divifor  Aj(z')'^ab  >  ^  W 


Quotient . .  ^{b')i^Aabh.,ot.yAj{^')’)a.b 


Dividend 

Divifor 

^/Zoaaabbb 

^ab,  (or,  V I  ^aabb') 

^bedd  (  or  ,  .y/Sibbccd*) 

Ajzqbed 

Quotient 

.^^ab 

V  3  beddd 

Dividend 

be 

2d^Jff)bb 

Divifor 

a/ be 

Vdf 

^J(^f)bb 

Quotient 

1 

> 

r 

h  \ 

zd 

Dividend 
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Dividend 

ii^/dc 

a 

Divifor 

3  ^/dc 

V(3)/ 

Quotient 

4 

bb 

a 

a 

i 

Dividend 

zbe^sjd 

bx/af 

6aai/(^^)bbbd 

Divifor 

c/f 

2aVi3)d 

Quotient 

a 

c 

3^b. 

Note.  By  the  help  of  Division  *  Surd  quantities  may  oftentimes  be  reduced  into  others 
more  limple ,  which  being  a  very  ufeful  work ,  I  lliall  explain  it  in  the  next  Seftion. 


Sedf.  V  L  How  to  reduce  a  Surd  quantity  to  another  more /tmple^ 

when  it  may  be  done. 

When  the  Power  of  a  Surd  quantity ,  the  Radical  fign  being  omitted ,  can  be  divided 
jufi:  without  any  Remainder ,  by  a  Power  which  hath  a  Rational  Root  of  the  fame  kind 
with  that  which  is  denoted  by  the  faid  Radical  fign  j  then  divide  the  Surd  quantity  pro- 
pofed  by  that  Rational  Root ,  and  prefix  this  Root  before  the  Quotient  :  fo  you  have 
a  new  Surd  quantity  equal  to  that  propofed ,  and  in  more  firaple  Terms. 

As,  if  be  propofed,  becaufe  63  may  be  divided  by  the  fquare  number  9  without 
any  Remainder ,  I  divide  ^6^  by  3?)  it  gives  the  Quotient  VTj 

before  which  1  fet  the  Rational  Divifor  5 ,  and  it  makes  5  V7,  (  that  is  3  into  the  fquare  Root 
of  7,  or  thrice  the  fquare  Root  of  7 , )  which  is  equal  to  propofed;  (for 

the  Quotient  ^7  multiplied  by  the  Divifor  3  makes  the  Dividend  ;)  fo  that  inftead 

of  ^  write  3^7*  n  r  r  • 

Likewife,  inftead  of  we  may  write  5V2,  (which  fignifies  five  tirdes  the  fquare 
Root  of  z  .)  for  in  regard  50  divided  by  the  Square  2  5  gives  2,  I  divide  V>oby  1/25, 
that  is,  by  5- ,  and  the  Quotient  is  •  and  becaufe  every  Quotient  multiplied  by  the 
Divifor  prodiiceth  the  Dividend  :  Therefore  5  equal  to  the  Dividend  ^50. 

After  the  fame  manner,  inftead  of  or  we  may  write  fVs ;  for 

2 

divided  by  the  fquare  number  gives  the  Quotient  3  ;  and^confequently,  divided 
by  that  is  by  t,  gives  the  Quotient  Vs  :  Therefore  |v'3  ^ball  be  equal  to 

or 

Again,  inftead  of  ^(3)40,  we  may  write  2^(3))  >  (which  fignifies  twice  the  cubick  Root 
of  5.)  for  40  divided  by  the  Cube  8  gives  the  Quotient  y ;  and  confequently,  VC.Oq® 
divided  by -/(3)8,  that  is  by  2,  gives  ^(3)3  :  Therefore  2^(05  lhall  be  equal  to  ^(3)4°* 

Likewife  for  V(3)^f>  (  or  ,)  we  may  write  tV^(3)z ;  for  divided 

by  the  Cube  H  gives  2  ;  and  confequently  v'(3)^s  divided  by  1/(3)^^,  that  is  by 
will  give  V(3)2:  Wherefore  tv(3)^  Iball  be  equal  to  VC3)^«- 

The  like  Operation  is  to  be  done,  in  reducing  Surd  quantities  expreft  by  Letters  to  others 
more  Simple:  as,  if  ^75^^  be  propofed  -  Forasmuch  as  754^  divided  by  theSquare 
2  gives  the  Quotient  3 ,  and  confequently  *j7^aa  divided  by  -y/z  j aa^  that  is,  by  will 
give  V3  }  Therefore  the  Divifor  multiplied  into  the  Quotient  ^3  ?  produceth 
equal  to  the  Dividend  ^7<yM  ;  and  therefore  inftead  of  we  may  write  5<^v^3* 

~  After  the  fame  manner  y' lombb  may  be  reduced-  to  ab^ i  o  •  alfo  V '^aa  10  a\/ ;  and 

to  i^v'(3)4.  .  .  ,  ,  T  f 

Again,  for  as  much  aaab aabb  may  be  divided  by  the  Square  aa  and  there  arifeth 

ab^l-^bby  and  confequently  j^iaaabr)r  aabbi  divided  by  aa  ,  that  is  by  a ,  gives  the 

Quotient  V;  ab^\-  bb  :  therefore  a  into  V-’  -1-*  bb ;  thall  be  equal  to  :  qaab  »-|- aabb : 

So  that  inftead  of  Ji  aadb^aabb  \  we  may  write  H  into  ab^^bh  :  or  a^:  ab-^-bb  :  ^ 

Likwife/ 


-•tl,  .  *»»'»»» 
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Like  wife ,  for  zafhLc ffbbc :  we  may  write  a^\^f  into  ^/bbc^  or 

a>-\-f^bbc;  for  aabbc-\-iafbbcA--ffhbe  divided  by  the  Square  aa-\->iaf\-ff  ^ives  ^^£-,and 
confequently  laabbc  iafbbc-\-ffbbc :  divided  by  V  2^/ -{-//;  that  is  by 

a-Tf,  gives  the  Quotient  ^hbe :  Therefore  a-\~f^bbc  imports  as  much  as 
2  flfbbc  -\-fftbc  :  . 

After  the  fame’raanner,  inftcad  of  we  may  write  iii  into  J(  ' 

ob — 2 

for  fince  the  Power  of  the  Surd  propofed  is  produced  by  the  multi- 
plication  of  ^  into  the  Cube  whofe  cubickRoot  is  and  confequently 

by  that  is  by  ~  gives  the  Quotient  V(  3)^: 

Therefore  ^^^11  be  equal  to 

2’  b—a  ''6b  —  %A 

Soalfo,  for  ,  we  may  write  ;  for,  if  the 

Power  of  the  Surd  propofed  be  divided  by  the  Square  the  Quotient  will  be  oo-\-^mf» 


or  ^V(3)^ 

2  o~~a 

a 


and  confequently,  if  the  Surd  propofed  be  divided  by  ;  that  is  bv-^—  the 

_  ^  pz,  * 

Quotient  will  be  y' :  00 -\~  ^mp :  Therefore  the  Divifor  — ^  multiplied  into  the  Quotient 

pz, 

v':  CO -[- qwp  ;  (viz.  -^y';  00  ^[- :  )  denotes  as  much  as  /.  ^aammmp . 

vpzz, 

the  Surd  propofed. 

Likewife  ,for  may  write  ^^:oo~]-^mp : 


a 


But  wjien  a  Squire,  or  Cube,  &c.  by  which  the  Divifion  neceffary  to  fuch  Contriaion 
IS  to  be  performed ,  cannot  be  readily  difeerned,  firft,  (by  the  Rules  of  the  preceding 
eighth  Chapter )  fearch  out  all  theDivifors  of  the  Power  of  the  Surd  quantity  propofed, 

and  then  fee  whether  any  of  them  be  a  Square  or  Cube,  efc.  to  wit,  fuch  a  Power  as  the 

Radical  lign  denotes,  which  if  you  find,  you  may  ufe  in  the  aforefaid  manner  to  free  the 
ourd  quantity,  in  part,  from  the  Radical  fign. 

As,  if  V288  be  propt^fed,  bccaufe  among  the  Divifors  of  288  there  are  found 
tic  Square  numbers  q,9, 16,  3^  2nd  144,  which  dividing  288  will  give  the  Quotients 

72,  52, 1  8,8  and  2  j  inftead  of  1/288  we  may  write  2^72,  or  3^3  2,  or  4^1  8,  or  64/8. 
or  laltly,  12^2.  _  j-v  j  ,  v 

Jn  like  manner,  if  V:  ^^^^b  ^abb :  be  propofed  ,  becaufc  among  the  Divifors  of  the 
quantity  aaab-\-aM,  there  is  found  the  Square  aa,  the  faid  ^ x  Aaab  adb  i  may  be 
reduced  to  :  aa  H-  bb  :  as  before. 

^  Again ,  for  as  much  as  a^b  —  aabb  +■  ladc  abcc  —  ab^  bbcc  —  ib^c 
IS  produced  by  the  multiplication  of  4^-  bb  into  the  Square  aa-]--  —  zlb^ 

pAc-^bb,  whofe  Root  is  4^-c  —  b  ,  we  may  inftead  of  a^b  —  aabb  -^aabc H- 
abcc^  ab^  -[-bbcc  ~  2  b'^c  +  b^ ;  write  'a-\~c.~b  into  y'r^H-^^;  or  a-\-c^b  J:ab-\-bb’, 
Kewife,  bccaufe  among  the  Divifors  of  i2ooaabb  there  are  found  the  Squares  Aaabb, 
leaabb.z^aabb,  looaabb  and  ^ooaabb  y  which  dividing  the  faid  1 2004^^^,  will  give  the 

QuotientS3oo,75,48,i2and  3  ;  we  may  for  ^[ixooaM  write  labJxoOy  or  AabJyu 
or  54V4«,  or  loah^iz  ,  or  laftly  ,  204^3. 


Sedi.  VII.  Tvffo  Surd  Roots  being  given ,  to  find  whether  thej  be 
Commenjkrable  or  Incommenfurable, 

Commenfumble  Surd  Roots  are  fuch  whofe  Reafon  or  Proportion  to  one  anotheif 
may  be  exprelt  by  Rational  Numbers,  or  Quantities ;  and  thofe  Surd  Roots  whofe  Pro¬ 
portion  cannot  be  expreft  by  Rational  Numbers  or  C^anticies  are  called  Incommenfurablcr* 

.  •  The 
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The  Rule  to  try  whether  two  Surd  Roots  of  the  fame  kind ,  ( that  is ,  fuch  as  have  a 
common  Radical  fign, )  be  Commenfurable  or  not,  is  this  that  follows,  viz,. 

Divide  the  given  Roots  feverally  by  their  grcatefl:  Cofnmon^Divifor ,  then  if  the 
Quotients  be  Rational  Numbers  or  Quantities ,  the  Roots  propofed  are  Commenfurable  • 
but  if  the  Quotients  be  Irrational  or  Surd ,  the  given  Roots  are  Incommenfurablc. 

As,  for  example,  to  try  whether  Vl^  and  be  Commenfurable  or  not,  I  divide 
them  feverally  by  their  greateft  common  Divifor  ^3  ,  and  find  the  Quotients  and 
Vi  ,  that  is,  2  and  i  to  be  Rational  numbers ,  whence  I  conclude  that  Vi^,  that  is  aVji 
hath  fuch  Proportion  to  V?  »  that  is  iV3  j  as  2  to  i ,  viz.  as  a  Rational  number  to 
a  Rational  number  j  and  confequently  V**  and  V?  (  according  to  the  Definition  above 
given  ^  are  Coraraenfurable.  But  that  ^l^  is  to  VS-as  2  to  i,  may  be demonftrated 
thus,  viz.  It  is  evident  (by  reafon  of  the  common  Faftor  V3  ,)  that  2V3  .  iVj 
::  2  .  I,  and  (  by  Divifion  as  above,)  Vi^  =  ,  and  V3  =  iV3;  there- 

^fortiVi*  .  VJ  ^  Othervvife  thus,  J 

For  as  much  as  12  and  3  divided  feverally  by  thHr  common?'  ^  *. 

Divi/br  3  give  the  Quotients  4  and  i  ,  therefore.  As  ^  ^  ’’  ^ 

1  Wherefore  the  fquare  Roots  of  thofc  Proportionals  (ball  be?  ,  , 

^  Ptopoiftionals.alfo, Y 5.  jE/m.  Euclid  )  **  ^ 

Which  was  to  be  demonftrated,  o  ,  ,  .  v 

After  the  fame  manner,  V^^  and  VS  will  be  found  tommenfurable ,  for  the  former 
is  to  the  latter  as  3  to  2  j  to  wit,  as  a  Rational  number  to  a  Rational  number;  for 
if  Vt8  and  V^  be  feverally  divided  by  their  greateft  common  Divifor  V2,  the  Quotients 
will  be  VP  and  V4  >  that  is ,  3  and  2.  Therefore  V18  is  to  V^,>  as  3  to  2  j  and 
inftead  of  Vt8  and  V8  we  may  write  3V2  and  iV^  j  to  wit ,  the  Prodiidls  of  the 
Rational  Quotients  3  and  2  multiplied  into  the  common  Divifor  Vj.  ‘ 

Again  ,  V48  and  V75  ( that  is,  4V3  and  5V3)  are  Commenfurable,  for  the  former 
is  to  the  latter  as  4  to  5,  (  to  wit,  as  a  Rational  number  to  a  Rational  number  •)  for 
V48  and  V7J  being  feverally  divided  by  their  greateft  common  Divifor  Vs  >  give  the 
.Quotients  \/i6  and  V^J,  to  wit ,  4  and  5;  Therefore  V4^  •  V75'  •  •  4  • 

S  ••  4 Y3  •  5 Vs*  ,  ,  >  V  '1 

Moreover,  V(3)3^o  and  V(3)i 3 ^  (thatisj  4V(3)5’  and  $V(3))>)  having  fuch 
proportion  one  to  the  other  as  4  to  3  are  Commenfurable ;  for  V(3)3  2C)  and  V(3)t  35 
being  feverally  divided  by  their  greateft  common  Divifor  V(3)fj  vvill  give  the  Quotients 
V(3)(54  and  VC3)27>  to  wit,  4  and  3.  Therefore  V(3)32o  •  V(3)*55 

4  •  3  4V(3)5  •  3V(3)5-  '  .  ,  ^ 

^  So  alfo  V(4)’3  888  and  V(4)^43  (that  is;  2V(4)24T  and  iV(4)243  are  Com- 
raenfurable ,  the  former  having  fuch  proportion  to  the  latter  as  2  to  i  •  for  if  they  be 
feverally  divided  by  their  greateft  common  Divifor  v(4)^43  ,-^he  Quotients  will  be 
V(4)i6  and  V(4)t  >  wit,  2  and  i.  Therefore,  V(4)3888  ,  V(4)243 

2  .  I  ::  2V(4)^43  •  ^^(4)^3* 

If  two  Surd  Fradlions ,  or  mixt  numbers  Handing  fraflion-wife ,  be  propofed ,  and  have 
not  a  common  Denominator,  reduce  them  to  their  fraalleft  corarfibn  Denominator ,  and 
then  try  (  in  like  manner  as  before)  whether  the  new  Surd  Numerators  be  Commenfurable 
or  not,  for  if  thefe  be  Commenfurable ,  the  Surd  Fraftions  firft  propofed  (hall  be  alfb 
Commenfurable.  As,  if.  Vf  and  Vtf  be  propofed;  I  reduce  them  to  Vf f  and  V?!* 
then  I  divide  the  new  Numerators  only ,  to  wit,  V5oand  V72  by  their  greateft  common 
Divifor  V2  »  and  the  Quotients  and  Vl^  >  ^^at  is,  5  and  6  ,  are  Rational  numbers. 
Therefore  Vf  and  Vtf  brll  propofed  are  Commenfurable ,  and  the  former  hath  fuch' 
proportion  to  the  latter  as  5  to  6,  For, 


As 

ijg. 

75  • 

2*. 

7  5’  •  • 

50 

1  7‘i-  '  •  ‘ 

25  : 

3<^. 

Therefore, 

vft  • 

V  7  5  *  * 

Vjo 

.  V?^  :  • 

5  V 

6. 

And  becaiife 

Vf  = 

/is.  ‘ 

V  7  5  > 

and 

Vft  =  ' 

Jli. 

V  7  5  > 

Therefore, 

Vf  . 

/*A'  ..i 

V  a  5  *  * 

% 

d. 

> 

But  if  either  the  Numerators  or  Denominators  of  two  Surd  Fra«Rions  or  mixt  numbers 
ftanding  fradion-wife,  (the  Radical  fign  being  negleaed,)  be  Squares  or  Cubes ,  &c.  viz. 
Powers  of  that  kind  which  is  denoted  by  the  Radical  fign,  then  you  need  not  reduce  the 
furd  Fradions  to  a  common  Denominator,  but  try  whether  their  Numerators  or  Denomina¬ 
tors  be  Commenfurable  or  not :  for  if  thefe  be  Commenfurable,  the  furd  Fradions  propofed 

- Ee  .  '  ftwll 
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(lull  be  alfo  Commenfurable.  As,  if  and  vif  be  propofed  .  becaufe  the  Deno¬ 
minators  (the  Radical  fign  being  negledbed)  are  Squares,  (to  wit.  Powers  of  that  kind  which 
the  Radical  iign  denotes,  )  and  the  Numerators  Vjo  and  are Coraraenfurable  ;  (for 
if  thefe  be  divided  by  their  common  Divifor  V2,the  Quotients  are  Rational,  to  wit, 5  and  5.) 
Therefore  the  Surd  Fraftions  propofed  are  alfo  Gommenfuvable ,  and  have  fuch  proportion 
as  ^  to  (  whofe  Denominators  4  and  to  wit,  y  16  and  ^/^<y  arc  the  given  Denomina¬ 
tors,)  or  as  2  5  to  24  i  and ,  (  according  to  the  preceding  Seci,  6, )  jhe  Surd  Fraftions  pro¬ 
pofed  may  be  expreft  thus ,  and  o  r  n  r  n  l  ,  , 

When  two  Surd  Roots  propofed  be  pt  different  kinds ,  they  mult  firit  ot  all  be  reduced 

to  a  common  Radical  fign,  (  by  the  preceding  Sc^i.  3*  of  this  Chapt ')  before  the  Rules  afore- 
faid  be  ufed,  to  try  whether  they  be.Cotnmenfurable  or  not.  As ,  if  V(<5)<^4  V(  3 )2 7 
be  given  ;  they  raay^ be  reduced  to  V'(^>^4and  which  divided  by  their  greateft 

common  Divifor  V(d)  X,  the  Quotients  will  be  the  fame  with  the  Dividends.  Now  if  ^(6)^4 
and  VC^)72p  be  Rational,  then  the  Surds  firft  given  areCommenfurable;;  but-v/(6)64  is2, 
and  V (6)729  is  3.  Therefpxe.^ the  Surd  Roots  propofed  are  Commcnfurable ,  and 

have  Proportion  as  2  to  3.  -  >.  :.i  i  3  .  >  ■  J 

But  if  the  Qjotients  arifing  by  the  divifion  of  two  furd  Roots  by  their  greateft  common 
Divifor  as  aforefaid*,  happen  to  be  Irrational  or  Surd.ihen  the  Roots  propofed  arc  Incommen- 
furable;  fuch  are  ^48  and  ^8,  for' if  they  be  divldedfeverally  by  fheic  greateft  common  Di¬ 
vifor -v/8  the  Quotients  are  ^/6  and  1  j  but  ^6  is  Irrational,  therefore  the  Proportion  which 
V48  hath  to  V 8  is  not  as  a  Rational  number  to  a  Rational  number ,  and  confequently  V48 
and  are  Incoraraenfurable and  fo  are  all  other  Surd  Roots  whole  Proportion  cannot  be 

expreft  by  Rational  numbers.  '  ^  ^ 

I  Ihall  now  fhe\v  how  by  the  help  of  the  preceding  Rules  we  may  difeover  whether  two 
Surd  quantities  expreft  by  letters  be  Commenfurable  Or  not.  As,if  V  2  Jaa  and  .Q'iiak  be  pro¬ 
pofed,  they  will  be  found  Commenfurable  •  for  if  they  be  feverally  divided  by  their  greateft 
common  Divifor  ^3  4^  >  the  Quotients  ^9  and  V41  that  is,  3  and  2,  are  Rational  numbers, 
and  fliew  that  is  to  V*  24<*^as  3  to  z  ,  to  wit ,  as  a  Rational  number  to  a  Rational 

number;  wherefore  and  V  » 2  aa  are  Commenfurable,and  may  be  expreft  thus,  3V3 
and*2 

iVpfe.  If  two  Surd  quantities  be  divided  by  fome  common  Divifor ,  though  it  be  not  the 
greateft,  yet  if  there  come  forth  Rational  Quotients,we  may  thence  conclude  thofe  Surd  quan¬ 
tities  to  be  Commenfurable,  and  oftentimes exprefs  them  various  wayes.  As,  if  and 

\zaA  be  again  propofed  •  by  dividing  them  feverally  by  their  common  Divifor  ^3,  there 
will  come  forth  the  Quotients  and  aJ s\aa  ,  that  is ,  3^  and  24 ;  whence  it  is  evident 
that  aJ'z']aa  is  to  244  as  34  to  2  4,  to  wit ,  as  a  Rational  quantity  to  a  Rational  quantity, 
and  confequently  AjzfAA.-iX^^  aJmaa  are  Commenfurable.  Moreover,  according  to  this 
latter  Divifion,  we  may  write  34^3  for  V 27^4,  and  zaaJ-^  for  -^1244. 

Again",  V-  aAaa-\-aabb  :  and  y:  AAhh^-yhbb ;  are  Commenfurable;  for  each  of  them 
being  divided  by  V :  44-i-  hh :  there  arife  aJ aa  and  A^hh ,  that  is,  4  and  which  are  Rational 
quantities,  each  of  which  being  multiplied  into  the  common  Divifor  AjAA-\~bh ;  will  give, 
inftead  of  the  Surds  propofed ,  aA^AA^hb :  and  bAjaA~\-bb ,  which  have  the  fame  Pro¬ 
portion  to  one  another  as  there  is  between  4  and  b.  '  ' 

Likewife.  and  are  Commenfurjble,  for  each 

44  ppZZ. 

.  of  them  being  divided  by  their  common  Divifor  y ;  os-p-qwp :  there  will  arife  y  —  and 

44 

that  is,  and  — ,  ( to  wit,  Rational  quantities, )  each  of  which  multiplied  into 
ffzz.  a  ... 

the.  common  Divifor  y :  oo-l-^Amp :  will  produce  .i-y :  00  4-  4mp :  and  — y:  00  ^^mp : 

which  are  equal  to,  but  more  fimply  expreft  than  the  Surd  Quantities  propofed,  and  have 

that  Proportion  to  one  another  as  is  between  and  — . 

_  4  pja _ 

So  alfo  y :4444-}-^6444- 1-2  1 44-[-7  2  4-1-1  O  8:  &  y:4444—  1  0444'(-3  JAA—l  2  04^1-300: 
are  Commenfurable ,  for  if  they  be  feverally  divided  by  their  common  Divior  y;44-^-i  2  ; 

y  there  will  arife  *JiAa-\~tA~\-y.  and  y:44— 104^-2  5:  that  is,  4-I-3  and  4  vs  5  ,  each  ot 
-  which 
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which  muhiplid  into  the  common  Divifor  */aa-\-iz  will  produce  4-I-3  ^:aa-\~i2  and* 
^02  f  2  :  which  have  |hc  fame  Proportion  between  themfelves  ais  that  of  a-j~^ 

^  to  a 5,  andareof  the  fame  value  with  the  Surd  Quantities  fitft  prdpoftdi 

^  Again,  ^(^^)Sial?hif  and  Cortimenfurable •  for  if  each  of  them  be 

divided  by  their  common  Divifor  ^(3)34  there  will  arife  V(3)?7.^^^,and  ^ 

that  is,  3^  and  2^}  therefore  the ‘ Surds . propofed *may  be  reduced  to  3^v(3)|4  and 
ibe  former  of  which  is  to  the  latter  as  {h  to  zb  ;  and  Co  of  others, 

_ _ _ _ _ -  _  _ ;  '  .1  r  »  >  J  :  A 

Seft.  VIIL  Addition^and^Subtra&ion  infitnple  Suril'qmhities » 

,  When  twb  bf  more  equal  Surd  Roots  are  to  be  added  together ’,'muKiply  one  of  them 
by  the  number  which  expreffeth  the  hiultitudc  of  theRdots  propofed,  and  the  Produ6f  lhall 
be  their  Slimm:  as,^th'efumm  of  Vd  and  Vd  is  -v/h*  rnqltiplied  by  2,  that  is, 

by  >^4,  prdduceth  -^24 :  ,alfo  V( 3)5  and  added  ipto one, make  V(3)i  ^2  j 

for  V(3)5  multiplied  by  3,  that  is,' by  ^(3)27,  makes  VCOi^A. _  _ _ 

but  when  two  unequal  Surd  Roots  of  the  fame  kind,  that  is ,  fuch  as-  have  the  fame 
Radical  fign  prefixt  before  each  of  them,  'be  to  be  added  together  ■  alfo  when  the  lefler 
is  to  be  fubthRed  ffom  rh?  greater,  obferve  this  Rule  3  Pirft  (  by  the  pteeeding  7. 
of  this  Chaft.)  you  mull:  try  whether  they. be; ^ommenfurable  or  not,  then. if  they 
be  Commenfurable ,  that  is,  if  after  they. have  been-  (pyerally  divided  by  their, greateft 
common  Divifor  the  Q;udtients  be  Rational  quantities ,  mi|iitiply  thefumni  of  fhofe  Rational 
quantities  ,  by  thc^faid  common  Divifor ,  andtheProduA  fliall  be  ^he  fumm  of  the  furd 
Roots  propofed  j  but  if  the  Difference  prthofe  Rational  Quotients  be  multiplied  by  the 
faid  common  Divifor,  the  Produft  fliall  be  the  Difference  of  the  Roots  propofed. 

As,  for  example,  if  the  Summ  and  Difference  of  and  be  defired;  firR,' 

I  divide  each  of  them  by  their  greateft  common  Divifor  .^2,  and  the  Quotients  are  .^25 
and  v'4,‘that  is,  5  ahda,  (  Which  are  Rational  numbers,  exprefling  the  Proportion  of  the 
given  Roots  one  to  the  other.)  whoTe  fumra  7  multiplied  by  the  common  Divifor^^a, 
produceth  or  if  you  pleafe,  y'pS,  (  for  7j“  to  wit,  ^49  into  ^z  makes  V98  j)  which 
is  the  defired  Summ  of  the  give'n  Roots  and  And  if  y  — a,  that. is  33  .(the 
Difference  of  the  Rational  (^otients  before  found  )  be  multiplied  by  the  faid  common 
Divifor  ^z  ,  the  Produft  will  be  3^2  )  tiktis',  y'l  S  j  which  is  tfie  defired  Di^crence 
of  v" JO  and  the  Roots  firfl:  propofed.  .  ' 

Likewife,  the  Summ  of  V(3)5oo  and  ^(3)108  Will  be'  found  8.^(3)4,  ifkt  is,' 
V(3)2048;  and  their  Difference  2VC3)4j  as  will  appear  by  the  fol¬ 

lowing  Work:  viz.  Firft,  divide  each  of  the  given  Roots  ^(3)50°  and  ^/(3)io8 
by  their  grcatcft  common  Divifor  ^(3)4,  and  the  (^orients  are  y(  3)^25  and  v(3)27,' 
that  is,  5  and  3  •  then  by  multiplying  8  (to  wit,’ 5  4-3  tKnumra' of  the  Rational 
Quotients,)  by  the  common  Divifor  ^(3)4,  theProduais  8y(3)4,  that  is,  ^(3)2048; 
(for  8,  to  wit,  y(3)^i2  into  y(3)4,  makes  y  (3)  2  04  8,  )'whidK  is  the  Summ  of 
V(3) 5  00  and  y(3) 1 08,  the  Roots  propofed.  » 

And  by  multiplying  2  ,  ( that  is,  5  —  3  ,  the  Difference  of  the  Rational  Quotients  ) 
by  the  faid  common  Divifor  y(3)4,  theproduft  is  2y(3)4,  that  is,  y(3)32;  (-foi  2,' 
to  wit,  y(3)8intoy(3)4,  makes  y(3)32,)  which  is  the  Difference  of  y(3)foo  and 
y(3)io8 ,  the  Roots  propofed.  ’  ■  :  1!^  ii: 

Here  follow  ContrdHions  of  the  WdrS  tht  iido  ta!i  preceding  tzia^ples^ 
with  others  of  like  nature  ,  to  illulirate  ihe  Rule  before  given  for^ihb 
Addition  andSubtradion  of  filch  fpjple  Surd  Roots  as  are  Consmenjurablei 

^  Evcahsple'i,^ 

What  is  the  Sumin  and  Difference  of  ...  i  2  .1’  '^$0  and  ys  ?'  u  / 

■  '  '  '  ’  ~^he  Operation*  ■  . 

y2),y5o  (-v/2j,  that  is,  y  .  Therefore  5y2  =  yjo,’ 

V2)  y  8  (y  4,  that  is,  2  .  Therefore  zf/z  —  y  8.  ’  , 

The  Summ',  qf/z  —  yjo  -J-y^j' 

*  {  Ot J  **  y^s  rr  y5^o-^y8. 

-  ’  '  '  ^  The  Difference ,  =  yjo  —  ySj 

Or^  yi'8  =  yjo — y8.  ^ 

.  E  e  2  ExaMpIi  2» 
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Example  2. 

•What  is  the  Summ  and  Difference  of  .  .  *  ^(3)500  and  ^(3)108? 

.uXhe  Operation. 

I.  V(3)4  )  >^(3)300  (  'v^(3)i^5  j  that  is,*  5.  ^  *'  •= ' 

.  ^  vll.  V(3)4  )  V(3)io8’(  V(3)  27,  t4iat  is^  3. 

From  Drvifion  I.  7V(3)4  V(3)5oo. 

From^Divifion  IL  3V(3)4  ’  : 


lij 


.  '  .jTheSumm,  '  ’  8:n/(3)4  =  V(3)5oo  +  V(3)io8} 

i  \ui  h.:>;  pf*  v'(3)zo48  w?!i.  V<3)50o  ^(3)io^» 

,  xhe  Difference,  *  *2V'(3)4  —  "  VC 3)5 00  —  y(3)*o8j 
^  Or,  '^<3)3^  =  V(3)5’oo  V(3)^o8. 


*  r,  t  f.i 


.  bii'* 

'■> 


V147  ^nd  Vz2  ? 

>  I 


Example 

^  Whiat  is  the  Summ  and  Dif&rence  of  •  «  • 

'I  '  '  '■  t  ‘  -  The 'Operation* 

V3  )  V147  (  V49  j 7i  Therefore  7^/3  =  Vi47* 

V3  )  ^  i2"C  V  4,  that  is;- 2;  ^Therefore  2^/3  =  ^11, 

The  Summ,  •  9^3  ~  Vi47H-v'i2} 

Or,  V243  =  Vt47 +  •/!*• 


The  Difference,*  5^3  =' V147  —  Via; 

Or,  V7r  =  Vi47^Vi2- 


;  I  ;  Example  4. 

What  is  the  Summ  and  difference  of  .*  .  V(3)*7if  ®nd  V(3)4°? 

;  \  ‘  ■  ‘  ''i  The  Operation,  [ 

V(3)5l‘V(3)i7if  (  V(3)343,  that  is,  7.  '  . 

:  II.  VC3)f  )  V(3)  40  (  V(3)  8,  that  IS,  2. 

From  Divifion  I.  7V(3)5  =  V(3)i7iJ« 

From  Divifion  11.  2V(3)5’  =  V(3)  40. 

'  The  Summ,  '9V(3)s  =  V(3)i7i5  +  V(.3)4«;'" 

Or,  V(3)3645  =  V(3)i7i5  +  V(3)4o- . 


.»U- 


The  Difference  j  5V(3)5  —  V( 3)1715  V(3)4o  ; 

Or ,  V(3)625  =  V(3)i7i5  —  V(3)4o* 

■2  .  *  '  I 

P^ote.  When  two  Commcnfurable  Surd  Roots  propofed  to  be  added  or  fubtra£lcd 
are  Fra<^ions,  or  mixt  numbers  reduced  into  the  form  of  Fra£lions,  if  they  have  not  a 
Common  Denominator  reduce  them  into  others  which  may  have  a  Common  Denominator 
in  the  lead  Terms  j  then  to  find  out  the  Rational  Quotients ,  divide  only  the  two  new 
FJumcrators  feverally  by  their  greated  Common  Divifor,  and  continue  the  proeefs  as  before* 
Jhe  Praftice  of  this  Note  will  be  evident  in  the  two  following  Examples. 


Vff  and  V^ 


Or,  Vf t  ‘and  Vr"! 


Example  5* 

What  is  the  Suroin  and  Difference  of  y  .  •  ^ 

The  Operation, 

Vfi  )  Vrf  (  VS^j  ihat  is,  <5;  Therefore  6^jf  =  V^f* 
V? 5  )  VH  (  V^ 5  ?  ^hat  is ,  5: }  Therefore  ^Vff  =  Vrt* 

.  .  \  The  Summ, 


.?  > 


■7 


Or, 


iiv'ff  =  VH  +  V(fr 


V 


_ 

7  } 


ji-3. 

V?  5 


The  Difference , 


\  7  S 


/!■- 

V  7  i  * 

Example  6. 
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^xam 


fie  6. 


What  is  the  Siim'tn  aihd  Difference  of 


- 1 


-v/r’i  and  f 

Or,  and  i 

The  Operamn,  . 

Vi  )  V^4  (  Vi^>  that  is,  4;\  Therefore  /jVi,  = 

V4  )  V^4  (  V?,  that  is,*  3  j  Therefore  .  3^^  r=:  V^i*  . 


i2i 


‘  ,  The  Summ  ,  .  7  Vi  r=  i 

Orv 


,Th'e  Difference,  .  VJ  —  V^i  —  V-|* 


'When^mo  fimpIe5<Surd' Roots  given  to  be  added  of .  fubtraaedj  ^  Jncimiaierffdf^le,' 
neither  their, Sutnm  nor  their  Difference  ean  be  e^eft  by  any  fimple  Root,  but  they 
are  to  beadtied  by  4^*  ar>d  to  be  fubtrafted  by  to  add  V5  and  V?  I  write 

V5  +  V3  fot  the  Summ  5  but  to'  fubtrad  V3'ffon^'  I  t^fite  Vs  —  V3  ^or  the 
Remainder  :  So  alfo,  the  Surarti  ory(  3 )4o  and  vt 3 ) 1 1  is  VCi)4«  4X  3 ) «  2 ,  and 
their  Difference  is  VC  3  )4'0“  V(  3)12!  jr  ‘  *  ’ 

.  But  Inconmieiiiur^ibieiijuare  Roots  iftay  be  added  or  fubtra£led  by  this  follovving  Rule/ 
(  which  is  deduced  ftom  Erop.  4,  cf  7..  Uh.  z.  Euclid.)  ’  ^  ’ 

To  the  fumm  of  the  Squares  of  the  given  Surd  fquate  Roots,  add  the  double  Produft 
bf  the  multiplication  of  fliofe  Roots  one  into  another;  fo  lhall  the  Tquare  RoOt  otThS 
fumm,  be  the  Summ,  of  the  Roots  propofed  to  be  added:  .But  if  the  fa|d  double  Ptpduit: 
be  fubtraifted  frotn  the  faifl  fumm  of. the  Squares ,  thefquare  RootbfThe  Remainder  ^malf 
be  the  Difference  of  the  given  Surd  fquafe  Roots.  As ,  if  the  Summ  and  Difference  of  ^6 
and  V3  be  defired ,  their  Summ  fliall  be  V:  9  V? 2  :  and  their  Difference  V:  9  —  V72  f 
for  the  fumm  of  the  Squares  of  the  given  fquare  Roots  V^  and  V3  is  ^ ,  and, the  double 
Product  of  their  multiplication  is  V7  2,  which  1  add  to  and  fubtraft  from  9  5  fo  the  fquare 
Root  of  the  fumm,  to  wit  /  V:  9  -h  V7^  ;  is  the  Summ  defired  .  and  the  fquare  Root 
of  the  Remainder,  to  wit,  Vj9  —  V72  :  is  the  Difference*  ,  r- r 
.  After  the  fame  manner  the  Addition  and  Subtradlion  of  fimple  Surd  Quantities  expreft 
by  Letters  may  be  performed :  As ,  to  add  4/ 7 and  ,  firft,  (  by  the  preceding 

Se^k.  7.  )  I  find  them  to  be  Commenfurable  for ,  if  ^J'}<)aa  and  ^17 an  be  feverally 
divided  by  their  greatefl  common  Divifor  the  Quotients- are  .Vaj 5  and  V9>  that  is, 

5  and  3  ,  whofe  fumm  8  multiplied* into  the  common  Divifor  makes 

(  that  is,  ^\9znn)  fof  the  Summ  of  V73**^  and  Buiif  the  Difference  of  the 

fame  Rational  Quotients  /  and  3 ,  to  wit,  2,  be, multiplied  irito  the  laid  common  Di¬ 
vifor  it  makes  (that  isj  Viiaa)  for  the  Difference  of  aiid 

the  Roots  firfl:  propofed.  r  '  s  ;  •  ) 

Or,  we  may  write  8/«V3'(inftead  of  S^/^aayidr  it\e  wSuradi,  and  (inffead 
of  hj^ian')  for  the  Difference  of  4/754^  andV^y^^  before  propofed;  for  thefe  di¬ 
vided  feverally  by  their  common  Divifor  V3»  give,, Rational  Quotients,  to  wit, 
and.V9^>  tbatis,  5,4  and  3^1  ^  whofe  fumm  84  rtiuluplied  into  the  common  Divifor  V3,' 
gives  84^3  for  the  Summ  of  V75<*^  2nd  V^y/*^}  but  if  the  Difference  of  the  laid 
Rational  Quotients  5.4  and  34,  to  wir,  24  ,  be  multiplied  mto'the  faid'commbh'lDljvifpc 
V3  the  Prodndl  2XV’3  "is  the  Diffettnce  of  the  faid  ^ 7  <^iia  and  4jiy^dd.  ,^'v  ^ y.* 
Again,  to  add  2nd  ‘firff,  (  by  find  them 

io.be  Commenfurable,  for  if  each  of  them  be  divided  by  their  common DiVifor'VC 3 )4s! 
the  Quotients  are  Rational ,  to  wit,  V(3)64<i44  and  V(3)l^^4'<«,  that  is,  44  and  24.' 
thefe  added  together  make  64,  which  multiplied  into  the  common  Divifor  V(3)4» 
makes  64V(3)4  (that  is,  defired  Summ  of  y  (.3)3  /  <5  444  and 

V(3)32444;  but  if  24,  the  Difference  of  the  fame  Rational  QuojfemV 44’ and  24,  be- 
multiplied  into  the  faid  common  Divifor  VC3)4»  the  Produd:  24V(3)4  (that  is,^ 
*^(3)32444)  iball  be  the  Difference  of  ^(3)32444  firlt  propofed. 
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More  Examples  of  the  Addition  and  Suhtra&ion  of  Commnfurable 
■  ftmple  Surd,  ^antities  expreji  hjf  Letters, 

'  *  ■■  Example 

What  is  the  Sumra  and  Difference  of  ^ ^  ^iSaa  and 

:j  The  Operation,  c  ^  '  V 

T.  V7  )  (  V4^<*>  that  is,.  24.  ^  ^  ,  f 

I  li  -v/7  )  ^  jaa  (  *Jaa ,  that  is ,  4. 
ii  .  •  4-  ^^rom  Divifion  —  I. 


'  j  r 


A 


»•  S  \ 


.From  Divifion  I J. 


a^7  =  -/744. 


The  Summ,  3^V7  ^  ^z'iaa  -j-*  ^jyaa. 

The  Difference  J  a^j  =  .J%%aA  —  ^jaa. 


-i 


Example  2. 

'  What  is  the  Summ  and  Difference  of  .  '  \/^^aak  in&  '^ioaabc  t  "  , 

/it  1  '  '  ; 'i  ’  The  Operation.  ,  ,■  ,  * 

I;  yWe^^aabc  (  i/9^4,  that, is;  34;  "  ' 

II.  ^/sbc  )  \/iOAabc  (  that  is,  24.  ;  ' 

•  "  From  Divifion  I.  '^a>^ $bc  =  \f^^aahc. 

.  From  Divifion  II.  raij^bc  —  Vioaabc./ 


■| 


The  Summ'; 
The  Difference  4 


^A^f^bc  =  ,^^$Aabe  ^lOAAbci 

A^'ibc  =  A/^^aabe  ^loaabc. 


II. 


'  *.  '  Example  3. 

What  is  the  Summ  and  Difference  of  .  .  ^(3)814^^  and 

,  -  The  Operation,  '  ' 

I-  V(3)3'*  y  VM^^^bbb.  (  ^(^f)iibbb,  that  is,  3^.  / 

'  II.  VO)3^  3  _  that  is,  2I?. 

From  Divifion  1.  3V(3)34' =  V(^)Habbb. 

From  Divifion  II.  a^V(3)^4  =r  ^/(^^^te^abbb.  .  . 

The  Summ, 


•  *4  ‘ 


5Vr3)3<*  =  ^/(^^)^iabbb ^/{y)l^Abbb. 
The  Difference,  I>V(3)3<*  =  \/if)^iabbb  — 


Example  4. 

What  is  the  Surnm  and  Difference  of 


‘  !  T 


5  ^^laad  and  v'^^»44^, 
*  *2  Or,  ^^%\aad  and  ^'^laadl 


.  ;  ,  The  Operation. 

I.  ■')  ^-\%aad  (  ^"^SaAy  that  is,  6d.  . 

II.  V48<^  )  V'48^^^  (  V2J44,  that  is,  j4.  . 

From  Divifion  I.  6a.J-\d  =  ^^igaad. 

i  From  Divifion  II.'  54^4!^  =  >,j-\\Aad, 

"  The  Sumrn,  =  ^J-\%aad-\- 

'  The  Difference,  4^4f</  =: 


If  two  Surd  Quantities  expreft  by  letters  be  Ipcommenfurable ,  their  Summ  is  given 
by  4-,‘  and  their  Difference  by  — .  as,  to  add  and  V3<»*  J  write  -v^54+-y34 
for  the  Summ:  and  tofubtraft  ^3^  from  1  write  .y/54  — ^34  for  the  Reraaindec 
or  Difference.  ;  ^  '  ..  _ 

.  ,  f-j  .  ■' i  ■  i- .  . 

‘  Seft.  ,  I  X.  {  Addition  and  Subtraction  in  Compound  Surd  ^antities, 

*  The  Arithmetick  of  ^^Compound  Surds  depends  upon  the  Rules  of  the  Simple,  and  the 
Rules  of  -j-  and  — -^n  Algebraical  Addition ,  Subiradlion,  Multiplication  and  Divifion  j 
but  how  thofe  Rules  arc  applied  to  the  Arithmetick  of  Compound  Surds,  I  fliall  (hew  in  this 
and  the  following  tenth  and  eleventh  Sedions,  by  Examples  both  in  Surd  Numbers  and 
Snrd  Qnaniities  expreft  by  Letters, 

Examples 


Chap.  9. 


Jbe  Arithmeticl{^  of  Surd  Qmntities* 


23:^ 


ExafMpks  of  Addition  and  Subtr^aion  in  Commenfirable  fintple  Surd  nnntbers 
connoted  to  Rational  numbers  by  -j-«  or  — ^  as  a/jo  i?i  compound  Surd 
numbers  compofed  of  Commenjurabk  fimple  £urds. 


To  and  from 
Add  and  Subtr. 

Summ , 
Difference , 

d  4^  8  (  3V'2  ) 

44-V8  (2^2) 

V192  (  8^3  )  4^  ? 
f  75  —  3  - 

10  4^  V50  (  5V2  ) 

2  —  y'  z 

V507  (13V3)  4-  0 

V  (  8V3  )  4^  ^ 

To  and  from 

4-  V242  (iiv^2)  —  12 

15  —  (VS) 

Add  and  Subtr. 

—  V  JO  (-Jv/i  )  rl-*  8  

7  4-  v'2 

Summ , 

4-^  V  72  (  6V2  )  —  4  V 

2  2  - 

Difference , 

►j-  Vjl2  (  ld-v72  )  i.—  20  ' 

8  —  (Vi8) 

To  and  from 
A^d  and  Subtr. 

'  ^2^2  4-  ? 

V  JO  4-  v!  7J  S’ 

that  is , 

11-/2  4-  8-/3 

5V2  4-  5-^5 

Summ , 
Difference , 

-  V512  4-  VJ07  ? 

V  72  4'  27  y 

that  is 

'i6^z  4-  l3^/l 

6^z  4-  3^ 3 

To  and  from 
Add  and  Subtr. 

-v/320  —  V108  7 

^  So  —  V_27  5 

that  is ,  ^ 

Vs  —  (Sy'j 

Vs  —  .jV  .  . 

Summ , 
Difference , 

V720  —  V243  1 

V  80  —  //  27  5 

that  IS 

» Vs  —  Vs 

Vs  —  sVs 

To  and  from 
Add  and  Siibtr.' 

^^320  4-  V 108  ? 

V  80  —  V  27  f 

that  is ,  ^ 

81^ J  4“*  3 

4\^J  —  3-/3 

Summ 

Difference 

V7Z0  4-  V  ^7  Z 

.  V  80  4-  >^243  y 

that  is,' 

12^5  4-  3V3 

4V'J  4-  9^3  

To  and  from 
Add  and  Subtr. 

• 

V(3)2078  4-  ^(3)  J4 
V(3)  162  -p  V(3) 

?  that  is, 

5  7V(3)<5  4~  3V'C3)i 

d  3V(3)^  4^  2V(3> 

.  Summ , 
Difference , 

V(0^ooo  4-  VC3)250 
VC3)384  — VC3)  ^ 

^  that  is. 

5  i®v(3)6  4-  5V(3)J 
c  4V(3)<^  —  V(3>)* 

To  and  from 
‘  Add  and  Subtr. 

V(4)i87J  -h  V(3)i5o 
v(4)  48  —  V(3)  16 

^  that  is, 

S  ^V(4)3  -H  JV(3)2 

c  V(4)3  —  2  VC  3)2 

Summ,  . 
Difference , 

V(4)7io3  4-  V(3)  J4 
V(4)  M3  4-  VC3)^8d 

^  that  is , 

5  7V(4)3  4^  3V(3)2 

C  3V(4)3  7V'(3)2  - 

EXPLlCJTIO^r. 


In  the  firft  Example,  the  Rational  numbers  6  and  4  added  together  make  i  o  ,  and  their 
Difference  is  2  .  then  forafmuch  as  Vt8  and  ^/S  (that is,  anday'z  )  areCommen- 
furable,  (  for  the  former  is  to  the  latter  as  3  to  2  ,)  their Summ  is  v^5o  ,  (that.is, 
and  their  Difference  (by  Sed.S,)  Wherefore  10 -j- V5o(5V'2)  *3  the  S'umni , 
and  2  —  ^/z  the  Difference  of  the  two  Binomials  d  -J-  y'l  8  and  4^-^8  ,  propofed  in 
the  firfl:  Example.  ,  ; 

Likewife  in  the  fecond Exarnple ,  the  two  Comraenrurable  furd Roots  >/! pa  andv'75', 
(that  is,  8V3  and  added  into  one  fimple  Surd  make  ^5  o7»  Obat  is,  1 3  v'S  i)  but  their 
Difference  is  V27),  thatis,  3  V3  v)  alfo,  3  and  —3  added  together  make  o,  but 

—  3  fubtraaed  from  4^3  makes Wherefore  Obat  is,  1 3  ^3)  theSumrri, 

and  V27  (that  is ,  3  V3  )  4**  ^  the  Difference  of  the  Binomial  4*"  3>  and'  the 

Relidual  ^^7  5  —  3  propofed  in  the  fecond  Example.  _  > 

Again ,  in  the  third  Example ,  where  —  V's'o  -j-*  8  is  propofed  to  be  added  to  242 

—  12,  and  alfo  to  be  fubtrafted  from  the  fame;  firft,  -^^5° 'added  to  4- V'242^ 
(that  is, ~  Wzto  A-  iiV^)  ^^akes  4“’  Obat  is,  6^2  j)  but  —  ^50  fubtrafted 

from 


I- 
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from  O-VMI  (that  is,  +  iiVO  ieaves  the  Remainder  or  Difference 

4/ <12,  (that  is,  1 6  Vi  0  8  added  to  —  i  z  makes  -  4 ,  but  8  fiibtraaed 

from  —  A,  leaves  the  Remainder  or  Difference  —  20.  Wherefore  V72  (that  is  64/2) 
—  4  is  theSumm,  and'  V512  (that  is,  16V2)  —  20  is  the  Difference  of  the  two  Re- 
fiduals  propofed  in  the  third  Example.  The  Operation  in  the  reft  of  the  preceding 
Examples  is  after  the  fame  manner. 

I 

Examples  of  ^Addition  and  Suhtra&ion  compound  Surd  numbers^ 
partij  Commenfurable  5  and  partly  Incommenfurable^  > 


Toandfrora  V27(3V3)  +  v'8  , 

Add  and  Subtr.  Vi  i  (2^3)  4- Vf  ' 

Vio  V8  (aV^) 

V  3  — - 

TheSumm,  V75  (fVs)  +  V^ Vf  ' 

Or,  V75(7V3)  +  a/:134-Vi6o: 

Vio  V3>^^  V2 
.  V-i  S'-hVi^oc-j-Vi 

The  Difference V3  +  —  V  ^ 

^jo  — V35  4-Vi8(3V2)  ' 

Or,  ’  V3  +7/^13 -'Vi<5o 

V:i3-Vi2o:-l-Vl8(3V^) 

To  and  from  V(3)5^4^  V(‘3)i<^  ^  ^ 

Add  and  Subtr.  V(3)  7  —  V(3)i'2  7 

V(4)40f  —  V(3)» 

V(4)  80  ►{-  V(3)5 

Summ,  3V(3)  74-*V(3)i^ — ^V(3)t2 

Difference,  V(3)  7 -h  V(3)i<5+V(3)i  ^ 

5V(4)  5  V(3)5  —  V(3)» 

V(4)  ^  —  V(3)5-V(3)^ 

EX  PLICATIQ  N, 


In  the  firft  of  the  four  laft  preceding  Examples,''  the  Sumra  of  the  two  Commenfurable 
furd  Roots  V27  and  Vi»  (that  is,  3V3  andav'a)  is^7f ,  (that  is,  jV3  5)  l>ut  their 
Difference  is  V3  ^  and  the  Sumra  of  the  two  Incommenfurable  Roots  V8  and  V5  is 
,  or,  V:-i3  +  :  but  their  Difference  is  —  V5->  V*i  3  —V » 

(  according^co  the  Rule  before  given  mfpU;.  8.  for  adding  and  fubtrading  tv^o  Incommen- 

furable  fquare  Roofs. )  Therefore  5^ V3  V S  'f'  V T,  or^  V?  V*  ^3  V  t  Oo  : 

istheSumm,  and  >  V3  — Vt6o:  is  the  Difference  of 

the  two  Binomials  and  +  V  5 »  pfopofed  in  the  faid  firft  Example. 

Again,  in  the  third  of  the  faid  four  Examples,  where  V(3)f^^-* V(3 and 

_ V(3)^^  propofed  jto  be  added  and  Tubtrafted  •  theSumm  ofthetwoCom- 

menfurablc  furd  Cubick Roots  V(3')5<^'  and  V(3)7  is  3V(3)7  ,  and  their  Difference  is 
‘^'(3)7  ••  alfo,  the  Sumra  of  the  two  Incommenfurable  cubick  Roots  Vi.3  )i  and  —  V(3)i  ^ 
is  V(3)t6  -  V(3)t2  5  btit  —^(3)11  fubtraded  from  V(3)it^  leaves  V(3)i6  4- 
^(3)12.  Wherefore  3v'(3)7-h  V(3)i<^“-y(3)ia  is  the  Summ ,  and  v(3)7H- 
VO)'t5 -j- V(3)^  ^  is  the  Differcence  of  the  faid  Binomial  and  Refidual  propofed  in  the 
third  Example. 

Examples  of  Addition  and  Subtra&ion  in  Compound  Surd  quantities 

expreji  by  Letters. 

•  f  f  -  *■ 

Example  i.  '  4 

To.  and  from  V75^^  +  ?  -..v  5 

Add  and  Subtr.  ^iiaa  ^ibb  ^  *  c  24^3  4^  by/ 2 

The  vSumm  is  .  . . 7^V3  +‘  sby/z  ^ 

The  Difference  is . 34^3  -i-  '  bJz. 

>  ■  r  :  -  _  .  ■  ■ _ 

'‘explication. 

> 

Firft,  (  \iy I  find  that  V75<*^  and  Vi2^4  are  Commenfurable,  and  may 
be  reduced  to  5  4^3  and  2«V3  *,  likewifc  and  a/ 2  bb  are  Commenfurable,  and  may  be 

feducedto  iby/z  2X\Aby/2  ;  then  theSumm  of  54^3  and  24^3  is  74^3  ;  alfo,  theSumm 
of  liy/z  and  by/i  is  sby/i :  therefore  the  Sumra  of  the  two  Binomials  propofed  in  the 

Example  is  74^3 -h  3 ^V2.  But  by  fubtrading  24^3  from  s^V3  j  Remainder 

is  34V3  j  and  by  fubtrading  by/z  from  2 2 j  the  Remainder  is  Therefore  the 
the  Difference  of  the  two  Binomials  propofed  is  34^/3 

'  ^  Exam^e  2« 


.  t  K 
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k  - - - - -  ’  ' 

^xahiple  2. 

WhatistheSumraandDitfeKnceof  this  Binomial  ?  VO)'7'^’  -1-  V(?)W 

andRefidaal, . . 

.5  74V(3)5 

■  -  9^V(3)5 

5^^V(3)5  "“h  2y'(3)^f<#.  . 


Thofe  reduced  give  thefe,  to  wit , 


•  # 


The  Summ ,  . 

The  Difference  ^ 


•  •  • 


^  Examples  of  Addition  and  Stshtra&ion  in  compoknd  Surd  numbers 

altogether  Jneommenfurabk, 


To  and  from  Vio  +  V7 

Add  and  Subtri:  V  3 


Sumtn , 
Or, 

Difference  ^ 
Or, 


V lo  *-l~"  V7  rj-’  V 3 


"4^.  Vv5  '4~"  • 

Vio  V7  —  Vs  — _i/ 


To  and  from 
Add  and  Subtr. 


Vt  17  *4^  :  —  V*  5  + 

+  V(3)7 
V(3)  5  —  V'(3> 


Summ,  V(3)‘°  +  V(3)7  +  VO)?  —  VC?)* 

Difference  i  ./CaSio  -K  V(3)7  —  VC?)?  +  VC?)** 


Multiplicand , 
MuliiplicatCir  3 


Seft.  X.  Of  Multiplication  in  Compound  Surdsi 

Example  il  ^ 

aV^lSo  V4S  ?  rW  is  ^ 

Vii5  +*  S  ’  1  5^5  H-' 


I  JO  20-/!  5 

-j-  1 2 Vi  5  ^4 


Troduft ,  1 5  0  J  ^4 

That  is ,  1 74  + 


Multiplicand , 
Multiplicator , 


Example  2. 


2V5 


4S  —  16V5 
— -  18V5  30 


F^roduft  ^  7  ^  —  34V  S  • 


Multiplicand , 
Multiplicator , 


Example  5. 

,0  ,  ^  that  is,  -S 
V  8  +  2  S  ^ 


V18  — 


3V2  *7-  3 


12  -  6^Z 

►.j-  6^ 2  —  <5 


Produft , 
That  is , 


12 

6. 


\ 


Multiplicand, 
Multiplicator , 


Example  4. 

4^)  "1"  i  ihatil,  5 
Produfl 

P  f 


7^5 

7-/5 


24  J'. 
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EXPLICATION. 

In  the  fii  ft  Example  ,  the  two  Compound  Surd  numbers  propos'd  to  be  multiplied  are 
Vi  80  V4S  and  Vi2r+Vi2  ,  t^hich  are  reduced  to  6V5H-4V?  and  c>i/c!-l  .2  /, . 

C^by^S  6.ot  thisa^;0  then  multiplied  by  5  (according  to  Rule 

o.  this  Ch,fu)  pfoduce-fh  I  p  ;  alio,  4V3  multiplied  by  5  V5  (  according  to  Rule  d  in 
Sell  4.)  produceth  20V1 5  ;  agam,  6^^  into  2 V4  makes  1 2  Vi  S  ;  and  W?  into  2  >2 
prodyceth  24  ^  killy,  thofe  Produ6^s  added  together  make  1 74  -h  3  Wi  J  the  Produft 
fought.  The  reft  ot  the  Examples  are  wrought  in  like  manner?  ^  ^ 

When  the  JWultipIicand  hath  rot  the  fame  Radical  fign  with' the  Multiplier,  thevrauft 
be  reduced  to  the  fame  Radical  %n ,  (  by  *S.  3.  of  this  Ch^jt. )  and  then  the  Mult  - 

ExOTple 

Multiplicand;  V(0^  H--  VMi  -1-  % 

Multiplicator ,  V3 

Prqdud,  ^(^0)8748  V(<^)t32  3  yV3* 

explication. 

and  V3  are  reduced  to  theTe  having  a  cothmon  Radical  fign,  to^vir,  VC  10') 3  5 
and  VC  1 0)245 ,  which  multiplied  one  into  the  other,  produce  V(*  0)8748*  ^ 

'  rhe  otht^plVJ^e  “■*  0"-= 

3.  The  Rational  number  5  multiplied  ihto  V3  makes  5V3,  or, 

/Anfl’  ‘J'j"  added  together  give  the  Produ*  fought ,  to  wit, 

V(Io)8748^--V(OI3^3  +  5V3.(V75).  .  S  ,  o  wir, 

Jhree  compendious  Rules ,  verj;  ujeful  in  the  Multiplication 
of  Binomials  and  Reft  duals. 

T.  Bccaufe  multiplied  by  a^\-^e  produeeth  da-]-  R  is  evident  rhar 

he  ftimm  of  the  Squares  of  the  parts  (,  or  Names )  of  any  Binomial ,  t’ogetLrS  twice 
the  Produa  of  the  parts  multiplied  one  into  the  other  is  equal  to  the  Square  d  The  slm 
-f  Therefore,  to  multiply  any  Binomial  by  it  felf,  (or  to  fquate  k  uT. 
the  Squares  of  the  parts,  and  twice  the  Produft  of  the  pirls  for  iheLuarC  fought.  ’  ^ 

Ac  fT'  “tiltiplied  by  <J  — «  produceth  4a  —  2iie-\-ee.  it  is  raanifeft  thar 

the  fumm  of  the  Squares  ot  the  parts  of  any  Relidual ,  lefs  by  the  do’ub  e  PrZa  of  rhl 
parts,  IS  equal  to  the  Square  of  the  difference  nf  rhe  norpc  ^  rocmet  ot  the 


Muhiplicarrd , 
Multiplicator, 

Produft, 
That  is , 


3  + 
3  -1 


v$ 

Vs” 


9  +  6\/f  .-jt-.  5 

14  4*  ^  V5 


n 

r 


3  —  V$ 
?  —  V5 


Multiplicand,' 

Multiplicator, 

Produft , 
Thar  is , 


9  6V9  +  5 

14  ^  6V5 


3  -b 
3  — 


9  — 
4 


Vs 

Vs 

5 


V(3)  27  Vis)  8 
yco  27  •—  V(3)  8 


Multiplicand , 
Multiplicator, 

Produft , 


V(6)7 

V(6)7 


V(^)y 
_  VC6)t 

Vis)?  —  V(3j5 


+ 


V(?)725>  V(3)^4 

_ s  • 

V('io)7  Vi^^)S 
V(i^)7  ^  V(r'0)3 


V  is)?  —  V  (5)3 

EXP  LL 
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EXPLICATION,  ' 

In  the  firft  ofthe  fix  lafl:  Examples,  the  Binomial  g  +  multiplied  into  it  fcif  or 
fqnared,  produceth  For  the  Squares  of  the  parts  5  and  are  9  and  u 

and  twice  the  Produ6^  of  9  into  v'5  makes  5-/^*  to  wit,  -y/i  80  ;  therefore  (  by  the  fecond 
of  the  three  preceding  Rules,)  9  ^  6v'S’ ;  that  is,  14  +  dy/j  is  the  Square  of  the 

given  Binomial  3  +  V)* 

In  the  fecond  Example,  theRefidual  3  —  -/j  fquared  or  multiplied  by  it  felf  produceth 
14  —  (  by  the  fecond  of  the  faid  three  Rules.)  * 

In  the  third  Example ,  the  Binomial  3  +  ^5  multiplied  by  its  correfpondent  Refidual 
?  —  produceth  4  .  which  (  by  the  laft  of  the  faid  three  Rules )  is  equal  to  the  dif¬ 
ference  of  the  Squares  of  the  parts  3  and  ds- 

Likewife  in  the  fourth  Example,  the  Binomial  ^(0^7  + v'(3)^>  multiplied  by  its 
correfpondent  Refidual  ^(3)^7  —  V(3)8,  produceth  V0)729“- V(3)^4}  to  wit,  the 
difference  of  the  Squares  of  the  parts  of  the  given  Binomial  or  Refidual. 

And  in  the  fifth  Example,  the  Refidual  V(^)5  multiplied  by  its  correfpondent 

Binomial  V(6)7^^V(6)55  produceth  V(3)7  —  VC3)5  ;  which  is  equal  to  the  difference 
of  the  Squares  of  the  parts  of  the  given  Refidual  or  Binomial.  For  (  by  the  feventh  Rule 
in  SeU.^,  of  thii  Chap.)  the  Square  of  ^(<5)7  is  ^/(,s)7 »  and  the  Square  of  V(6)5 
is  V(3)j- 

Examples  of  Multiplication  in  Compound  Surd  quantities 

exprtji  by  Letters, 


Multiplicand ,  ^Uhb  -j-  deff  ?  .  •  5  h^a  f^/c 

Multiplicator ,  j^add  ^caa  S  '  ^  d^a  -j-  a^c 


bda  -}•-  fd^ca 
>-j-  bay/ca 


, 

Produft , 

baa  -j—  fd  '*j-  ba  r.  ca^  fac. 

Multiplicand , 

24  -}-  ^a%td 

Vbc  4 

Multiplicator  , 

3<r  —  2edd 

dbc  —  a 

6af  ^acx/d 

'be  -}^  aJbc  ' 

— -  ^ac<sjd  —  6aicd 

3 

1 

^  1 

> 

1 

ProduiR , 

6ac  -1-  <^acy/d  —  6acd 

3 

1 ! 

Multiplicand , 

a  *-1-  db 

^ ab  ^ c 

Multiplicator , 

4  -j— 

^  AC  •4“*  d 

Prodnft , 

44  -j-  ^aAjb  -1-  b 

A^jbe  c^A  -J-  /^abd  -{-  *Jcd 

Multiplicand , 
Multiplicator , 

.  1 

3bhyjd  -j-  dyjd  2.  f.  5  T  Sbb  *4-  ^  dd 

+  -iW'  i  “  ®  '  i  3^^  ^  VJ 

Produft , 

^bbbbd  (ibbdd -j—  ddd  ;  or  ,■  ^bbbb  -j-  6bbd  H-  dd  x  d. 

The  Operation  in  thefe  fix  lafl:  Examples  will  be  fartiiliar  to  him  that  underftands  the 
Rules  and  Examples  before  delivered  concerning  the  Multiplication  of  Surd  numbers 
and  Surd  quantities  expreft  by  Letters. 

Sedf*  X  L  Divijion  in  Compound  Surds. 


A.  '  .  .  ,  .  “ 

Examples  of  Divijion , ,  yehere  the  Dividend  is  a  Compound  quantity ,  anil 

the  Divifor  a  Simple  quantity. 


Dividend ,  v  ^  V*  J 

Divifor,  V  3 


V(3)i4  —  ^(3^^ 
,  VCs)  7 


Quotient,'  V  7  H*"  5 


V(3)  ^  —  V(3)  4 


Ff  2 


Divtd^ay 
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Dividend  , 

12^6  +  6V18  —  2  Vi  2 

V20  —  -^(3)10 

Divifor , 

3V^ 

3 

Quotient , 

4  2V3  — 

Dividend , 

V(4)8  -4-  V(5)3 

V(4)M32  8  -4  V(4)io3^8 

Divifor , 

Vi 

Qiiotient , 

V(4)i  V(‘o)Tf 

V(4)i8-V(4)8 

EX  P  LJC'ATIO  JSt, 

The  firft  Example  is  wrought  according  to  Rule  i.  in  SAi.  5-.  of  this  Chaft,  For  firft; 
Vii  divided  by  1/3  gives  the  Quotient  V?,  then  yi5  dividedby  Vs  gives  the  Quotient; 
y Therefore  divided  by  1/3  »  gives  1  ^be  Quotient  fought 

in  the  ffrfl  Example. 

The  fecond  Example  is  wrought  like  the  firft  j  for  V(0^4  <livided  by  V(3)7  ^ives 
V(3)2  ,  and  —  ^(3)^8  <livided  by  V(3)7  gives  —  V'C3)4-  Therefore,  ^(3)14  — 
V(3)28dividedbyV(3)7,  gives  V(3>  —  VC3)4>  the  Quotient  fought  in  the  fecond 
Example. 

^  The  third  Example  is  wrought  according  to  the  fifth  and  fixth  Rules  of  Sc^.  5.  of  this 
Chap.  For  firft ,  i ay 6  divided  by  3 ^/6  gives  the  Quotient  4  >  (  by  the  faid  fifth  Rule  • ) 
then  dViS  divided  by  ^^6  gives  .2^3*  (by  the  faid  fixth  Rule;  )  likewife, 
divided  by  3^^  gives  — f  ^2  ;  (  for  2  divided  by  3  gives  f ,  and  /i  2  divided  by  ^6  gives 
V2.)  Therefore,  12 <^-^1  8  —  zy'i a  divided  by  3 v5j  gives  4-4^ 2y3  —  fy^a, 
the  Quotient  fought  in  the  third  Example.  ^  . 

In  the  fourth  Example ,  V 20  divided  by  3,  (that  is,  by  V 9O  gives  or  V 29  ;  and 

“—V(3) to  divided  by  3,  (that  is, by  V(3)^7>)  gives  — V(3)it- 

In  the  fifth  Example,  ^(4)8  and  are  firft  reduced  to  v'C4) 8  and  <v/(4)4 ;  then 
V(4)8  divided  by  V(4)4, gives  ^(4) 2;  likewife,  V(03  and  ^2  are  reduced  to  y'C  10)9 
and  V(io)32-  then  ^(10)9  divided  by  V(io)32  gives  the  Quotient  V(io)lf. 
Therefore,  -^(4)8 -j- v(03  divided  by  i^a,  gives  ^(4)^  V(io)j|,  the  Quotient 
fought  in  the  fifth  Example.  The  fixth  Example  is  wrought  in  like  manner  j  and  the  Proof 

in  thefe  or  the  like  Examples  of  Divifion  may  be  made  by  Multiplication. 

« 

Prepojitions  concermtsg  Divjjlon  in  Surd  Quantities  ^  when  the  Divifor 

is  a  Binomial  or  Trinomial ,  8cc. 

When  the  Divifor  is  a  Binomial  or  Refidual  confiding  of  two  fquare  Roots  or  biqua- 
dratick  Roots ,  or  of  one  fquare  Root  or  biquadraiick  Root ,  and  of  a  Rational  number  ; 
as  alfo  when  the  Divifor  is  a  Trinomial,  or  Quadrinomial ,  and  none  of  its  Radical  figns 
exceeds  that  of  the  fquare  Root ,  the  work  of  Divifion  in  thofe  cafes  is  grounded  upon  the 
five  following  Propofitions ,  viz. 

1.  If  a  Binomial  confiding  of  two  fimple  fquare  Roots  connected  by  '|-,be  multiplied 
by  its  correfpondent  Refidual,  that  is,  by  the  difference  of  thofe  Roots-  or  if  a  Refidual 
confiding  of  two  fimple  fquare  Roots  connciffed  by  — ,  be  multiplied  by  its  correfpondent 
Binomial,  that  is,  by  the  fumm  of  the  fame  Roots,  the  Produ(d  will  be  entirely  Rational. 
So  the  Binomial  Vs  “hV3  multiplied  by  V?  — V3  >  (or,  the  Refidual  -^5  —  V3  by 

\/3  0  gives  the  Rational  Produft  2  •  ('by  the  lad  of  the  three  Rules  before  delivered 
in  Se^.  10.  of  this  Chapt.) 

Likewife  ,  multiplied  by  gives  the  Rational  Prod iidt  a  —  k 

2.  If  a  Binomial  confiding  of  two  Biquadratick  fimple  Roots  connefted  by  be 
multiplied  by  its  correfpondent  Refidual,  to  wit,  by  the  difference  of  thofe  Roots ,  the  Pro- 
duiff  will  be  alfo  a  Refidual  confiding  of  two  fquare  Roots  connefted  by  — ,  and  if  this 
Refidual  be  multiplied  by  the  fumm  of  its  Names,  (or  Parts,)  it  will  give  a  Produft  entirely 
Rational. 

As,  for  example,  the  Binomial  ^(4)^ '"H  ^(4)3  ntultiplied  by  ^^(4)7 — '^(4)3 
makes  ^5  — V3  >  which  multiplied  by  ^5  gives  the  Rational  Prod ued  2. 

Likewife  ^(4)81  —  2,  or  ^(4)81 — V(4)i6,  multiplied  by  ^(4)81  ^(4)^ 

^/8i  —  }  which  multiplied  by  1/81  gives  the  Rational  Prcdu(R  65. 

3.  If 
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3.  If  a  Trinomial  confifting  of  three  fimple  fquare  Roots  conneficd  by  -j- ,  or  by 

and  — ,  be  multiplied  by  the  fame  Trinomial,  after  any  one  Sign  -4-  is  changed  into _ 

or  any  one  Sign  —  into  the  Prodiiil:  will  confift  of.  two  Names,  (or  Parcs;)  and 
then  if  thisProdu^l  be  multiplied  by  its  corrcfpondenc  Binomial  or  Rcfidual,  (  according 
to  the  preceding  Prop,  i ,  )  the  lafl:  Produd  will  be  entirely  Rational. 

As,  for  example,  the  Trinomial  multiplied  by 

gives  2  5  ,  and  this  multiplied  by  2  V  ^  5  —  6  gives  the  Rational  Product  24. 

Likewife,  ^750  —  ^5  —  V3  multiplied  by  V3o^-  V5  —  ^3  produceth  28  — 
and  this  multiplied  by  2  8  2 y'cjo  gives  the  Rational  Product  424. 

After  the  fame  manner,  multiplied  by  ^J'c  gives  the  Pro- 

du^  2  *Jab  —  c ,  whofe  Rational  Part  4  -j-  ^  —  c  we  may  fuppofe  to  be  equal 

to  fome  Tingle  Quantity  andthenthefaidProdudt  will  be  a  Binomial  which 

multiplied  by  its  corrcfpondenc  Refidual  gives  a  Product  entirely  Rational, 

to  wit,  44^  c/^  U.  And  fo  of  other  Trinomials  that  are  qualified  as  before  is  fuppofed. 

4.  If  a  Quadrinomial  confifting  of  four  fimple  fquare  Roots  connefted  by  of 
by  and  — ,  be  multiplied  by  the  fame  Quadrinomial  after  two  Signs  arc  changed 
into  ■ — ,  or  two  Signs  —  into  -j-,  the  Produft  will  con  fill  of  three  Names ,  (  or  Parts  •  ) 
then  if  this  Produft  be  multiplied  by  its  cot refpqndent Trinomial  (according  to  Prop.  5.) 
there  will  come  forth  a  Binomial  or  Refidual  \  arid  laftly ,  this  Binomial  or  Refidual  multi¬ 
plied  by  its  correfpondent  Refidual  or  Binomial  will  give  a  Rational  Product.  *  , 

As,  for  example,  the  Quadrinomial  V3 multiplied  by  ^<^-1- 

Vs — V3 — V'2  produceth  the  Trinomial  —  2V<^;  which  multiplied  by 

its  correfpondent  Trinomial  6^\-  ^^/3o  -[^2^6^  (  according  to  the  precedent  Prep.  3.) 
gives  the  Binomial  152-1^24^/50;  and  this  multiplied  by  its  correfpondent  Relidnal 
132  —  24V50,  gives  the  Rational  Produft  1 44. 

After  the  fame  manner,  the  Quadrinomial  V^  •+•  V^  —  V^  rnuliiplied  by  \/4  — 

—  y/d  gives  the  Produ£l  d  —  b  —  c  —  2  y/ad  —  2y/bc ,  whofe  Rational 
part  a^-d — b  —  c  we  may  fuppofe  to  be  equal  to  fome  fingle  C^antity /,  and  then 
the  faid  Product  will  be  a  Trinomial,  to  wit,  f — ly/ad — Zy/bc^  this  multiplied  by 
it  felf  after  one  of  its  figns  —  is  changed  into  -J-,  (according  to  Prop.  5.)  will  produce 
a  Refidual  of  two  Names  (  or  Parts,)  and  this  Refidual  multiplied  by  its  correfpondent 
Binomial  will  give  a  Rational  Produft. 

It  two  numbers  be  given  for  a  Dividend  and  Divifor,  and  each  be  multiplied  by 
ibrne  number ,  the  firft  Produd  divided  by  the  latter  will  give  the  fame  Quotient  that  arifeth 
by  dividing  the  given  Dividend  by  the  given  Divifor.  As,  if  6  be  to  be  divided  by  2, 
if  you  multiply  each  by  4 ,-  and  divide  the  firft  Produd  24  by  the  latter  8,  the  Qiiotient  3 
is  the  fame  that  arifeth  by  dividing  6  by  2.  For  (by  17  Prop.ji  Elem.  Euclid.)  if  a  num¬ 
ber  d  multiplying  two  numbers  c,  produce  two  other  numbers  ab  and  ac,  the  numbers 
produced  ftiall  be  in  the  fame  Proportion  that  the  numbers  multiplied  are,  viz.  as, 

.  alfo, From  the  foregoing 


^  ,  c  ::  ab  .  ac .  and  therefore - ,  — ,  , 

ac  c  ab 

five  Propofitions  the  following  Rule  is  deduced ,  viz. 


6,  A  Hule  for  Bivipon  in  Surd  ^antities  tchen  the  Divifor  is  a  Binomial^ 
Trinomial  or  Quadrinomial  of  fnch  kjnd  as  before  is  declared. 

* 

Reduce  the  given'  I>ivifor  to  a  ftew  Divifor  that  may  be  a  fimple  Rational  quantity : 
reduce  alfo  the  given  Dividend  to  a  new  Dividend  ,  by  multiplying  the  former  by  the  fame 
quantity  or  quantities  that  were  Multiplicators  in  reducing  the  given  Divifor  to  a  Rational 
quantity  .  then  divide  the  new  Dividend  by  the  new  Divifor ,  (  according  to  the  method 
in  the  Examples  at  the  beginning  of  this  Sect.  11.)  fo  the  Quotient  fluH  be  the  fame  with 
that  which  would  arife  by  dividing  the  given  Dividend  by  the  given  Divifor. 

As,  for  example,  to  divide  V 8  + ^<5  +  ^  multiply  the  Divifor 

V4  -h  by  its  correfpondetit  Refidual  ^4  —  ^2 ,  and  it  produceth  2  for  a  new  Divifor . 
alfo  I  multiply  the  Dividend  V 8 by  the  faid  ^4  — and  it  gives  theProdudf 
V?  2  -1-  V24  —  -v/i  6  —  V 1 2  for  a  new  Dividend,  this  divided  by  2  (  the  Divifor  before 
found,)  gives  —  2  —  V3  the  Quotient  fought,  being  equal  to  that  which 

would  arife  by  dividing  by  v'4-1'*  /  as  will  be  evident  by  the  Proof. 


rn 


)  tho  ArithrHettch^of  Surd  Quantities .  Book  11. 

for  it  the  faid  Quotient  —  ^  — ^5  be  multiplied  by  the  given  Divifor  V4 

,  it  will  produce  the  given  Dividend  ^8  -^  ^6. 

Likcvvife,  to  divide  ab^\-y^/bc  by  I  multiply  each  by  a-^bc,  (theRefi^' 

dual  correfpondent  to  the  Divifor ,)  and  it  produceth  aa  — ■  be  for  a  new  Divifor,  and  aab 

_ ^l;c  for  a  new  Dividend  ,  this  divided  by  that  gives  b  for  the  Quotient  fought  •  for  ^ 

multiplied  into  the  givenDivifor  a  -I-  \/bc  makes  the  given  Dividend  ab  b^bc.  Another 
way  of  finding  out  the  Quotient  in  this  laft  Example  ,  is  Ihewn  in  the  firft  of  the  fix 
Examples  at  the  latter  end  of  this  Sebi.  1 1 . 

Again,  to  divide  10  by  J  multiply  each  by  VC4)^  —  VC4)?j 

and  there  comes  forth  anew  Dividend  ^(4)5®°°°  —  v(4)3oooo,  and  a  new  Divifor 
_  ^5  .  but  this  Divifor  not  being  a  Rational  number,  1  multiply  again  both  the 
faid  new  Dividend  and  Divifor  by  VS  >  and  it  produceth  another  new  Dividend 

^(4)1 2^0000  —  ^(4)7500^0  4- v(4)45ogoo  — ^(4)27 0000,  and  another  neW 
Divifor  2  .  by  this  I  divide  the  laft  Dividend  and  there  arifeth  ^(4)7 8 125  —  ^/(4)46875’ 
-j-y'(4)28i2y  —  ^7 5  ^be Quotient  fought  .  for  if  it  be  multiplied  by  thepro- 

pofed  Divifor  v(4)5  +  will  produce  the  given  Dividend  10. 

Again  ,  to  divide  \/8  by  \/j  -f-  v/z  ^  multiply  the  Divifor  by  ^^3  *4-*  -/a  —  i 
and  it  makes  V24-H4,  this  multiplied  by  its  correfpondent  Refidual  V^4  —  4  gwes 
the  Product  8  for  a  new  Divifor :  Now  becaufe  the  given  Divifor  was  firft  multiplied  by 
^  j _ j  and  the  Product  by  ^^4  —  4 »  given  Dividend  muft  likewife  be  mul¬ 
tiplied  firft  by  ^  ^be  Product  --v/8  by  ■v/^4"^4>  ^tid 

there  will  be  produced  ^  Dividendj  fo  inftead  of  the 

given  Dividend  and  Divifor  we  have  other  numbers  in  the  fame  Proportion ,  viz»  8*-)- 
^12 8  —  ^igz  and  8.  Therefore  (  by  Prop,  $,)  the  former  divided  by  the  latter  will 
give  the  Quotient  fought,  to  wit,  1  —  V3  ;  Quotient 

will  appear  by  Multiplication ,  for  if  1  +  —  VS  t>e  multiplied  by  the  propofed  Divi¬ 

for  V?  V- tj  it  will  produce  the  given  Dividend 

Although  the  new  Divifor  and  Dividend  found  out  as  aforefaid ,  may  fometimes 
happen  to  be  Negative  quantities,  ( that  is ,  fuch  whofe  values  are  lefs  than  nothing , )  yet 
Divifion  being  made  by  them  with  refped  to  the  Rules  of  -J-  and  — ,  they  will  give 
the  true  Quotient  fought.  As,  for  example,  fuppofe  3  o  be  to  be  divided  by  a-j-v'yj 
(that  is,  30  by  5 ;)  firft,  the  Divifor  2 -4^49  being  multiplied  by  2— V9  gwes  4—9, 
that  is,  — *  5  for  a  new  Divifor ,  and  the  Dividend  30  multiplied  by  the  laid  2  — VP  gw^s 
tjo  —  -y/Sioo  for  a  new  Dividend ,  which  divided  by  —  s  gw^s  6  •  which  is  the  fame 
with  the  Quotient  that  arifeth  by  dividing  30  by  2  -j-  ^/9^,  that  is,  by  5. 

Again,  let  4-Uv'^5’  be  to  be  divided  by  (that  is,  9  by  4,  where  the  Quotient 

is  manifeftly  2-55)  firft ,  the  Divifor  multiplied  by  i  — V9  produceth  i— p, 

that  is, —8  for  a  new  Divifor  •  and  the  Dividend  multiplied  by  the  faid  i~V9 

makes  4  +  5"  -  4^9  new  Dividend,  which  divided  by  —8, (according  to 

the  Examples  at  the  beginning  of  this  Sebi.  ii.)  gives  — t — 

Quotient  fought,  which  after  due  contradlion  makes  2\,  For  ^^9,  that  is,  V'ft  **  equal 
to-i,  and  v'^t+  “«>  which  added  to  the  faid  -f  makes  .  alfo  — Vtt  * 

which  added  to  —  j ,  (or  —  f ,)  makes  —  | ,  this  added  to gives (or  24 ,)  the 
Quotient  before  found, 

7.  When  the  Divifor  is  a  Binomial ,  or  a  Refidual  confifting  of  two  fimple  Cubick 
or  Biquadratick ,  &c.  Roots ,  it  may  be  reduced  to  a  Rational  Divifor  by  this  following 
Propolition,  viz. 

If  in  the  Proportion  of  the  Names  (or  Parts)  of  a  Binomial  or  Refidual ,  there  be  found 
fo  many  continual  Proportionals  in  multitude  as  there  be  Units  in  the  Index  of  the  Radical 
fign  ,  and  that  the  Radical  figns  of  the  Parts  of  the  Binomial  or  Refidual ,  and  alfo  of  the 
Proportionals  be  the  fame ,  but  conneifted  in  the  Binomial  by  *4- »  and  in  the  Proportionals 
by  “1- and  —  alternately;  or  contrarily,  in  the  Proportionals  by  -j-,  and  in  the  Refidual 
by  -|-  and  — ;  the  Product  made  by  the  multiplication  of  the  Proportionals  by  the  Bino¬ 
mial  or  Refidual  fiull  be  Rational. 

,  As,  for  example,  if  there  be  propofed  the  Binomial  V(3)7"'hV(3)f ; 
continual  Proportionals,  that  the  firft  may  be  to  the  fecond ,  and  the  fecond  to  the  third ,  as 
V(3)7  to  V(3)5  >  which  may  be  done  by  the  help  of  Sebt.  8.  €hap.  5.  of  this  Book; 
where  it  hath  been  Ibewn ,  that  aa  ,  ae  and  ee  arc  continual  Proportionals  in  the  ReafoTi 
©f  a  to  e.  Therefore  if  we  fuppofe  -y/(3)7  to  be  ^  ,  and  >/(  to  be  then  the  Square 

ofV(3)7, 
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of  VC 07.  to  wit,y(j)49,  null  be  the  fird  Proportional  .  the  Prorfirt  rf'  /rT' 
wo  yCsO,  to  wit,  V(3;?5 ,  n.all  be  the  fecond  Proportional  ’JeV  and  tfe 

1  N^y  (accoL'Sl  theftoXnTr^^^^^^  f " 

‘’/7  <<3)7  +  y(3)5 ,  the  Lduftnial  U^kltLar.Hlfo^ 
;t V(.3)49-i-V(3)3y-j-V(5>5  bemultiplied  bvv'fjh7  /r,\.  .n-o  J’nn  ,! 
be  Rational ,  as  will  appear  by  the  following  Operatim.  <l«ll 

^  Multiplicand.  V(3)-t9  -  VCs)  iS  4-  VCs)  a? 

Multiphcator,  ^(3)  7  ^(3)  vvs;  aj 


23^ 


The  ProduA 


12 


^  T  V(3)i75  • 

_4-yC3)M5'  —  -/(3)t75  4- 
is  Rational.  ,  " 


Multiplicand,  ^(3)49  +  V(3)  35  -j-  V<3) 
Multiphcator,  ^(3)  7  —  v'(3)  y  ^ 


*5 


The  ProduA 


7  4*  ^(3)^45”  4  ^(3)175 
_ —  V(3)245  —  Vr3)i7S 


is  Rational. 


BinomialyCsX^,  V(  jX  and  fuppofe  ^  greater  than  then  three  cent™ 

Multiplicand,  V(3>^  -  ^(3)^  '^(3^^ 

Multiphcator,  V0>  f4  V(3)^  /  - 


b  V(3>^^4 
4  —  v(3>^i  4  ^ 


The  ProduA  b  ^  '4  is  Rational.- 

Again , 

Multiplicand,  '  ^(3)^  4  4  V(.3  W 

Multiphcator,  ^(3)^  —  v'O)'^ 


^  4  v'(3>^‘<4  v'(3)Wi/ 

—  v'(3>W  —  -^(,3)^4 


The  ProduA 


^  —  d  is  Ration'al. 


Whence  you  may  obferve^  that  the  M  Rational  ProduA  is  the  fumm  of  the  Names 

figns,  of  the  cubick  Binomiai  propofed;  and4e  lalxerS: 
nal  ProduA  IS  the  difference  of  the  Parts,  omitting  the  Radical  iigns,  of  the  Cubick  Refidual 
propofed  ;  fo  that  the  Rational  ProduA  made  by  the  multiplication  of  the  faidProportio- 
nals  and  Binomial  or  Refidual  may  be  difeovered  without  any  multiplication.  ^ 

rn  I  preceding  Propoftion  may  appear ,  let  it  be  required 

1  j.  Firft,  becaufejhe  Index  of  the  Radical  fign^ is  5  * 

I  fe^  three  continual  Proportionals  in  the  proportion  of  J(i)i  to  which  Prn* 

poaionalsCasbcore^ 

f  V  cwneit.ed  by  — ,  and  there  arifeth* 

the  nlL  Multiphcator  I  rauliiply  as  well 

theDvidend  to,  as  the  D.vifor  V(3)7_  V(3)5 ,.  and  it  produceth  V(3)49ooo4 
v;C.y35ooo4v^(3)t5ooo  foranewDividend,  and  a  for  a  new  Divifor  •  laftiv  4 
dividing  the  faid  new  Dividend  by  the  new  Divifor,  there  arifeth  VC  3  )6 1  a  r  D-  4)43  7 1 
4v(3)3>.a3  the  Q^otienyought ;  for  if  it  be  multiplied  by  the  given' Divifork/fs  )7 

—  V (-3) 5?  “  Will  produce  the  given  Dividend  I oV  / 

■  W 
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In  like  manner  ,  to  divide  lo  by  this  Binomial  VC5)5  4- VO)?  i 

cominua  ropotiionalsintheReafon  of  V(05  toVO)?  >,  w'"cl>  Proportionals  ^ill  be 

continuiU  op  ,  .  thefe  I  conned  by  -j-  and  —  alternately  ,  becaufe 

fhe^^is^of  ihegivenDivifotMecomeaedby-h  vU.  to  the  firft  Proportional  1  pteSs 


‘I  <■»  V(3)r 5  -  V(3)-5  f  V(0/s 

ti^lhis  as  a  common  Multiplicator ,  1  itmluply  as  well  the  Dividend  lo  as  iheDivito 
/r 5 'i c a  1?  and  there  arifeth  a  new  Dividend  V(3)2J°oo-^y(5)i5ooo  4- 
and  a  new  Divifor  8  ,  by  which  I  divide  the  faid  new  Dividend,  and  there 
v(  3  )9°°o ,  and  4  ne^  ^  ^  r  y . ,  i  j^e  Quotient  fought. 

The  fcme  raethid  Tto  b/obferved'when  the  Divifor  is  a  Binomial  or  a  Refidual  con- 

“forexam^l’e'  SvUri'o^Cv(4)3  4-V'(4)3.  T  which  hath  already  been  done 
.Piet  anmher  manner  in  the  third  Example  of  the  Rule  in  the  fixthftep  of  thisSeaion  ■  ) 
Firft  becaufe  the  Index  of  the  Radical  fign  is  4 ,  1  fearch  out  four  continual  Proportionals 
in  the  Reafon  ofy(4)5  to  V(4)3  in  this  ^  fotjtsmuch  as  rby  Sf  .  S. 


and  n  gives  the  nr  trrop„^^^^^  fecond  Proportional  V(4)73,  f  to  wit.  <,«,> 

aLf/^VmuMy  V(4)5  intoL  Square  of  V(4)  3  ,  “  gives  the  third  Proportional 

f  Yto  wit  m  )  laftly,  1  multiply  V(4)3  into  it  felf  cubically,  and  it  gives  the 

Ju)i7  ,  ( to  wit,  eff ; )  Then  becaufe  the  two  Parts  of  the  givea 

Sor  are conneaedfy  I  conned  thofe  four  ^ 

fo  there  arifeth  this  Compound  number  V(4)t  —  V(4)75  4- VU)4f  —  VU; 

by  which,  as  a  common  Multiplicator,'!  multiply  as  well  the^v^  lo  as  the 

rhp  nivpn  hivifor  a/C 4^  4-  VU)]  >  there  arifeth  a  new  Dividend  V(4)*  - 

Jhe  fame  in  every  refpea  with  ihofe  found  in  the  place  before  cited. 

After  the  fame  manner,  when  the  Divifor  is  a  Binomial  or  a  Refidual  having  p  or  d,  &e. 
for  the  Index  oTreomion  Radical  fign  of  the  Roots,  it  may  be  reduced  to  a  new  Divifor 
that  lhall  be  Rational.  But  it  muft  be  remerabred,  that  when  the  Roots  are  of  different 

kindsthevmuftfitft  be  reduced  to  a  Common  Radical  fign. 

^  Bm  when  the  Divifor  cannot  be  reduced  to  a  fimple  Rational  number  by  any  of  the 
foreeoinE!  Rules ,  (  which  are  ail  that  I  have  met  with  in  Algebraical  Authors , ;  the  Divn 
j  i  n  h7ret  as  a  Numerator  over  the  Divifor  as  a  Denominator,  and  thePraftion  fo 
L?be  equal  tTthe  Quotient.  As .  for  example ,  if  V4«  +  V(  3)3  be  to  1^ 
divided  by  V  ‘  5  V(3)<^  -  V3 ,  Quotient  may  be  reprefented  by  this  Frai^ionjto  wit, 

V4S  v(3)^ 

'  Vis  +V(3)<5  —  V3*~ 

Examples  of  Divifion  in  Compound  Surd  quantities  expreU  by  Letters. 

Divifion  in  Compound  Surd  quantities  expreft  by  Letters  depends  upon  the  Rules  of 
Simple  .Surds  before  delivered  ,  as  alfo  upon  the  General  method  of  Divifion  in  9j 
chaft.  y.  Beok,!.  as  will  appear  by  the  following  Examples,  fome  of  which  1  {hall 

afterwards  explain. 


Divifor.  Dividend. 

4  — }—  bVbc  ^  by 

Ah  -j-s  hV be 


Quotient. 


A  Vbc  ^  C 

44  4"  ^ybe _ _ 

he  —  ayhe 
be  —  ay  be 


—  ybc 


y  ah 


9 


Chap.  9.  the  Arithmetick^  of  Surd  Quantities. 

.Jtb  _  .Jci  ^4}  —  ci  ^ 

ab  —  seabed 


— .  ed  seabed 

—  cd  -j-  ^abed 

0  0 

)  aaa  ^  bcajbc  (  aa  be  —  Ar^bc 

aaa  -j—  aay/bc 

— j—  bc^ be  — *  M^bc 
— bc^bc  abc 

I  1 

1  1 

1 

abc 

abc 

0 

0 

^  aaab  —  abbe  ab  — - 

aaab  aab^hc 

b^/bc 

abbe  —  aab^/bc 
— •  abbe  > —  aab\/bc 

*  ‘ 

et 


ajbc  ^  aah  bijc  ~  ab^hc  -1-  —^bc  ^  ab 
aab  '  — .  abj^bc  '• 


hhc 


—  bbc 

—  bbc 


4- 

A 

+  ^^bc 

a 


'  o  O 

nx  ?  Lie  ATIO  H. 


•  -•  »  :  .  .  .  ,  .  t  ^ 

In  the  firfl:  Example ;  firft ,  ab  divided  by  a  gives  the  Quotient  b‘  by  which  I  multiply 
the  whole  Divifor  a^\-^^bc,  and  it  makes  db^-^by/bc,  this  fubtraded  from  the  given 
Dividend  ab  -]-^  b^bc,  there  remains  o  •  fo  the  Quotient  fought  is  b,  ^ 

In  the  third  Example;  firft,  ab  divided  by  ^ab  gives  the  Quotient  by  which 
I  multiply  the  whole  Divifor  ^ab — and  the  Product  is  ab  —  a/ abed  ^  this  fubtrafted 
from  the  given  Dividend  ab—cd^  there  remains  to  be  yet  divided  —  cd-^-^  ^/abed  •  then  I 
divide  —cd  by  -^^cd  and  it  gives  the  Quotient  +  ^ed,  by  which  I  multiply  the  whole 
Divifor  ^/ab—y/cd  and  it  makes  —cd-\^^abcdy  this  fubtra<fted  from  the  remaining  Dividend 
—  w  4-  V abed  leaves  o  .  fo  the  Divifion  is  finifht,  and  the  Quotient  fought  is  ^ab  -f-  y'cd. 

In.  the  fixth  and  laft  Example ;  firft ,  aab  divided  by  a  gives  the  Quotient  ab ,  this, 
multiplying  the  whole  Divifor  a  —  a^bc  produceth  aab, —  ab^be ,  which  fubtrailed  from 

the  given  Dividend  leaves  to  be  yet  divided  — bbc  -]-^^^^bc .  then  I  divide  -f-  ’—\/be 

a  A 

iy  —  arid  it  gives  the  Quotient  —  by  which  I  multiply  the  whole  Divifor 

/Z  * 


d-^a^bc  and  it  produceth  — bhc-\^  ^^^bc^  which  fubtrafted  from  the  remaining' 
Dividend  — bbc'\-^^y,/bc  leaves  nothing  •  fo  the oiiotient  fought  is  ab—^ 


7h 


The  Aruhmetick.of  Surd  Quantities. 


Book  II. 


7be  AnthmikkofVmverfal  Surd  RSots  ,  lioth  in  hmkrs  and 

^antitics  expnjl  by  Letters. 

ScCt.  X  I  i.  MiiltiplicMion  in  Vniverfal  Surds. 

Univerfal  Roots  are  the  Roots  of  Compound  Numbers  or  Quantities ;  how  to  expfs 
Un-verfal  Roots ,  and  to  find  out  their  values ,  hath  already  been  Ihewn  in  SeU.  a  8.  Chap,  i  .r 

Boohi.  I  fliall  therefore  proceed  to  their  Multiplication. 

I .  If  the  fquare  Root  of  any  Compound  number  be  to  be  fquared ,  or  multiplied  into 
it  felf,  call  away  the  univerfal  Radical  lign  V  or  alfo  t^he  Line  that  is  drawn  oyer  i  e 

Compound  number ,  and  the  Compound  number  it  felf  ftialHie  the  Square 
Root  propofed.  Alfo  ,  the  Cube  of  the  cubick^ootof  any  Compound  number  is  the  Com¬ 
pound  number  it  felf,  the  Line  draWn  over  it  and  the  univerfal  Radical  fign  V(3) 

away  ^  and  fo  of  others.  - - -  .  i  , 

As,  for  example,  the  Square  of  this  univerfal  fquare  Root, 

likewife,  the  Square  of  — V?*  ;  alfo,  the  Square  of  V»i  5'’4“V^i 

•  "  •  ■  V3 


Vi  :  IS  15 


■^/2, 


is  I  c  -U  V3  V-  5  Square  of  V**  1 5  —  .  - - 

After  Ihe  fame  manner,  the  Cube  of  this  univerfal  cubick  Root,  VCs)  •  5  n"  V9  - 

Likewlfc,^thc  Square  of  ^/:  aa  4-  bb  ;  is  aa  -|-  bb  ;  and  the  Cube  of  \/(s)  1  bbb-\^ccc  . 
is  bbb 4‘ ccc  5  al fo  ,  the  Square  of  V- —  n  :  is  ic -j- yZ-^cc  —  n:  and  fo  ot 

When  an  univerfal  Root  is  to  be  multiplied  by  a  rational  Quantity  or  by  a  fimp^ 

or  compound  Surd  ,  or  by  an  univerfal  Root  -  multiply  the  Square  of 
ihe  Square  of  the  Multiplier ,  when  the  univerfal  Radical  fign  is  a^adrat.ck  ;  01 ,  the  Cube 
of  the  one  by  the  Cube  of  the  other,  When  the  univerfal  Radical  lign  is  Cubick,  e^c.  then 
belore  that  Produft  prefix  the  given  univerfal  Radical  fign  ^  fo  lhall  this  new  univerfa 

Root  be  the  Product  loughr.  •  nr 

As ,  for  example  ,  it  it  be  defired  to  double  or  multiply  by  2,  this  univcrfalfguare  Root, 

vTtc4V^;  I  take  the  Square  of  2,whicbis4,  and  the  Square  of  V* ^ 

(  by  the  foregoing  firft  Rule  of  this  Sebi. )  is  1  o  -R  V40  i  then  1  multiply  1  o  4-  V 4° 
by  4,  and  it  makes  404-4V4OJ  or,  40^-V^4O5  whofe  univerfal  fquare  Root ,  to  wi , 
Vh^K^:  0^  V:To^lV^:  isthePfoduaofy:  1C4V40  *  multiplied  by  a  ; 
or  the  faid  Produa  may  be  exprefi:  thus ,  2  V:  1  o  +  V40  • 

Likewife ,  if  v(0 :  V(3)^4  -h  V(3)^7  :  be  to  be  doubled  or  multiplied  by  2  5  I  firft 
multiply  each  of  thofe  numbers  cubically ,  becaufe  the  Radical  fign  ot  the  given  unlverftl 
Root  is  vCO.  and  their  Cubes  will  be  V(3)64  +  f  ^  ^  i  which  multiplied 

one  into  the  other  make  8V(  3)644  -  SyCOzy  ,  to  which  Produd  1  prefix  the  tmiveriy 

Radical  fign  VC?),  and  it  gives  VCO  :  l>yC3)64  4-*  f>yC0^7  •*  that  is, 
or  yC3))6i  which  is  iheProduft  fought,  to  wit,  the  double  of  y(3):y(3)^44-VC3)^7- 
After  the  fame  manner,  if  y(3) :  yC3)64--|-y(2)3  64-3  •>  be  to  be  multiplied  by 
or  y(3)i25,  the  Product  will  be  y(3):  I25y(3)tf44- t25y(2)36-i-^  375  •  thatis, 

y(3)i625,  _  j 

Again,  to  multiply  y:  yio4-y3  :  by  y5  j  their  Squares  arc  yio-hV^  and  5, 
which  multiplied  one  into  another  make  ^V 10  >-1-  (that  is,  V a  c o  -|-  V7 5  > )  whofe 
univerfal  fquare  Root ,  to  wit ,  V:  5yio4~'  5V3  •  (or,  V:  V'2-5o-"l~V75  0  ts  the 

Produif  of  y  :  yi  o4^^3  ;  multiplied  by  ^/ ^ _ 

Likewife,  to 'multiply  V  :  13  -j- Vsi:  by  v'-  S  4’  V 10  :  (  that  is,  4  by  3,  where 
the  Pruduit  is  manifeftly  12;)  the  Squares  of  tht  univerfal  Roots  propofed  are  1 3  4-  v  9 
and  y  4  "*  V 1 6  ,  which  multiplied  one  into  another  make  65^-.^^ 9"-j^t3'V^  i64-Vt44 ; 
whofe  univerfal  fquare  Root,  to  wit,  V :  65  yVp  4*- t3y  1 6  4- Vi44  ^  that  is, 
yj44,  or  12  is  the  Produif  fought. 

Again  ,  to  multiply  y:i4-^^^:  into  — I  muitiply  their  Squares  i  + 
and  , _ nnc  into  another  according  to  the  lalt  ot  the  three  compendious  Rules 

in  LeSi.  iL  of  this  Chm.  and  there  comes  forth  —  Ha  that  is,  y  j  (to  wit,  the 

dittcrence 
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ilitference  between  the  Squares  of  I  and  V"4  0  laftly,  the  fquare  Root  of  thefaid  5  is  ^5 
for  the  Product  fought. _ 

So  alfo,  to  multiply  5  +  V';-  :  by  ^5  +  V'z  ;  tbeir  Squares  5  and  7-I- 

a  V'lo  multiplied  one  into  another  give  ^  s  i  o  ^  i  q  ^|-  J[-  2‘g/’  o  ;  whofe  univerfal 

fquare  Root,  to  wit ,  V  :  ?  r  °  •  >s  the  Produifl  fought. 

^  Moreover,  to  multiply  ^^44  4 :  —  V:.  ^4  2  ;  by  ^/roo—  \  i 

( that  is,  2  by  3,  which  will  produce  5 ;  )  I  firft  multiply  the  Square  of  ^ :  V144-I-4  ; 

by  the  Square  of  t  •  yi44+4  by  v/ioo_i  and  it  makes  V14400 

+  4^1  00  —  V 144  4  ,  before  which  1  prefix  the  uhiverfal  Radical  fign  -y/,  afid  it  gives 

V'  ^14400-1-4^100  — Vt  44  — 4  i  which  is  one  of  the  members  of  the  Produft 
fought ;  then  I  multiply  in  like  manner  —  V :  ^4  ^  :  by  V:  y'l  00  ^  i :  and  it  makes 

—  V4oo4-2y/ioo — ^4  —  the  latter  member  of  the  Produd  foughts 

laftly,  both  thofe  members  being  joyned  together  give  V;  -v/i44oo-j-4y'i  00— ,;/i44— q ; 

—  y  v'4oo-h2Vioo  —  V4  — that  is,  v'144  — V'5<^ ;  thatis,  12  —  5,  or  d; 
for  the  Product  required. 

3.  Sometimes  the  fourth,  fifth  and  fixth  Rules  in  Sea.4.  of  this  Chapt.  will  be  nfeful 
in  the  Multiplication  of  univerfal  Surds:  As,  if  it  bedefired  to  multiply  3^:  2 -hVy  by 

4V*  ^  “H  V5  •  C  which  are  commeniurable  Roots ,  for  they  arc  in  proportion  one  to  the 
other  as  3  to  4  ,)  I  multiply  5  by  4,  and  the  Produvft  12  into  2  +  ^5  •  fo  there  is  pro¬ 
duced  2  4  1 2  (thatis,  2  4  +  V?  2  o  )  for  the  Produa  fought. 

Likewife ,  6  :  multiplied  by  2y';  6  -j-  >y/p  :  (  that  is,  i  5  by  5.)  produceth 

lov/p,  (  that  is,  90.)  ^  j  tr 

Moreover,  if  yy/:6-|-V9:  be  to  be  multiplied  by  3  1 9  -  ^9 :  (  that  is,  t  y  by  1 2 .) 

I  firft  multiply  y  by  3  and  it  makes  i  y  j  then  I  multiply  6  4-  y'9  :  by  ^:19  —  * 

and  it  produceth  los -1- 1  g-y/p  ;  which  latter  Produdt  multiplied  into  the  former  Pro* 
duft  15  makes  i  jy/;  105  13^ 9;  ( that  is^  180.)  the  Produdl  fought. 

4.  Sometimes  alfo  the  three  Rules  before  delivered  in  Sed.  10.  of  this  ChapL  Con¬ 

cerning  the  multiplying  of  Binomials  andRefiduals  Will  be  ufeful  in  the  Multiplication  of 
Univerfal  furd  Roots:  As,  if  this  Binomial  Root  y'J  i2-|--y/i5  :  —  ^6~:  be 

to  be  fquared,  or  multiplied  into  it  felf ,  the  Squares  of  the  Parts  are  1  2  ^6  and  1 2 _ _ 

V ?  whofe  fumm  is  24;  then  the  Produff  made  by  the  multiplication  of  the  Parts  one  into  • 
the  other ,  vU.  1 2  -J-  ^6  :  into  y':  1 2  —  ^/6:  is  -y/i  ?  8  ,  (  for  the  difference  of  the 
Squares  of  12  and  y/6  is  138,  whofe  fquare  Root  is  V158  •)  and  the  double  of  theUid 
Produfl  is  2y'i  3  8,  which  added  to  24  (the  fumm  of  the  Squares  of  the  Parts)  makes  24-^ 

3 -y/ 1 3  81  Which  is  the  Square  of  y:  1 2  ^  V6  :  -1^  V:  1  2  — -  ^6.  Moreover,  the  fquare 
Root  of  the  faid  24  r]-  2^1  38,  to  wit ,  -y/:  24  4-  2  y/i  3  8  :  is  the  fumm  of  the  two  Parts 
y:  iz^^/6  :  and  ^:iz  —  ^6:  For  when  the  fumm  6f  two  numbers  is  multiplied  into 
it  felfi  the  fquare  Root  of  the  Produff  is  equal  to  the  fame  fumm. 

Likewife  if  ^/:  10 1  o  —  V 3 1  that  is,  2 ,  be  to  be  fquared ,  or  multi¬ 
plied  into  it  felf,  the  Produff  will  be  found  20  ^ —  2^64 ,  that  is,  4  ;  and  the  fquare  Root 
of  this  4  ;  to  wit ,  2  is  the  difference  of  the  two  Roots  or  Parts  \o-\- ^^6  :  and  'i 

V'iio  —  a/3<^.  For  when  the  difference  of  two  numbers  is  multiplied  into  it  felf,  the 
fquare  Root  of  the  Produff  is  equal  to  the  faid  difference. 

Again,  if  6-1- VT20  — ■  ^i6  :  be  to  be  multiplied  into  6 ~ y  .*  20  —  ;/i the 
Produ^f  will  be  found  20.  For  ( according  to  Rule  3 .  in  Sed.  10.  of  this  Chapter,) 
if  20  —  \/i6,  which  is  the  Square  of  ^/:zo  —  \/i6  :  be  fubtradfdd  from  36  the  Square 
of  6,  there  will  remain  1 6 y/i  6,  that  is,  20,  the  Produd  fought. 

Likewife,  if  y/20  -1-^:  20  —  -{/yi  be  to  be  multiplied  into  ^26  ^-.20  — 

the  Produd  will  be  -y/y. 

So  alfo,  if  y :  5  -j-  y:  20  —  y  1 6  :  be  £0  f)e  multiplied  by  y  :  y  —  y:  20 — y  16  : 

(thatis,  3  by  i  ;)  firff,  the  Squares  of  the  univerfal  Roots  propofed  are  y-f-y.- 20— y  i  dr 
and-  5  —  y:  20  —  yio  :  thefe  -multiplied  one  by  the  other ,  by  taking  the  difference, 
of  the  Squares  of  y  and  y.*  20  —  yx6  :  give  the  Produd  5  -1-^16  whole  uniyerfil^ 

G  g  2  '  * '  .  \  fquafe 
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rqiureRoot,  to  wit,  v  =  :  that  is,  3 ,  is  the  Produa  of  the  two  univerfal  fquare 

Roots  propos’d  to  be  multiplied. 

5.  The  four  preceding  Rules  of  this  Seaion  are  alfo  to  be  obferved  in  the  multiplication. 

of  univerfal  furd  Roots  expreft  by  Letters :  As,  if  it  be  defired  to  multiply  by 

I  multiply  their  Squares  aa-\~hb  an^i  aa  one  into  the  other,  and  therecoraes  forth 
aabh  t  whofe  univerfal  fquare  Root  -y/:  aahh  :  is  the  Produfl  fought  5  which 

may  more  compendioufly  be  expreft  thus ,  +  bb  : 

Like  wife,  to  multiply  ^  ;oi»+  4wP:  into  — ,  I  write  1 — ,  or — y:oo 


for  the  Produa.  .  . 

Again,  if  y': ^4^-12  ;  be  to  be  multiplied  by  3  ,  the  Produft  may  be  fignificd 
by  A  ^1-  3  into  y:  12  :  Or,  after  the  Squares  of  the  quantities  propofed  are  mul¬ 

tiplied  one  into  the  other ,  and  the  univerfal  Radical  fign  prefixed ,  the  produd  may  be 

expreflthus,  72^-f-  _ _  _ _ 

So  alfo,  y^i:  multiplied  into  y ;  :  produceth  y :  AAbc^bbbc :  and  ^J’.^bc-\-^ a.% 

muliplied  by  \/ v^ha — ■  *Jbc’-  produceth  y;^yc<*4-  ^y^ — he  —  ^abc:  that  is> 
y:  V  bbca  -I-*  ^aab  —  be  —  ^abc :  •  -  _______ 

Again,  after  the  manner  of  the  preceding  third  Rule  of  this  Seftion,  ^y:  bb  -cc;  multi¬ 
plied  by  di/-.bb  —  cc~ :  produceth  gdbb  —  adcc. 

And  a^:  b  H-  c  :  into  dy:  b  —  c ;  produceth  ^dy:  bb  —  cc : _ 

Moreover,  if  this  Binomial  Root  yt  y^  yk  :  y:  y^  —  y^c  :  be  to  be  fqnared 

or  multiplied  into  it  felf;  firft,  the  Squares  of  the  Names  or  Parts  ot  the  Binomial  are 
and  V  ^  which  added  together  make  ay^  •  then  the  double  Produd: 

of  the  Parts  is  ay:  4  —  be :  (  for  the  difference  of  the  Squares  of  y<«  and  y^c  is  4  —  be^ 
whofe  univerfal  fquare  Root  doubled  is  ay: 4  —  he:)  vyhich  double  Produft  added  to 
ay4,(to  wit,therumm  of  the  Squares  of  the  Parts  firft  found,)  makes  ay^-]- ay:  4  -  ^c: 
which  is  the  vSquare  or  Produft  defired  ;  and  if  the  fquare  Root  of  this-Produft  be  extrafted, 

it  gives  y ;  2  y^  -j-  2  y :  4  —  be:  which  is  equal  to  the-  furnxn  of  the  Parts  of  the  Binomial' 
Roots  firft  propoied  to  be  fquared. 


Sedf.  XIII.  Divijion  in  Vniverfil  Surdf. 

I.  Divide  the  Square  of  the  Dividend  by  the  Square  of  the  Divifor,  when  the  univerfal 
Radical  lign  is  quadratick  j  or  the  Cube  of  the  one  by  the  Cube  of  the  other,  when  the 
univerfal  Radical  fign  is  cubick,  &c.  then  prefix  the  given  univerfal  Sign  to  the  Quotient , 
fo  lhall  this  new  Root  be  the  Quotient  fought.  _ 

As,  for  example i  if  it  be  defired  to  divide  y;40-y4y4o:  by  a  •  I  divide  40 ‘-j- 
4y4o,  which  is  the  Square  of  the  Dividend,  by  4,  the  Square  of  the  Divifor;  ( according 
to  Sebb.  I  j .  of  this  Chaft.  )  and  there  arifeth  i  o  -j-  y4o ,  whofe  fquare  Root  univerfaJ, 
to  wit,  y  :  1  o  y4o  :  is  the  Quotient  fought. 

Again,  if  it  be  defired  to  divide  y:4o-i-4y40:  by  y:io-l-y4o:  firft,  I  take 
their  Squares ,  to  wit,  40  -|-4y40  and  io^-’y4o  as  a  Dividend  and  Divifor,  then 
becaufe  the  Divifor  is  a  Compound  number ,  a  new  Dividend  and  Divifor  miift  be  found 
out,  fuch  that  the  new  Divifor  may  be  a  Rational  number  ;  fo  (  according  to  the  Rule  in  the 
iixth  branch  of  Sell.  1 1.  of  this  CloApt.')  there  will  be  produced  240  and  60  for  a  new 
Dividend  and  Divifor ,  which  give  the  Quotient  4,  whofe  fquare  Root  is  2  the  Quotient 
fought ,  to  wit,  the  Quotient  of  y:  40  -f-  4y4o  :  divided  by  y:  ic  4-V40  : 

Likewife,  to  divide  20  by  y;  10  —  y^  :  firft,  I  reduce  their  Squares  400  and  10  — yy 
to  a  new  Dividend  and  Divifor,  to  wit,  4000  40oy5  and  py  ;  then  I  divide  4000 -j- 

4ocyc  by  9S ,  and  there  arifeth  42r94”  ^9  v'f  >  whofe  univerfal  fquare  Root,  to  wit, 
y:  42^1-1- ^9^5  :  is  the  Quotient  fought. 

Another  Example  ( in  Rational  numbers  expreft  Surd-wife  )  may  be  this,  viz.  fuppofc 
it  be  defired  to  divide  yf4  -|-  yi  j  ;  by  y;  i  ^-Vp  :  (  that  is,  3  by  2  ,  which  gives  the 
Quotient  1^  j)  firft,  I  reduce  4  +  yjy  and  the  Squares  of  the  given  Dividend 

and 
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and  Diyifor,  to  a  new  Dividend  and  Divifor,  10  wit,  4  -v/a  5-  —  4^/9  —  V'iz  5  and  —  8  : 
thefc  give  the  Qnotienc  -• ,  (  as  hath  been  proved  in  the  latter  Example  of  the  Note  in  the 
preceding  SeEt.  11.)  the  (guareRoot  whereof,  to  wit,  f  ,  is  the  Quotient  fought  j  for 
if  the  given  Divifor  V:  i  -h -s/p  =  be  miitiplied  by  the  Quotient  f  it  will  produce  5  , 
which  is  equal  to  the  given  Dividend  V:  4  ?  : 

.  .  Again ,  to  divide  VC?) :  «V(3)^4-h  8^(2^ :  by  2  .  1  divide  the  Cube  of  the 
one  by  the  Cube  of  the  other,  viz,  8^/(3 )(^4+ 8V(2)27  by  8,  and  there  arifeth 
yc  3 ) 54  ^7  ^ ^ 7 ;  '^’hofe  univerfal  cubick  Root,  to  wit,  ^/(  ? )  :  V(3)^4  * 

is  the  Quotient  fought,  to  wit ,  the  half  of  the  Dividend  propofed. 

2.  11  the  given  univerfal  Roots,  to  wit,  the  Dividend  and  Divifor  be  comracnfurable, 
then  (  according  to  the  fifth  Rule  ol  Sell.  5.  of  this  Chapt. )  divide  the  Rational  part 
ot  the  Dividend  by  the  Rational  part  of  the  Divifor,  and  what  arifeth  is  the  Qpoiicnt 

fought:  As,  to  divide  2iV:6^^V^  ;  by  I  divide  21  by  3  ,  and  there 

arifeth  7  for  the  Quotient  fought. 

Likewife,  :  <livided  by  •  gives  the  Quotient  24. 

3.  Divifion  in  univerfal  Surds  expreft  by  Letters  depends  upon  the  Rules  before  given  : 

As,  to  divide  ^ :  aaaa  adb :  by  4  ;  I  divide  the  Square  of  the  Dividend  by  the  Square 
of  the  Divifor,  viz.  aaaa  aabb  by  44,  and  there  arifeth  whofe  fquare  Root 

univerfal,  to  wit,  is  the  Quotient  fought. 

Again,  if  it  be  defired  to  divide  V :  V  ^Jaah^  be  —  ^abc ;  by 

I  divide  the  Square  of  the  Dividend  by  the  Jiquarc  qf  the  Divifor  ,  viz.  ^bbea-^  .^Uab  — 
he  —  ^ahehy^  (according  to  the  method  in  the  Examples  at  the  latter  end 

of  Sed.  I  ij7)f  this  Chapt. )  and  there  arifeth  ^jbk  —  .^bc ,  whofe  univerfal  fquare  Root, 
to  wit,  :  is  the  Quotient  fought. 

Moreover,  to  divide  bb  cc :  by  34^;  bb  -1-  cc  ;  bccaufe  they  are  coramenfurable, 

I  divide  only  the  Rational  part  by  the  Rational ,  and  there  arifeth  for  the  Quotient. 

4.  Laflly  ,  when  the  work  of  Divifion  in  univerfal  Surds  according  to  the  foregoing 
Rules  and  Examples  in  this  Sedlion,  happens  to  be  intricate,  or  will  not  work  off  juft 
without  a  Remainder ,  youmayfet  the  Power  of  the  Dividend  (  the  univerfal  Radical  fign 
being  omitted)  as  a  Numerator,  over  the  Power  of  the  Divifor  as  a  Denominator,  and  prefix 
the  univerfal  Radical  fign  before  the  line  that  feperates  the  Numerator  from  the  Denomina¬ 
tor  j  then  lhall  the  univerfal  Root  fo  denoted  fignifie  the  Quotient  fought. 

As  ,  if  it  be  defired  to  divide  V5  V8  —  3  :  by  ^/  \  ~y-j  ^  ^|-T;  the 

Quotient  may  be  reprefented  by  this  Fradhion,  y':  3_  . 

_  V 7  —  -I-  ^ 

Likewife,  if  ^/abb  ~i\~bcd:  be  to  be  divided  by  —  dd:  you  may  write 

, .  ;  to  fignifie  the  Quotient. 

—  dd 


Seft.  XIV.  Addition  and  Subtraction  in  Vniverfal  Surds.  ^ 

I.  When  two  univerfal  Surds  propofed  to  be  added  or  fubtrafted  are  Commenfurable, 
they  may  be  added  or  fubtradlcd  like  fimple  Surds  j  (  according  to  the  Rule  in  SeCb.  8.  of 
this  Chapt.')  As,  for  example,  if  the  Summ  and  Difference  of  and 

.y/;  2 be  defired-,  becaiife  each  of  them  divided  by  their  common  Divifor 

V  :  i  -\--  V3  :  V4  and  >v/i ,  that  is,  2  and  i ,  which  are  Rational  numbers  exprefiing 

the  Proportion  of  the  Surds  propofed.  Therefore  the  fumm  of  2  and  i,  to  wit,  3  multi¬ 
plied  into  the  faid  common  Divifor  gives  3^:  2  :  for  the  Summ  required  ,  (  which 

may  alfo  be  expreft  thus,- V:  18-I--V243  :)  and  the  difference  of  the  faid  2  and  i,  towir, 
1  multiplied  into  the  faid  common  Divifor  •  roakes  2  :  for  the 

Difference  of  the  two  Roots  fitft  propofed. 

Another  Example  in  Rational  numbers  expreft  Surd-wife,  viz.  let  it  be  required  to 
find  out  the  Summ  and  Difference  of  V-  99  ■  and  44.^1-4^25  :  (  that  is, 

12  and  8  i)  Firft  ,-thofe  univerfal  Roots  being  feverally  divided  by  the  common  Divifor 
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V':  II  -h  ^^5  f  g‘v^  the  Quotients  ^9  and  y4,  to  wit,  5  and  2,  which  are  Rational 
nunnbers  exprefling  the  Proportion  which  the  given  Roots  have  one  to  another.  Therefore, 
3  y-  to  wit,  5,  multiplied  into  thd  common  Divifor^:i  i-l'vTp  gives 
that  is,  V:  ^75  "H  (to wit,  20,)  which  is  the Summ  of  the  Roots propofed  ^ 

and  5  —  2  ,  that  is,  1,  multiplied  into  the  faid  y^:  1 1  y.y'25  :  gives  V*  1 1  4- V^5  • 
{that  is,  4,)  for  the  Difference  of  the  given  Roots. 

*,  4 

Here  foUovp  ContraUtons  of  the  work^  of  j^ddition  and  SnbtraUion  in  the 
two  laji  Examples^  with  others  of  like  hat  fire  in  Snrd  quantities  expreii 
hji  Letters. 

Example  t. 


What  is  the  Summ  and  Difference  of  .  .  S  +4^3  *  ^ 

The  Operation, 

I.  V:2*>HV3  :  )  8  -\-  4^3  ;  (  ^4 1  ^hat  is ,  2. 

II.  )  y'TTi^JTvFj  (  Vi»thatis,  i, 

Therefore  from  L  2^:  2  ^-.y^3  ;  =  y^;  ^  4~^  4^^/ 3 ; 

And  from  II.  .  1^:2^- V3:  =  y';2-j-y'3; 

The  Summ , 


3  \/i  2  —  y^ 3  t  —  ^ 8  1  '  A's/ 3  *  ’4“'  ^'.2  — |—  y'3  I 

_  -»  ~  ■  I  ■!  I  ■  ..M  *  IMII  . 

The  Difference,  iv^:  i  v'3  :  =  V:  8  y  4-V/3  *•  —  V-'  ^  4-  ^3  : 

'  Example  2, 


What  is  the  Summ  and  Difference  of  V*  99  -|-  9 V ^  5  ^  and  44  +  4  Vi  j :  ? 

The  Operation. 

I.  ■ 

11. 


y.  1 1  4-  V25  ;  )  V;9p4-pv/2y  ;  (  V9,  that  is;  3. 
y  1 1  4-*  V2  5  J  )  V-* 44  +4^2  5  5  (  •v'4  »  that  is,  2. 


Therefore  from  I. 
And  from  1 1.  . 


1 1  -hyp  =  y  99  4-9^2  5  ♦ 
2  V:  1 1  -h  -v/2  5 :  =  V  •  444^  4V2  S  2 


The  Summ,  5y  11  4-^/2  5  :  =  y:  994-  5  »  4-  VH4+4V2t; 
The  Difference,  1  v^:  1 1  +  ^2  5  :  =  V-  99-1-  ^  —  y  44+4^2  5 : 


Example  g. 


What  is  the  Summ  and  Difference  of  y:  aaaa 4^ aahh  :  and  y:  :  ? 

Thofe  reduced  (by  Se^.6.  of  this  Chapt.')  give  a^/iaa~\-bb  :  and  ^y:  aa  hb : 
Therefore  their  Summ  is  ...  .  a-\-b  into  y :^^\-^b'^ 

And  their  Difference  is . a  ^  b  into  y :  44  4-  : 

Example  4, 

What  istheSuramandDifferenceofJ  ^  ^ ^omm+ 4a.r>m«,f. 

L  aa  ppzi. 

By  dividing  each  of  them  by  their 

and 


common  Divifor  y:od-|-4wp: 
there  will  arife  Rational  quotients, 
to  wit ,  .  .  ‘  .  .  .  ,  .  . 

Therefore  the  Surds  propofed  are 
Commmenfurable,  and  inftead  of* 
them  we  may  write  ,  ,  . 

Therefore  thar  Summ  fliall  be 

T'hat  IS,  .  •'  .  •  •  .  I 


a 


— y*.  00  4^  ^mp :  and  -^y:  00 -|-  ^wp ; 
am  ’ 


Ju  lElL  into  y ;  oo  4-  40fp  • 
a  pz. 

— — 1- - -  into  4^  :  00 ^mp  : 


apz 


And^ 


=39 


\ 
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And  the  Difference  of  the  given  Surds  fliall  be  <  into  ^/:  00  A-awp  • 

(.  apt  ^  ^ 

'  -  II  .>P  »  I  !■!  ■■»  .  .  ,  .  _  .  .  .  .  ■  ■■■■  '  ■  —  •  - - .---■-  -  !  -■-  I 

« 

Example  5. 

What  is  the  Suram  and  Difference  of  tfiefe  two  Univerfal  Roots? 

------  ^  _  j 

»  -y/  t  aaaa  “-j — •  6aaa  t-^aa  —j  'jxa  »- 1  -  108  t  and  y 

aJ  ;  aaaa  loaaa  -j—  '^yaa  —  i2o<i  300  : 

"The  Operation,-  '  ^  ' 

The  given  Roots  are  Commenfurable ,  (  as  hath  been  fljewn  in  tbe  laff  Example  but  one 
in  Se5i.  7,  of  this  Chapt.)  and  may  be  exprefl:  thus, 

4  3  I  z  ;  and  cn'  5  1 2  : 

Therefore  their  Summ  i  fuppofing  a  to  be  greater  than  5  ,  lhall  be 

20,  —  2  into  V'.  aa  iTT  ‘ 

And  their  Difference  fliall  be,  ao  qrjT: 

But  if  we  fuppofe  a  to  be  lefs  than  7 ,  then  the^  Summ  of  the  given  Surds  will  be 
8>^:  4^-1- 12  :  and  their  Difference  2^  c/2  2  aa-\~i  2  :  that  isj  2a-<u^z  into  aa-\- 1  z~\ 

2.  When  the  Root  of  a  Refidual  is  to  be  added  unto ,  or  fubtra£led  from  the  Root 

of  its  correfpondent  Binomial ,  thofe  Roots  may  be:conne£led  together  by  4-  or _ ;  and 

then  the  whole  being  multiplied  into  it  felf,  the  urjiverfal  Root  of  the  produ6f  fliall  be  the 
Suram  or  Difference  of  the  Roots  given  to  be  added  or  fubtrafted ,  as  before  hath  been 
Ihewn  in  Rule  4.  1 2 .  of  this  Chapt.  , 

As,  if  thefe  t\Vo  Roots  be  propofed  to  be  added,  to  wit,  V;  i  z-l-v'd  :  and  12  —  -^^ 
wemay  multiply  this  compofed  number  V*.  V:  12  — :  into  it  felf,  and 

there  will  be  produced  24-^2^138  •  whofe  univerfal  fquare  Root,  to  wit,  24 
-1-  2  Vi  3  ^  •  fliall  be  the  fumm  of  the  two  Roots  propofed  to  be  added. 

Likewife ,  if  V:  1 2  +  i  ^  be  multiplied  into  it  felf,  the  Produft 

will  be  24  — 2V13S,  whofe  univerfal  fquare  Root,  to  wit,  V:  24  —  2V1  is  the  ' 
difference  of  the  two  Roots  propofed. 

After  the  fame  manner,  the  fumm  of  thefe  two  Roots,  V- 1  o-HVB  ^  •  and  i  o _ V  ^ 

will  be  found  V64‘.  (that  is,  ^/i6,xo  wit,  6{)  but  their  difference  V:2o— 2V64: 

(that  is,  V4j  to  wit,  2.)  '  - 

Likewife  the  fumm  of  thefe  Binomial  Roots,  V*  •  and  V-  v 4  —  will 

be  found  V*  at^d  their  difference  V*  zV^ —  z-V**  • 

3.  But  if  the  univerfal  Roots  propofed  be  not  commenfurable,  nor  fuch  Binomials 
and  Refiduals  as  are  mentioned  in  the  lafl:  preceding  Rule,  then  they  are  to  be  added  by 
and  fubtrafled  by  — . 

As  ,  if  Vs  5M-Vz  *.  and  Vs  5— V3  s  be  to  be  added,  I  write  VshV^:  -I-  Vs  V3  s 
for  the  Summ;  andtofubfraff  V-J— V3s  from  V'-5+V^-  I  write  v'^5H-Vzs  —  Vs)— V3  s 
for  the  Remainder. 

Likewife  the  Summ  'of  Vs  '•  ^tid  V*'  s  is  V*  •^1“'  *•  -h  Vs 

and  their  Difference  is  Vs  -i--  s  —  Aj‘,aa~^cc\ 


Sed:.  XV.  Concerning  the  ConUitution  and  Invention  of  fix  Binomials  in 
Numbers  y  agreeable  to  thofe  expounded  in  Prop.  49,  50,  51352,  5*3,  54,' 
Eleni.  io.Euchd. 


By  way  of  preparation  to  the  ConftrU(Rion  of  the  fix  Binomials  in  Numbers,’  I  fliall 
premife  this  ,  , 

^  E  ST  10  N. 

To  find  two  Square  numbers  whofe  difference  may  be  equal  to  a  given  Rational  number  ? 

CANON. 

» '  ■> 

t  • 

-inv  two  numbers,  which  raulffplied  one  by  the  other  will  produce  the  giv^en 

number  i 


t 
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number  •  then  half  the  fumra  of  thofe  two  numbers  and  half  their  difference  IhaU  be  the  Sides 
or  Roots  of  the  two  Squares  fought. 

As ,  if  5  be  given  for  the  difference  of  two  Squares  fought,  I  take  j  and  i  for  the  Pro- 
du6f  of  their  multiplication  is  5  j  then  the  half  of  their  furam  is  g ,  and  the’half  of  their 
difference  is  z  j  laftly  ,  the  Squares  of  the  faid  3  and  2  are  9  and  4  ,  the  Squares  fought : 
for  their  difference  is  5- ,  as  was  preferibed. 

Again,  the  fame  number  5  being  given  for  the  difference  of  two  Squares,  take  a  number 
at  pleafure,  as  2,  by  this  divide  the  given  number  5 ,  the  Quotient  is  therefore  the  Pro* 
duft  of  the  multiplication  of  thcDivifor  2  by  the  Quotient  f  is  y ;  then  according  to  the 
Canon,  half  the  fumm  and  half  the  difference  of  the  faid  2  and  f ,  to  wit,  ~  and  I  iRall  be 
the  Tides  of  the  Squares  fought ;  and  confequently  the  Squares  themfelvcs  are  f  |  and  7^  , 
whofe  difference  is  5  ,  as  was  defired. 

After  the  fame  manner  innumerable  pairs  of  Squares  may  be  found  out  in  Rational 
numbers ,  and  the  difference  of  each  pair  (hall  be  equal  to  one  and  the  fame  given  number. 

The  reafon  of  the  Canon  may  be  made  manifeft  by  this 

Theorem* 

The  Produd  made  by  the  multiplication  of  any  two  unequal  numbers  is  equal  to  the  dif* 
ference  of  two  Squares ,  to  wit ,  of  the  Square  of  half  the  fumm ,  and  the  Square  of  half 
the  difference  of  the  fame  two  unequal  numbers.  '  '  ' 

As ,  if  c  be  the  greater  ,  and  b  the  leffer  of  two  numbers ,  then 

.  The  Square  of  is  .  .  .  '  ,  ^cc  4- i^b  ^ 

The  Square  of  —  is  .  .  .  .  %cc—icbJ^j^bb^, 

The  difference  of  thofe  two  Squares  is  ....  eb. 

•  Which  difference  is  manifeffly  the  Produft  of  the  multiplication  of  the  two  propofed 
numbers  c  and  b.  Wherefore  the  Theorem ,  and  confequently  the  Canon  firft  given 
is  manifeft. 

The  "Depnition  of  Binomial  I. 

When  the  greater  Name  (  or  part  )  of  a  Binomial  is  a  Rational  number ;  and  the  leffer 
part  is  a  Surd  fquare  Root  of  fome  Rational  number,  and  the  fquare  Root  of  the  difference 
of  the  Squares  of  the  parts  is  a  Rational  number,  the  furam  of  the  two  parts  is  called 
a  Firft  Binomial.  ^ 

Explication, 

Let  this  Binomial  be  propofed . . 3  -K  Vf 

The  Squares  of  the  Names,  or  parts,  are  •  •  •  j 

The  difference  of  thofe  Squares  is  ,  .  ,  ,  ...  4 

The  fquare  Root  of  that  difference  -is . . 

Becaufe  the  greater  part  3  is  a  Rational  number ,  and  the  leffer  part  is  a  Surd  fquare 
Root  of  a  Rational  number  5  ,  and  the  difference  of  the  Squares  of  the  parts,  vU.  4,  is 
a  Square  whole  Root  2  is  a  Rational  number  j  the  Binomial  propofed ,  to  wit ,  2  *-1-*  VV 
is  called  a  Firft  Binomial. 


Hovp  topnd  out  twofuch  numbers  as  may  conliituH  a  EirU  BinomuL 

J.  By  the  Canon  of  the  preceding  Queftion  at  the  beginning  of  this 

find  out  two  Square  numbers  whofe  difference  may  be  fome>  ^ 

Rational  number  not  a  Square,  fuch  arc  thefc  Squares.  .  .  .  .  C 

2.  Their  difference  is . y 

3*  Take  fome  Rational  number  at  pleafure  for  the.  greater  part  of  the*? 

Binomial  fought ,  as . .  v  ^ 

4.  Then  fay ,  by.  the  Rule  of  Three,  Jf  9  the  greater  of  the  two 

Squares  tound  out  in  the  firft  ftep ,  give  y  the  difference  in  the  fecond 
what  fliall  36  the  Square  of  the  number  taken  in  the  third  give? 
whence  the  fourth  Proportional  will  be  found  20,  the  fquare  Root 
whereof  is  the  leffer  part ,  to  wit ,  .  .  .  .  .• 

5 .  I  fay ,  the  fumm  of  the  two  numbers  found  out  in  the  third  and  fourth  e.x 

fteps,  IS  a  firft  Binomial,  to  wit,  .C  0  +  ^20 

Tk 
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ihe  Defnitiott  of  Binamial  II, 


ot  the  parts  is  Comraenfurable  to  the  greater  part  •  the  fumm  of  the  two  Parts  is  called 
a  


Let  this  Binomial  be  propofed,  .  .  .  *  ;  ;  .  ^18  4 

.  The  Squares  of  the  Parts  are  .  ^  i  .  5  *  ^ 

* i. 

The  Difference  of  thofe  Squares  is  I  ;  .  2. 

The  fquare  Root  of  that  Difference  is . y-  2 

Becaufe  the  leffer  Part  4  is  a  Rational  number,  and  the  greater  Part  8  is  the  Surd  fquare 
Root  of  a  Rational  number  18,  and  the  fquare  Root  of  the  Difference  of  the  Squares 
of  the  Parts,  viz,  ,  is  Comraenfurable  to  the  greater  Pan  V18  •  (for  according 
to  the  Definition  in  7.  of  thisCW.  1.3,  that  is,  as  a  Rational  number 

to  a  Rational  number  • )  the  propofed  number  8  4  is  a  Second  Binomial. 

Horn  to  find  out  two  fich  numbers  as  may  confiHute  a  Second  Binomial, 

9 


4 


s 


1  o 


ViSo 


5.  1  fay  the  fumm  of  the  two  numbers  found  out  in  the  third  and  fourth^ 
fteps  is  a  Second  Binomial ,  viz.  .  i  .  .  i  . 


^  y'iSo  10 


The  Definition  of  Binomial  III. 


When  each  of  the  two  Parts  of  a  Binomial  is  a  Siird  fquare  Root  of  a  Rational  number' 
and  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Parts  is  Comraenfurable  to  the 
greater  Part  j  the  fumm  of  the  two  Parts  is  called  a  Third  Binomial. 


Eyflication, 

Let  this  Binomial  be  propofed ,  .  *  .  ^  4-  Vs^ 


The  Squares  of  the  Parts  are 

The  Difference  of  thofe  Squares  is  .  .  ;  .  .18 

The  fquare  Root  of  that  Difference  is 

Becaufe  the  two  Parts  and  ^3^  are  Surd  fquare  Roots  of  two  Rational  numbers 
SO  and  3  2 ,  and  the  fquare  Root  of  the  Difference  of  the^uares  of  tfie  Parts,  viz.  ^18 
is  Comraenfurable  to  the  greater  Part  Vjo  ;  (for  V18  .  Vyo  ::  3  .  5^  that  is,  as 
a  Rational  number  to  a  Rational  number  •  )  the  propofed  number  ^5  o  -1-*  Vs  a  is  a  Third 
Binomial. 

How  to  find  out  two  Juch  numbers  as  may  conjiitute  a  Third  Binomial, 

1*  Find  out  two  Square  numbers  whofe  Difference  may  be  forae? 

Rational  number  not  a  Square .  fuch  are  thefe  Squares ,  .  .  .^  4 

2.  Their  Difference  is  ...  4  j 

3.  Take  fome  Rational  number  not  a  Square ,  Which  may  exceed  theqi 

faid  Difference  5  by  an  Unit  or  two,  viz.  by  i,  when  the  faidr 
Difference  increafed  with  I  makes  not  a  Square  -  but,by,2  ,  when  >  6 

the  Difference  increafed  with  i  makes  a  Square :  fo  in  this  Exam-  L 

pie,  I  take  (5  j  becaufe  -I- i  makes  not  a  Square ,  .  .  .  .J  ,  . 

4.  Again,  take  Tome  Rational  number  at  plcafurc-,  as  ,  .  .  .j*  12 


H  h 


5" 
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5.  The  Square  thereof  is  . . )> 

6.  Then  fay ,  If  6  the  number  taken  in  the  third  ffep ,  gives  9  the 


144 


7- 


greater  of  the  two  Squares  in  the  firft ;  what  fliall  144  thefquarej 
number  in  the  fifth  give?  whence  the  fourth  Proportional  is  216,1 
whofe  fquare  Root ,  to  wit  ^zi6  (hall  be  the  greater  Part  5  .  . 

Say  again,  If  the  faid  Square  9  gives  5  the  Difference  in  the 
fecond  ftep  j  what  (hall  216  the  fourth  Proportional  found  out  ini 
the  fixthgive  ?  whence  yon  will  find  120,  whofe  fquare  Root, 
to  wit  ,  Vi  20  (hall  be  the  leflfer  Part ;  .  .  . _ 

I  fay,  the  fumm  of  the  two  numbers  found  out  in  the  fixth  and? 
feventff  Reps  is  a  third  Binomial.,  to  wit  ,  . . 


V2I(5 


^/l20 


20 


The  Definition  of-  Binomial  I V. 

When  the  greater  Part  of  a  Binomial  is  a  Rational  number ,  and  the  leffer  Part  is  a  Surd 
fquare  Root  of  a  Rational  number  ,  and  the  fquare  Root  of  the  Difference  of  the  Squares 
of  the  Parts  is  Incommenfurable  to  the  greater  Parr ;  ihe^  fumm  of  the  two  Parts  is  called 

a  Fourth  Binomial.  • 

•  Explication, 

Let  this  Binomial  be  propofed ,  •  i  •  ,  I  2  9  'Vi* 

The  Squares,  of  the  Parts  are  .  ....  •’^12 

The  Difference  of  thofe  Squares  is  1 3 

The  fquare  .Root  of  that  Difference  is  .  .  .  V*3 

Becaufe  the  greater  Part  5  is  a  Rational  number,  and  the IclTcr  Part  ^11  ha.  Surd  fquare 
Root  of  a  Rational  number  12;  and  the  fquare  Root  of  the  Difference  of  the  Squares  of 
the  Parts ,  viz.  Vi3i  is  Incommenfurable  to  the  greater  Part  5  ;  (for  V’13  hath  not 
fuch  proportion  to  5  as  a  Rational  number  to  a  Rational  number;)  the  number  5  -f-  V12 
above  propofed  is  a  Fourth  Binomial. 

Hon}  io  find  out  two  fuch  numbers  as  may  confiitute  a  Fourth  Binomial, 

1.  Take  any  fquare  number,  as  .  .  .  I  .  .  .  ^  9 

2 .  Divide  that  fquare  number  9  into  two  numbers  not  Squares ,  as  into  ^ 

3.  Take  a  Rational  number  at  plcafure  for  the  greater  Part  of  thc> 

Binonaial  fought ,  as . .  ,  .  ? 

Then  fay.  If  9  the  fquare  number  in  the  firft  ftep,  give  6  the 


6  and  3 
6 

V24 


greater  of  the  two  numbers  in  the  fecond ;  what  (ball  3  6  the  Square^ 
of  the  number  taken  in  the  third  give  ?  fo  the  fourth  Proportional  will( 
be  found  24,  whofe  fquare  Root,  to  wit  ^24,  (ball  be  the  lelTcr  Parr- 
5.  1  fay ,  the  fumm  of  the  two  numbers  found  out  in  the  third  and  t  ^  j 
fourth  Reps ,  is  a  Fourth  Binomial ,  viz . >  ’T^v4 

•  »  «  k 

The  Definition  of  Binomial  V. 

When  the  leffer  Part  of  a  Binomial  is  a  Rational  number ,  and  th^reater  Part  is  9  Surd 
fquare  Root  of  fome  Rational  number,  and  the  fquare  Root  of  the  Difrerence  of  the  Squares 
of  the  Parrs  is  Incommenfurable  to  the  greater  Part‘;  the  fumm  of  the  two  Parts  is  called 
a  Fifth  Binomial. 

Explicaiion^ 

’  l  et  this  Binomial  be  propofed ,  .  I  ;  T  I  ^  I  ^ 

~  i  C  6 

The  Squares  of  the  Parts  are'  .  .  .  .< 

\  ^  44 

The  Difference  of  thofe  Squares  is  2 

The  fquare  Root  of  that  Difference  is  ..... 

Becaufe  the  leffer  Part  2  is  a  Rational  number ,  and  the  greater  Part  h  a  Surd  fquare 
Root  of  a  Rational  number  6 , '  and  the  fquare  Root  of  the  Difference  of  the  Squares 
of  the  Parts,  viz.  V' ,  is  Incommenfurable  to  the  greater  Parc  •• 

I  ,  >v/3>  not  as  a  Rational  number  to  a  Rational  number;)  the  propofed  number 
^6  2  is  a  Fifth  Binomial. 

How 
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How  to  find  out  two  fitch  numbers  as  may  conUitute  a  Fifth  Binomial 

1.  Take  any  fquare  number,  as  ...  . .  .  C 

2.  Divide  that  fquare  number  9  into  two  numbers  not  Squares, *as  into  >  ^ 

3.  Take  a  Rationai  number  at  pleafure  for  the  Icfler  Part  of  the  Binomial? 

fought,  as . .  ^  ^  ^ 

.j.  Then  fay,  If  6  the  greater  of  the  two  numbers  in  the  fecond  flep* 
gives  9  the  fquare  number  in  the  firft  5  what  lhall  4  the  Square  of  thei 
Rational  number  taken  in  the  third  give  ?  whence  you  will  find  the 
fourth  Proportional  5,  whofe  fquare  Root,  to  wit,  ,  lliall  be  thel 
greater  Part  fought . . . 

I  fay,  the  fumm  of  the  two  numbers  found  out  in  the  third  and  fourth  fteps  ? 
is  a  Fifth  Binomial ,  vIk. .  r  2  -j- 

The.  Definition  of  Binomial  V  I. 

When  each  of  the  two  Parts  of  a  Binomial  is  a  Surd  fquare  Root  of  fome  Ration;,! 
number ,  and  the  fqwe  Root  of  the  Difference  of  the  SquLs  of  the  Parts  is  IncoZen- 
furable  to  the  greater  Part ;  the  fumm  of  the  two  Parts  is  called  a  Sixth  Binomial. 

Exfi.icati(in. 

;  Let  this  Binbmial  be  propofed ,  ,  .  f  f  .  vj  -1-  v'3 

The  Squares  of  the  Parts  are  .  .  .  ,  ^ 

The  Difference  of  the  Squares  of  the  Parts  is  ...z- 
The  fquare  Root  of  that  Difference  is  i  ,  , 

Becaufe  the  two  Parts  VS"  and  V?  are  Surd  fquare  Roots  of  two  Rational  namberc 
y  and  3  5  and  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Parts  viz  A 
IS  Incommenfurable  to  the  greater  Part  Vj ;  (  for  y/z  hath  nof  fuch  proportio^o  J,  as 

a  ixih  BinomTa^“  “  a'R«ional  number,)  the  number  Vf +^.3  above  propofed  is 

Horv  to  find  out  troofuch  numbers  as  maj  ceniiitute  a  sixth  BinemiaK 

U  Take  two  fuchPrime  numbers  that  their  fumm  may  not  be  afiquare, as  >  7  anil  c 

2.  Their  fumm  is . .  .J>  12  ^ 

3.  Take  alfo  any  fquare  number,  as . o  ' 

4.  Take  again  fome  Rational  number  at  pleafure,  as '  .*  .*  * 

5.  The  Square  thereof  is . .  )>  3  5 

e.  Then  fay ,  If  9  the  fquare  pumber  taken  in  the  third  ftep  ,  gives  iz' 

the  fumm  of  the  two  Prime  numbers  in  the  firft  ;  what  lhall  36  the( 

'  Square  in  the  fifth  flep  give  ?  whence  you  will  find  48  ,  whofe  fduare( 

Root,  to  wit,  0/48,  fliall  be  the  greater  Part.  .  .... 

7.  Say  again,  If  12  the  fumm  of  the  two  Prime  numbers  in  the  firfi' 
ftep,  gives  7  the  greater  of  thofe  Prime  numbers ;  what  fiiail  48  the{ 
fourth  Proportional  found  out  in  the  fixth  flep  give  ?  whence  you  willl 
find  2  8,  whofe  fquare  Root,  viz.  ^2  8  fliall  be  the  leflfer  Part  . 

I  fay ,  the  fumm  of  the  two  numbers  found  out  in  the  Iixth  and  Icvcnth? 

Reps'  is  a  Sixth  Binomial ,  viz . j  8 

If  of  every  one  of  thofe  fix  Binomials  the  lefTer  Part  be  fubtra<Red  from  the  greater 
by  interpoling  the  fign  — ,  the  fix  Remainders  anfwer  to  the  fix  Lines  which  Euclid 
in  Prep.  85,  87,  88,  89,  90,' 91.  of  his  Tenth  Elem.  calls  Apotoms  or  RefUuallir.es  ;  as, 

f  I  . 

Out  of  Binomial  !Ih  -]- V3a  L  By  changing -b- imo  - III.  Vso-Vja 
[  iv.  is  made  Refidual  .  ]  IV. 


V4S 


-y/  2  8 


*j  6  2 

Vs-] 


/5 


.^6  1 

Vs  —  V  i. 


Jhe  precedent  Confiru^Iions  of  the  faid  fix  Binomials  arc  demonfirated  in  Prop.  AoAoiy 
of  10.  Euclid.  ^  . 

.  *  H  h  2  Now 


% 


cr\ 
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Now  if  any  Binomial  or  Refidual  be  given ,  we  may  eafify  find  out  another  of  the  fame 


kind  in  this  manner ,  viz.  For  the  firfi:  and  fourth  Binomials ,  if  it  t?e  made  as  the  greater 
Name  or  Part  to  the  leller ,  fo  any  Rational  number  affumed  for  the  greater  Part  of  a  new 


firfi;  or  fourth  Binomial ,  to  a  fourth  Proportional  number ,  this  number  Iball  be  the  lefier 
Part  of  the  new  firfi  or  fourth  Binomial.  But  for  the  fecond  and  fifth ,  if  it  be  made  as 
the  lefler  Part  to  the  greater ,  fo  any  Rational  number  taken  for  the  lefier  Part  of  a  new 


fecond  or  fifth  Binomial  to  a  fourth  Proportional ,  the  number  fo  produced  fhall  be  the 
greater  Part  of  the  new  fecond  or  fifth  Binomial.  And  laftly ,  for  the  third  and  lixth  Bi¬ 
nomials,  if  it  be  made  as  the  greater  Part  to  the  lefier,  (each  of  which  is  a  Surd  fquarc 
Root , )  fo  any  Surd  fquare  Root  aflumed  for  the  greater  Part  of  a  new  third  or  fixth 
Binomial,  to  a  fourtfi  Proportional,  there  will,  come  forth  the  lefier  Part  of  a  new  third 
or  fixth  Binomial.  (The  reafon  of  this  Operation  is  manifeft  ,  per  Prep,  i  Elem.io, 
EhcIU,  )  And  ,  after  a  new  Binomial  is  found  put ,  its  correfpondent  Refidual  is  alfo 
made,  by  changing  the Tign  into  — ,  as  before  hath  been  faid. 

As ,  for  example,  if  a  firfi  Binomial  3  J  be  propofed ,  to  find  another  like  to  it  ♦  I 
take  a  R.ational  number  at  pleafure,as,8,for  the  greater  Parc  of  the  Binomial  fought ;  then  by 
the  RuU'  of  Three ,  as  5  h(to  v'5 ,  fo  8  to  a  fourth  Proportional,  to  wit,  >  for  foe 
lefier  Part  fought ,  therefore  8  fiiall  be  a  new  firfi  Binomial ,  and  b  . — 

a  new  firfi  Refidual  j  and  fo  of  the  reft. 

Sc  (ft.  XVI.  Concerning  the  extra&ion  of  the  Square  Root  out  of  Binomials 
afzd  Rejiduals  confhtuted  in  fetch  manner  as  hath  been  fietpn  in  the 
ceding  Se(ft.  15. 

Every  one  of  the  Binomials  and  Refiduals  whofe  Conftr-uflion  hath  been  (hewn  in  foe 
preceding  Sed:.  hath  a  fquare  Root,  that  is,  fuch  a  Binomial  or  Refidual  that  if  it  be 
mnltipli^  into  it  felf  will  produce  the  given  Binomial  or  Refidual  j  as  may  be  evidently 
pollened  out  ol  Prop.  55, 56, 5-7, 58, 5-9,  and  60,  Alfo  out  of  Prop. 
and-py.  of*  the  Tenth  Book  of  Emli^%  Elements. 

As,  for  example,  a  Binomial  of  the  firfi  kind,  fuppofe  74-^4^  hath  a  fquare  Root, 
to  wit,  2  Vs  ;  •for  this  being  fquared  (or  multiplied  into  it  felf)  produceth  that  Binomial 
74^48;  whofe  greater  Part  7  is  compofed  of  4  and  3  the  Squares  of  the  Parts  of  the 
Root  ;  and  the  lefier  Part  V4S  is  the  double  of  the  Produft  made  by  the  multi¬ 

plication  of  z  into  v'3,  the  Parts  of  the  Root  2  V?  =  all  which  is  evident  by  the  mul¬ 
tiplication  of  1  -j-V?  into  it  felf.  The  likeeffedi  will  be  found  in  every  one  of  the  reft 
of  the  Binomials  confiituted  in  the  preceding  SdP.  1  Therefore  if  a  Binomial  be  propofed, 
and  its  fquare  Root  defired,  there  is  given  the  fumm  of  the  Squares.of  the  Parts  of  the  Root  ,♦ 
(  which  fumm  is  the  greater  Part  of  foe  Binomial  propofed ; )  and  the  double  of  foe  Pro- 
dudl  of  the  Parts  ot  the  Root ,  (  which  double  Produdf  is  the  lefier  Parc  of  the  Binomial 
propofed , )  to  find  out  the  two  Parts  of  the  Root  feverally.  And  therefore  in  order 
to  the  Extraftion  of  the  fquare  Root  of  a  Binomial ,  it  will  be  requifite  to  feaich  out 
a  Canon  for  the  folving  of  this  following 


XP  £  ST. 


The  fumm  (  ^  )  of  the  Squared  of  two  numbers  being  given  ]  as  alfo  (  c  )  the  double 
Produdl  of  the  multiplication  of  the  fame  two  numbers  5  to  find  the  numbers  feverally. 


RESOLVTION. 


z 

c 


c 


3.  .Which  Produdl  divided  by  the  firfi  number  a  gives  the  other 
number . 


0  9 


4i  Therefore  the  Square  of  foe  firfi  number  is  .  .  ...  .  j> 


•  • 

cc 


5.  And  the  Square  of  the  other  number  is . 


6.  Therefore  the  fumm  of  the  vSquares  of  foe  two  numbers  is  . 


7.  Whifo' 


# 


"^Chap,  9.  ExtraBiori  of  \/  (i)  out  of  BimmiMs. 


cc 


-y 


7.  Which  fumm  muft  be  equal  to  h,  the  given  fumrti  of  the  Squares  /  •  j 

hence  this  Equation  . . ^  aa^-^  -—~ 

8.  From  which  Equation ,  after  due  Redaction,  there  will  arife  S.  ,  -  . 

\  ^  baa — >aaaa  ~ 

9.  And  from  the  lafl:  Equation  (  Canon  in  10.  Chaf.  1 5-.  Boo]^  i.  )  there  will 
arife  this  following  Canon,  to  find  out  the  two  numbers  fought , 


CANON  I* 


V  :  H-  -v/*  iyy  — '  : 


the  greater  number  ’ 


V‘  — 4^^’  •  =  .  the  lefter  number. 

That  is ,  in  words , 

*  r 

From  a  quarter  of  the  Square  of  the  given  fumni  of  the  Squares ,  fubtra£f  a  quarter 
of  the  Square  of  the  double  Produft  given  .  then  add  and  fubiraft  the  fquare  Root  of  that 
Remainder  to  and  from  half  the  given  fumm  of  the  Squares;  fo  (hall  the  fquare  Roots 
of  the  Summ  and  Remainder  of  that  Addition  and  Subtraction  be  the  two  numbers  fought. 


h  -|-  i\/bb  —  cc 


=  — ice  I 


y*  4^^  —  4^^  •  • 

a 

y 


\/yb- 


:cc: 


10.  Moreover,  becaufe 

11.  Therefore,  .  * 

12.  Likewife  bccauTe  ' 

15.  Therefore, 

iq.  Therefore  from  the  eleventh  and  thirteenth  Reps  another  Canon  arifeth  to  folve  the 
Queftion,  -viz, 

CANON  2:  . 


V:  —  V:  : 


\/i  ^  47.  - —  :  =:  the  ^reiter  nnmber 

2 

* 

'j :  ^  _y-^—  -  :  rr:  the  lefcr  number. 

2 

That  is ,  in  words,  .  :  ^ 

From  the  Square  of-  the  given  fumm  of  the  Squares  fiibtraCl  the  Square  of  the  tfbuble 
Product  given  j  then  add  and  fubtraft  the  fquare  Root  of  the  Remainder  to  and  from  the. 
given  fumm  of  the  Squares :  fo  ftiall  the  fquare  Root  of  half  the  Summ  and  Remainder 
of  that  Addition  and  Subtraction  be  the  two  numbers  fought. 

By  the  help  of  either  of  thofc  Canons  we  may  extraft  the  fquare  Root  of  a  Binomial 
or  Rcfidual ,  but  1  (hall  nfe  the  latter  Only ,  whence  arifeth 

A  General  Rule  for  the  ExtraUion  of  the  Square  Root  out  of  Binomials 

and  Ref  duals,  ^ 

Ff  om  the  Square  of  the  greater  part  of  a  given'  Binonrslal  or  Rcfidual ,  fubtraft  the  Square 
of  the  lefler ;  then  add  the  fquare  Root  of  the  Remainder  to  the  greater  part  '  and  fubtrad^ 
it  alfo  from  the  fame ;  laftly ,  connetS  the  fquare  Roots  of  the  half  of  that  Summ  and  Re¬ 
mainder  by  the  fign  -j-^  if  a  Binomial  be  propofed ,  but 'by  — ■  if  a  Rcfidual :  fo  you  have 
the  defired  fquare  Root  of  the  given  Binomial  or  Refidual. 

The  practice  of  this  Rule  will  be  IheWn  at  large  in  the  following  Examples. 

Example  i. 

Let  it  be  required  to  exifaCf  the  (quare  Root  of  this  firfl:  Binomial,  ^  ^  7  y  7^4 

The  O  per  Atm, 

1.  From  the  Square  of  the  greater  part  27,  •  r  •  •  *1^  7^5^ 

2.  Subtract  the  Square  of  the  lefler  part  v'704,  to  wit,  •••.!>  7^4 

5.  The  Remainder  is  ,  ,  .  •  •  •  •  v  *  '  *  *  *  * 

4.  The  fquare  Root  of  that  Remainder  is . .  ?  5  4  \ 
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§■.  To  which  fquare  Root  add  the  greater  part' . »  27 

6.  The  fumm  is . . . ^ 

7.  The  halt  of  that  furatn  is  ;  / . .  .  ^  16 

8.  The  fqaarc  Root  of  the  faid  half  fumtn  is  the  greater  part  of  the  Root  7 

fought,  to  wit,  .  .  . . 3 

Then  from  the  greater  part  of  the  given  Binomial ,  viz.  from  .  .  >  27 

1  o.  Subtraft  the  fquare  Root  before  found  in  the  fourth  ftep,  to  wit,  ,  j 

11.  The  Remainder  is  ,  .  «> 

12.  The  half  of  which  Remainder  is . ^  n 

1 3.  The  fquare  Root  of  the  faid  half  Remainder  is  the  lefl’er  part  of  the  ? 

Root  fought,  to  wit,  .  .  . . .  . 

14.  I  fay,  the  two  Names  or  parts  in  the  eighth  and  thirteenth  Reps  being  > 

connected  by  -j-  ftiall  be  the  Square  Root  fought ,  to  wit ,  .  .  ,  5  4  l 

But  if  —  inftead  of  +  be  prefixt  to  the  lefTer  part  of  the  faid  Root,  it  will  give 
4  —  V.i  I ,  which  is  the  fqfuare  Root  of  the  firft  Refidual  or  Apotome  2  7  — .  v'704,  ^ 
The  former  of  thofe  two  Roots  ahfwcrs  to  the  Irrational  line  called  ( in  prop.  3  7,  and  f  e 
iib.  10.  £Um  Euclid.)  a  Binomial  line;  and  the  latter  anfwers  to  the  irrational  line- 
called  ( in  frop.  74,  and  pa.  )  an  apotome  or  Refidual  line. 

The  Proof  of  the  Root  above  extralPed  out  of  the  firft  Binomial ,  ti  made 
by  multiplying  the  Koot  into  it  fe  If  I  thus. 

The  fumm  of  the  Squares  of  the  parts  of  4  y'l  j  7 
the  Root  found  out  is . ’  j  1 1 ,  that  is 27 

The  Product  of  tjie  fame  parts  multiplied  one  into  the 7 

other  is . . P  1  ?  that  is,  ^175 

The  double  of  the  faid  Produfl  is . «>  ,  g  /,  »  that  Jc  /ic^a 

The  fumm  of  the  faid  fumm  of  the  Squares  of  the  parts  7  ’  >  v  7  4 

and  the  double  Prodnft  is . •••S'  ^7  + 'V^704 

Whence  it  is  menifeft  that  +V704  is  the  Squire  of  4  +  ^*1 ,  therefore  this  is 
the  t  ue  fquare  Root  of  that  firft  Binomial :  which  was  to  be  proved.  Moreover,  if  the  faid 
double  Produd  be  fubtrad^d  from  the  faid  fumm  of  the  Squares  of  the  Parts  the  Re/jain- 

firft  yefiJual^^"^  the  Square  of  4  — V*  t  i  therefore  this  is  the  fquare’Root  of  that 

Examples. 

Let  it  be  required  to  extraft  the  fquare  Root  out  of  this  fecond  Binomial  -f-  6 

The  Operation. 

1 .  From  the  Square  of  the  greater  part  V* ,  'vU.  from  .  . 

2.  SubtraiT  the  Square  of  the  lefler  part  6,  to  wit,  ...  >  *  26 

3.  The  Remaij%der  is . *  ^  *  ^1. 

4.  The  fquare  Root  of  that  Remainder  is  .  .  .  "  .  .  ‘C  * 

5.  To  which  fquare  Root  add  the  greater  part,  (  by  the  Rule  in7  * 

SeSl.  8.  of  this  Chapt.) . . >  •  V'H 

6.  TheSumm^'s .  l  ^ 

7.  The  half  of  which  Summ  is  '  .  . 

8.  The  fquare  Root  of  that  half  Summ  is  the  greater  part  of  the  ?  > 

Root  fought,  to  wit, . 5  ^^(4)1^  4. 

p.  Again,  from  the  greater  part  of  the  given  Binomial,  viz.  from 
I  o.  Subtraa  the  fquare  Root  before  found  in  the  fourth  fteo  f  bv  ? 
the  faid  Rule  ini’r^.  8.)  viz . ’  ,  ■  Vi 

11.  The  Remainder  is . *..*..**'*> 

12.  The  half  of  which  Remainder  is,  .  .  . s  *  /2I 

1 8*  .The  fquare  Root  of  the  faid  half  Remainder  is  thelefler  part  7  ,  .  ^  ' 

of  the  Root  fought,  to  wit,  .  .  V(4)^f 

14.  I  fay, y  he  two  parts  in  the  eighth  and  thirteenth  fteps,  beings  ^ 
conneaed  by  the  figiH-^  lhaU  be  the  Root  fought,  town,  .  V(4)iH-V(4/i 

And  if  —  inftcad  of  +  be  prefixt  to  the  lefler  part  of  the  faid  Root,  it  will  give 
r“VC4)"4 »  which  is  the  fquare  Root  of  the  fecond  Refidual  ^  (5. 

The 
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The  former  of  thofe  two  Roots  anfwers  to  the  irrational  line  called  (  in  f  rap.  3  8,  5  5. 
lib.  1  o.  Elem.  Euclid.)  a  frfl  ;  and  the  latter  anfwers  to  the  irrational  line  called 

( in  Prop.  75»<^93-)  ^  pfi  Jl^edial  Repdual, 

The  Proof  of  the  Root  above  extracted  out  of  the  feedhd  Binomial. 

The  Squares  of  the  Parts  of  >v/(4)»  ^  +V(4)^4  the  Root? 

found  out,  are . .  •  •  o  ^ 

•  Which  Squares  added  together  »  (  as  in  Example  6,  Seli.  8.  ?  . .  .  ,,  4, 

bf  this  Chap,  is  manifeft ,)  makes  the  fumm  *  •  •  •?  »  *  j  v  4 

The  Produd  of  the  Parts,  viz,.  *ntoV(4)"4  ‘s  •  J>  ^(4)^15  that  is,  3 

The  double  of  the  faid  Produft  is  .  ^  .  .  .  .  .  ^  6 

Therefore  the  fumm  of  the  fumm  of  the  Squares  oif  the  Parts  P  , 

and  the  faid  double  Product  is . .  ,  ,  ,  ^  ' 

Whence  it  is  manifeft  that  is  the  Square  of  ^(4)12 j  therefore 

this  is  the  true  fquare  Root  of  that  fecond  Binomial .  which  was  to  be  proved.  Moreover^ 
if  the  faid  double  Produft  be  fubtradled  from  the  faid  fumm  of  the  Squares  of  the  Parts, 
the  Remainder  —  6  is  the  Square  of  V(4)*^  rr  v(4)*4  >  therefore  this  is  the 
fquare  Root  of  that  iecond  Refidual.  .  .  .  *  . 

Example  3*  ' 

Let  it  be  required  to  extrad  the  fquare  Root  of  thjs  third  Bihomisli  .  yl-^ 

.  The  Operation, 

T.  From  the  Square  of  the  greater  part  from 

2.  Subtraft  the  Squatc  of  the  leffer  part ,  to  wit ,  •  .  .  .  80 

3.  The  Remainder  is . .  ...  f  '  ' 

4.  The  fquare  Root  of  that  Remainder  is  ,  ,  y  .  .  ' 

5.  To  which  fquare  Root  add  the  greater  part  . 

6.  The  fumm  is . .  ’  •  •  ,  l>  . 

7.  The  half  of  which  fumm  is  .  .  *  .  . 

S.  The  fquare  Root  of  that  half  fumm  is  the  greater  part?  //”  .ya. 

g.  Again,  from  the  greater  patt  of  the  given  Binomial,  viz.  7 

from  . . *  •  •  j  *  ^ 

10.  Subtraa  the  fquare  Root  before  found  in  the  fourth  ftep,?  ^  ^ 

to  wit,  .  •  .  i  .  .  .5  •  '  ^ 

11.  The  Remainder  is  .  .  .  .>•  i  ^/6o 

ji.  The  half  of  which  Remainder  is  .  .  - 

13.  The  fquare  Root  of  the  faid  half  Remainder  is  theleffer?  ,/  'vj- 

part  of  the  Root  fought ,  to  wit ,  . . ^  ^ 

1 4,  I  fay,  the  two  parts  in  the  eighth.and  thirteenth  fteps,  being  ?. 

coBnefted  by  ,  lhall  be  the  fquare  Root  foUght ;  to  wit ,  S  ^  v  v.4;  $ 

And  if  —  inftead  of  +  be  prefixt  to  the  leffer  part  of  ihcffaid  Root ,  it  gives 

—  V(4)i  5  >  which  isihe  fquare  Root  of  the  third‘Refidual  —  ySo. 

The  former  of  thofe.two  Roots  anfwers  to  the  irrational  line  called  (jn  Prop.  3 9,, <^  5 7. 
lih*\o,  Elem.EVicM.)  ta  fecond  Bimedial.  and  the, latter  anfwers  tp  the  irrational  line 
called  ( in  Prop  7  6,  94. )  a  fecond  Medial  RejiduaL 

The  Proof  of  the  Ko(K  aijbflve  extrabted  eup  jof  she  third  BinotUhl, 

The  Squares  of  the  parts  of  \/(4y3  *+' V(4)i'5  5  js.2.  /j- 

Root  found  out ,  are . .  .  .  i  ^ 

Which  Squares  added  together ,  make  .  .  .  •  •  >  vVt »  that  is , 

The  Produft  of  the  parts, 'v/(4)’^f  intoy(4\}i5',  is  ^  .^(4)400,  that  is ,  ylzo 

The  double  of  the  laid  Produft  is  . . r* 

Therefore  the  fumm  of  the  fumm  of, the. Squares  of  the  ? 
parts  and  the  faid  double  Produft  is  ^  ' 

Whence  it  is  manifeR  ,  that  the  Square  of’ ^’(4)*! -1- v'(4)t  f  ? 

therefore  this  is  the  fquare  Root  of  that  third  Binomial  ;  which  was  to  be  proved. 

Moreover; 
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Moreover,  if  the  faid  double  Produa  be  fubtraaed  fromihe  faid  fiVram  of  the  Squares 

of  ■he  pa.ts  ,  is  the  Square  of  V(4)  Ihere- 

fore  this  is  the  fquare  Root  of  that  third  Refidual. 

Example  4, 

Let  it  be  required  to  extraa  the  fquare  Root  of  this  fourth  Binomial ' .  7 

The  Operation. 

1 »  From  the  Square  of  the  greater  part  7  ,  vU.  from  >  .  49 

2.  vSubtraa  the  Square  of  the  leffcrpart  to  wit,  >  .  20 

3,  The  Remainder  is  .  .  . . ,  ap 

4*  The  fquare  Root  of  that  Remainder  is  .  .  .)>  ^^9 

5.  To  which  fquare  Root  add  the  greater  part  ,  .  .  ^ 

6,  The  Summ  is . ^ 

7.  The  half  of  which  Summ  is  . . .  j> 

8,  The  fquare  Root  of  that  half  Summ  is  the  greater 

part  of  the  Root  fought ,  to  wit . . ^ 

9»  Again,  from  the  greater  part  of  the  given  Binomial,  > 
viz,  from  .  / . 5“ 

1  o.  Subtra6^  the  fquare  Root  before  found  in  the  fourth 
Rep,  to  wit,  .  . 

1 1.  The  Remainder  is . j> 

12.  The  half  of  which  Remainder  is . }> 

13.  The  fquare  Root  of  the  faid  half  Remainder  is  the> 

leffer  part  of  the  Root  fought ,  to  wit ,  ....  S’ 

14  I  fay,  the  two  parts  in  the  eighth  and  thirteenth’ 

Reps,  (the  former  of  which  is  a  Binomial,  and  the! 
latter  a  Refidual )  being  connected  by  4^,  fhall  be  lhe| 
fquare  Root  fought  ‘ — ‘ 


7 


^29 

•  7 


V29 

•  a  — 1/^4 


V'-  f •  +  V^  a— V 


2.2. 

4 


to  wit 


Which  Root  anfwers  to  the  irrational  line  ailed  (in  Prof.  40,^-  58.  lit.  10.  Elm. 

Euclid  )  a  Major  hm.  i  ^  ' 

And  if  the  leiler  Name  of  the  faid  Root  be  fobtrafled  from  the  greater,  byimerpofine 

which  is  the  Root  of  the  fourth 
ReliduA  7— yzo,  ahd  anfwers  to  the  irrational  line  called  (in  Prep.  77,^9  e, /,(,  ,0 

The  Proof  of  the  Root  above  extraEied  out  of  the  fourth  Binomial. 

The  Squares  of  the  parts  of  the  Root  found  out  arc  .  .  >  f  and  ^ 

Therefore  the  fumm  of  the  Squares  of  the  parts  is  .  .  .S  l4-i/thatis%  ^ 
The  Produa  of  the  parts  will  be  found  (by  Rule  2.  1 2.?  X-!  *  ' 

of  this  Chapt, ) . ^  'Z*  4  —  that  is, 

The  double  of  the  faid  Produft  is  .  , 

Therefore  the  fumm  of  the  faid  fumm  of  the  Squares  of  the  7 
parts  and  the  double  Produft  is  .  .  ' . r  7  T- 

Whence  it  is  manifeR  that  7  is  the  Square  of  ^  -U 

therefore  this  is  the  fquare  Root  of  that  fourth  Binoiaiai:  Uich'was  to  be  proved; 
Moreover,  if  the  faid  double  Produd  be  fubtrafted  from  the  faid  fumm  of  the  Squares 
of  the  Parts,  the  Remainder  is  the  Square  of  jTz  _  ,22. . 

therefore  this  is  the  fquare  Root  of  that  fourth  Rcfidnal  7  -I 

Example  5. 

Let  it  be  required  to  extras  the  fquare  Root  out  of  this  fifth  Binomial ,  o  'h  4- 

The  Operation, 

I*  From  the  Square  of  the  greater  part  viz.  from  > 

-  ^btraft  the  Square  of  the  lelfcr  part  4,  to  wit,  ^ 

•  • 

.  .}> 

* 


2. 


3* 


The  Remainder  is 

4.  The  fquare  Root  of  that  Remainder  is  . 
To  which  fquare  Root  add  the  greater  part 


•  20 
.  1 6 

•  4 
.  z 

ViO 


6.  Th? 


Ghap.  9. 


ExtraBion  of  yj (2)  out  of  Binomials, 


6,  The  fumm  is  .  .  . 

7.  The  halt  of  that  fumm  is 


> 


^/zo  2 


V'20 


4/20  - 

Vs  — 


Vi  Vs  —  i 


ViVS  ^  ^  +  4/:  Vy  —  I 


,  .  .  -  v"?  4-  * 

K  The  fqiiarc  Root  of  the  faid  half  fumm  is  the  greater  7  — ; - j - 

part  ot  the  Root  fought ,  to  wit ,  .  ,  .  .  .£  ViVS~j~  ^ 

5>.  Again,  from  the  greater  part  of  the  given  Binomial,  > 

viz.  from . .  £ 

1  c.  Subtraft  the  fejuare  Root  before  found  in  the  fourth  0 
ftep^towit,  .  .  . . £ 

1 1 .  The  Remainder  is  ,  .  .  .  .  ^ 

12.  The  half  of  which  Remainder  is . ^ 

1 5.  The  fquare  Root  of  the  faid  half  Remainder  is  the? 

lefler  part  of  the  Root  fought,  to  wit,  .  ,  .  .J 

1 4.  I  fay ,  the  two  parts  in  the  eighth  and  thirteenth 
fteps,  ^  the  former  of  which  parts  is  a  Binomial,  and 
the  latter  a  Refidual,)  being  connedled  by  -j- ,  fliall 
be  the  Square  Root  fought ,  to  wit ,  .  .  .  . 

Which  Root  anfwers  to  the  irrational  line  called  ( in  Prop. 41,  &  uy,  i  o.  EUm  Eucl.) 

a  line  containing  in  Power  a  Rational  and  a  Medial  Re^iangle :  And  if  the  lefler  Name 

of  the  faid  Root  be  fubtrafted  from  the  greater,  by  the  interpolition  of  the  fign  _ ,  it  gives 

V'.  Vs  4*  I  •  —  V-  V5  I  :  which  is  the  fquare  Root  of  the  flfth  Refidual  —  4 
and  anfwers  to  the  irrational  line  which  fin  Prop.  78,^  96.  lib.  i  o.)  is  called  a  line  making 
with  a  Rational  Space  the  whole  Space  Medial.  ,  ^ 

The  Proof  of  the  Root  abtrve  eictraUed  oHt  of  the  fifth  Binomial. 

The  Squares  of  the  parts  of  VWs—'^  •  Z 

the  Root  found  out ,  are  i 
Therefore  the  fumm  of  the  faid  Squares  of  the  pafta  is 
The  Produft  of  the  parts  multiplied  one  into  the  othet  7 
(  according  to  Rule  2.  SeSt.  1 2 .  of  this  Chaft. )  is  ^ 

The  double  of  the  faid  Produd  is  ^  i  .  .  ^  ^ 

Therefore  the  'fumm  of  the  faid  fumtii  of  the  Squares  7  ,  ‘ 

of  the  parts  and  double  Produd  is  .  ' . 4* 

Whence  it  is  rtianifeft  that  ^zo  4  is  the  Square  of  v  5  -h  1  :  >/:  Vs  —  n 

'  therefore  this  is  the  fquare  Root  of  that  fifth  Binoniial :  which  was  to  be  proved.  Moreover, 
if  the  faid  double  Produd  be fubtrafled  froin  the  faid  fiimm  of  the  Squares  of  the  parts,  the 

Remainder  4/20^ — 4  is  the  Square  of  V'-VS  H-*  i  s  —  V'-Vs  —  ^  •  Therefore  thii 
is  the  fquare  Root  of  the  faid  fifth  Refidual  ^20^4; 

Example  6i 

Let  it  be  required  to  extrad  the  fquare  Root  of  this  fixth  Binoniial ,  +  V^» 

The  Operation. 

t.  Frofti  the  Square  of  the  greatei:  part  V^^i  ^iz.') 
from . J.20 

2;'SubtradtheSquareoftheleflerpaft4/8i  tOwit,-  ^  ,  8 
3.  The  Remainder  is  ^  .  •••  i 

>  va 

>  V^o 


Vs  I  and  4/y  I 
Vs  -I-  Vs  >  that  is,  4/i 

V  t  5  — -  1  i  that  is ,  2 


s 


4.  The  fquare  Root  of  that  Remainder  is  .  . 

5-.  To  which  fquare  Root  add  the  greater  f  art  . 

The  fumm  is  i  i  ,  i  it.-*  .  .'.^4/20  4/12 

7.  The  half  of  which  fumm  is  .  .  .  .  .  .  }>  4/^ 

8.  Thc'fquare  Root  of  the  faid  half  fumm  is  thc'^  .  ~ — j — -j- 

greatcr  part  of  the  Root  fought,  to  wit,  .  .S  V'-  VS -rVh 

9i  Again  ^  from  the  greater  part  of  the  given  Bino*  7  ,  • 

miaJ,  viz.  from  .  .  .  *  .  ;  *.  .  .  ’.5 

10.  Subtrad  the  fquare  Root  before  found  in  ihe5* 

fourth  ftep ,  to  wit ,  .  . . j  v  t  ^ 

1 1 .  The  Remainder  is_  .  ...  .  .  .;>  4/20 

12.  The  half  of  that  Remainder  IS  *v  .  .  .  .^  4/5 

li 


i 

V3 


13.  The 


.x 


.  /  . 


13.  The  fquare  Root  of  the  faW  half  Remainder  is?  - _ 

the  leiTer  part  of  the  Root  fought ,  to  wit ,  .  'V*V'5  —  VS* 


14.  I  fay,  the  two  parts  in  the  eighth  and  thirteenth^ 

Reps,  (the  former  of  Which  pahs  is  a  Binomial,  andC  /,  ~T~ .  7- .  j  /  — - 7— 

the  latter  a  Refidual)  being  fconnefted  by  fliill^  V •  v5  v  3  •  v  •  v  5  —  v  3  i 
be  the  fquare  Root  fought  j  to  vVit,  .  .  .  .  j 

Which  Root'anfwers  to  the  irrational  line  which  ( in  Prop.^2^  &  60.  Uh.\ o.Eltm  End.) 
is  called  j  a  line  containing  in  Power  two  Medial  ReH angle  i :  And,  if  the  Icfler  part 
of  the  faid  Root  be  fubtraaed  from  the  greater  by  the  interpolition  of  the  fign _ ,  it  gives 

W)  +^3 :  —  V-V5  :  which  is  the  Root  of  the  fixth  Refidual 

and  anfwers  to  the  irrational  line  which  i^y.lih.  10.  Euclid.  )  is  called 

a  line  making  with  a  Medial  Re^angle  a  Whole  S^ace  Medial, 

The  Proof  of  the  Root  above  extraHed  m  of  the  fixth  BinOmial.' 

The  Squares  of  the  parts  of  Wf  +V3^  ‘“h  VW5—V3  :? 
the  Root  fought ,  are  .  .  .  * . ^  V5  2nd  y  J — >/ 3 

Therefore  the  fumm  of  the  faid  Squares  of  the  parts  is  >  that  is, 

The  Produif  of  the  parts  multiplied  one  into  the  other  is  >  5 _ ^ :  that  is  Jz 

The  double  of  the  faid  Produft  is  ...  ,  .  *  .  .  i  .  /  y  8 

Therefore  the  fumm  of  the  faid  futtfm  of*  the  Squares  of?  ,  , 


the  parts  and  double  Product  is 


Whence  it  is  manifeft  that  -j-  >^^8  is  the  Square  of  VV  5  +  v  3  :  +  VWS~V3- 
therefore  this  is  that  fquare  Root  of  the  fixth  Binomial :  which  Was  to  be  proved.  More¬ 
over,  if  the  faid  double  ProduCt  be  fubtraaed  from  the  faid  fumm  of  the  Squares  of  ihe 

parts,  the  Remainder  — VS  is  the  Square  of  V:V5  +V3:  —  V^  V5  ~V3  :  ibcre- 
fore  this  is  the  fquare  Root  of  that  fixth  Rclidual. 

Note,  In  every  Binomial  and  Refidual  conftituted  according  to  the  preceding  i  c* 
the  fquare  Root  of  the  difference  of  the  Squares  of  the  Names  or  parts  is  efaual  to  the  dif¬ 
ference  of  the  Square  of  the  parts  of  the  Root  of  the  Binomial  or  Refidual. 

^  As  in  the  firft  Binomial  V704>  whofe  (quare  Root  hath  before  been  fount) 
4-hV‘M  the  Square  of  27,  towif,  729,  exceeds  704,  the  Square  of  V704i  by  2  j  * 
whofe  fquare  Root  5  is  equal  to  the  difference  of  the  Squares  of  the  parts  of  the  Root  of 

the  Binomial  propofed,  to  wit,  the  difference  between  16  and  II. 

This  property  may  be  demonfirated  thus,  let  ^ -f- W  reprefent  a  Binomial  Root  whofe 
greater  partis  b^  then  the  Square  of  that  Root  is  bbM2b^d-{-dy  this  divided  into  its 
Narap  or  parts  makes  the  Binomial  bb^\^d  more  aiv^.  then  the  Squares  of  the  parts 
of  this  Binomial  are  bbbb  -I-'  2bbd~-\-  dd  and  ^bbd^  and  the  difference  of  thefe  Squares 
is  bbbb  —  2bbd-\-dd,  whofe  fquare  Root  hb  —  d  is  manifefily  the  difference  of  the 
Squares  of  the  parts  of  the  Root  b<~\-^d  firft  propofed:  which  was  to  be  (hewn.  The 
like  property  may  be  demonftrated  in  a  Refidual. 

How  to  extra&  the  Square  Root  out  of  a  Binomial  defignd  by  Letters^ 

if  it  hath  a  Binomial  Root, 

By  the  fame  general  Rule  which  hath  before  been  exercis’d  in  extra^lingthe  fqaslre  Root 
out  or  Binomials  expreft  by  Numbers ,  we  may  extfad  the  fquare  Root  out  of  a  Binomial 
defign  d  by  Letters,  when  it  hath  a  binomial  Root ^  as  will  be  evident  by  the  following 
-  more  apparent  diftinftion  of  the  parts  of  the  given  Binomial, 

initead  of  I  fet  the  word  [more}  between  the  parts  ,  .and  inftead  of  —  1  fet  the  word 
[lejs]  between  the  parts  of  a  given  Refidual^ 


Example  ii 

Let  it  be  required  to  extraft  the  fquare  Root  out  of, 
this  Binomial ,  .  ,  *  ,  .  . . i 


>  bb^d  more  2b^d. 


The  Operation^  . 


hb^\-d,')  viz.  from . .  ^ 

ti  Subtraa  the  Square  of  the  leffer  part  i  l^d,  to  wit  ,*  !  ■ 


ti  From  the  Square  of  the  greateC  parr*  (which  fuppofe  to  be 


hbbh  “|—  2  dbh  “-I—  dd 
„  ,  ^dbb 


3.  The 


?  'ow, 


Chap,  9. 


ExtraSiiot2  of  V(-)  Binomials.  1 


3.  The  Remainder  is  . . 

4.  The  fquare  Root  of  that  Remainder  is  , 

5.  To  which  fquare  Root  add  the  greater  part ;  to  wir, 

6.  The  Summ  is . 

The  half  of  that  Summ  is 


.  )>  — •  2  Si  -I-  <^4 

,  }>  .  .  hh  —  d 

.J>  .  , 

.  J>  .  ,  zbb 

.  .  .  bb 


8.  The  fquareRoor  of  that  half  Summ  is  the  greater  part  of  the  7 

Root  fought,  to  wit ,  . i  *  *  ^ 

9.  Then  from  the  greater  part  of  the  given  Binomial,  from  )>  .  .  bb-\~d 

1  o.  Subtraft  the  fquare  Root  before  found  in  the  fourth  Rep, to  wir,  )>  .  ' .  hb d  , 

11.  The  Remainder  is . ^  2  j 

1 2.  The  half  of  which  Remainder  is . J>  ,  ,  J^d 

1 3.  The  fquare  Root  of  the  faid  half  Remainder  i^  the  lefTer  part?  '  „  ,  . 

of  the  Root  fought,  to  wit . . y  •  • 

14.  I  fay  ,  the  two  parts  in  the  eighth  and  thirteenth  Reps  being?  '  1,  \  /a 

connected  by  the  fign  lhall  be  the  fquare  Root  fdught,  to  wit,  3  ^  ^ 

Which  Root  being  fquared,  or  multiplied  into  it  fclf,  will  evidently  produce  the  given 
Binomial  niore  zbx/d.  .  .  ..  . 


Example  2, 

Let  it  be  required  to  extraft  the  fquare  Root  out  of7 
this  Binomial, . . 


mm 


1  PXX  !■  ' 

h  —  more  xJ^pm. 
m  • 


The  Operation.  r  -  !  ■  - 


I .  From  the  Square  of  tfte  greater  pairt  mm  -)-* 


J  .  L 

fpxxxx 

viz.,  from . 

2.  Subtrad  the  Square  of  the  lefter  part  to  wit,.j>  .  .  ^mpxx 


m  >  mmmm  >-1-^  2  mpxx -j- 


4.  The  fquare  Root  of  thdt  Remainder  is 


5.  To  which  fquare  Root  add  the  greater  part^  to  wit,  }>  .  ^^4. 

6.  The  Summ  is . ^  .  2  mm 

7.  The  half  of  which  Summ  is  ...  .  .  j  . 

8.  The  fquare  Root  of  the  faid  half  Summ  is  the  greater  7 

part  of  the  Root  fought ,  to  wit . . ^ 

pi  Again,  from  the  greater  part  of  the  given  Binomial,’? 
viz.  from  ...  .  ;  3 

10.  Subtract  the  fquare  Root  before  found  in  the  fourth  ^ 

Rep ,  to  wit , . . . > 

1 1 .  The  Remainder  is  i  i'  ^ .  i  :  i  .  J> 


mmmm  — •  2  rr.pxx  4*^ 

ppxxxx*’ 

mm 

,  mm — - 

d  »» 

.  m 

-1 

-  m 

*  1 

.  zmm 

\  . 

.  mm  , 

. 

•  .  m 

■  i  ^  • 

'  s:  '  -- 

.  iwrq  - 

m 

pxx 

.  mm  —  ^ 

- 

m 

1 

12.  The  half  of  which  Remainder  is 


m 

,  pxx 
‘t  «!)n. 


;d  o  1 


m  m 


m'A-  x^/- 


f 


m 


.11 
vf-iT 


1 3 .  The  fquare  Root  of  the  faid  half  Remainder  is  the 

leffer  part  of  the  Root  fought ,  to  w^'t-,  .  .  . 

14.  I  fay,  the  two  parts  in  the  dghth  and  thirteenth. 

Reps,  being  conne«R:ed  by  -4,  lliali  be  the  fquare. Root] 
fought;  to  wit,  ...  .  .  ..  i  .  .1 

Which  Binomial  Root  being  fquaifed  ormultipiied  into  it  felf  ,d  wi U  produce  tfK  gfyeU 

Binomial.  '  ''  ;  .  jwi’;  i-.:  i  -V'b  ..L  -  ’V.v’  . 

•  •  4.  •  . 

/  ‘  ^  Example  -..m  .'  ivhT’r''  ••  '  i/  *!  /  • 

^  ^  ^  Tv  5  .  4  *■  a  ^ 

Let  it  be  required  to  extrad  the,  fquare  Root  but. of >  ,1  »  . 

this  Binomial,  ;  A.  ....  A  -^-Vaymorc  ^ 

I  i  2  ThS 


.'I 


- - 1 - - i - ~4 - ^ _ _ _  ' 

^52  ExtraBwn  of  y/(^2)  OHt  of  Binomials,  Book  It, 

The  Operation. 

4  t 

1.  From  the  Square  of  the  greater  part,  from  .  .'p  aaah^iaahh^aHh 

2.  Subtraft  the  Square  of  the  Icfl’cr  part ,  to  wit ,  ,  ^^aahh 

3*  The  Remainder  is..«.<.«.«»,^  aaab  —  2aabb‘‘\~‘ abbb 
4.  The  fquare  Root  of  that  Remainder  is  .  .  .  .  ^  ,  a  — 

5”.  To  which  fquare  Root  add  the  greater  part,  to  wit,  .  .  ^  ^  H- 

6.  The  Siimni  ^ 

'  7.  The  half  of  that  Sumra  is . ;>  .  .  ay/ab 

8.  The  fquare  Root  of  thefaid  half  Summ  is  the  greater?  , — 7-77-  .  , 

part  of  the  Root  fought ,  to  wit, . ^  V:a^aPi  or  yf\a^aaah 

Again ,  from  the  gfeatet  part  of  the  given  Binomial,  ?  — r— r  r 

viz,  from  . . . . .  ^ 

I  o.  SubtraiR  the  fquare  Root  before  found  in  the  fourth  ?  'i^bJab 
ftep,  towit,  . . *.  .>  ^  ^ 

11.  The  Remainder  is  .  .  •  •  •  .  •  .  •  \h«jah 

12.  The  half  of  which  Remainder  is  .  .  .  ^  •  b^ab 

1 2 .  The  fquare  Root  of  the  faid  half  Remainder  is  the  lelTer  }  ■  >■ x  ,,, 

part  of  ]he  Root  fought,  to  wit . ?  or 

14.  I  fay!,  the  two  parts  in  the  eighth  and  thirteenth  fteps, 7  _  _ 

being  connefted  by  4-,  lliall  be  the  fquare  Root  fought,  >  ^la^Jab  ;  j^:by/ab  : 

to  wit, . .  *  •  •  'j 

ly.  Which  Binomial  Root  may  be  alfo  expreR  thus,  .  .  ^(^^)aaab  ^(^^')abbh 

The  Proof  may  be  made  by  multiplying  the  Root  found  out  into  it  fclf. 

Example  4. 

Again ,  if  the  fquare  Root  of  this  Refidual  be defired,  .  lefs 

‘The  Root  being  extradfed  by  the  precedent  method,  will?  , - 7-  ;‘~r  r  . 

be  found  . . ^  ^-.d^bc 

Which  Root  may  be  alfo  expreft  thus ,  .  .  .  .  .  <4j{^a^aahc  — 

But  if  it  happen  that  when  the  Square  of  the  lefl'er  part  of  the  given  Binomial  or  Refidual 
is  fubtradled  from  the  Square  of  the  greater  part ,  the  fquare  Root  of  the  Remainder  and 
the  greater  part  are  not  commcnfurable,  (  according  to  the  Definition  before  given  in  SeU.'], 
of  this  Chapt.  )  there  is  no  more  to  be  done  in  filch  cafe ,  but  to  prefix  before  the  giveri 
Binomial  or  Refidual  the  fign  y/ ,  with  a  line  drawn  over  both  its  parts ,  to  denote  the 
univerfal  fquare  Root  of  the  given  Binomial  or  Refidual.  As ,  to  extradt  the  fquare  Root 

out  of  this  Refidaal  y/:  \aa  J^bb:  —  ,  I  write  ^ ;  .^fad-f-bb  —  -a:  which  kind 

of  Roots  are  commonly  called  Univerfal. 

i_ - . .  r  .i  II  .1-  till.  ■■  fl..  I,  ij.  ^f...  .....  ...  ..I  I  ,  „ 

Seft.  17.  ^eUions  to  exercife  the  foregoing  Rules  of  this  Chaptet, 

»  .1  • 

flVEST.  I. 

Td  divide  too  into  two  fuch  parts',  that  if  dach  patt  be  divided  by  the  oihet  part ,  thfi 
fumiii  df  the  Quotients  may  make  3. 

RESOLVTI O  N. 

1.  For  one  of  the  parts  fought  put  ,  .  .  .  .  .  a 

2.  Then  confequently  the  other  part  is  .  .  .  .  .  100  —  a 

3.  Therefore,  according  to  the  import  of  the  Queftion,  ^  a  j  *00  — ^ 

this  Equation  arifeih ,  viz.  .  . i  100— -4  a  ^ 

4.  Which  Equation  duly  reduced  gives  .  .  .  .  1004  — =:  2000 

5.  Wherefore  by  refolving  thefaid  Equation  by  theT 

Canon  in  Sed?.  i  o.  Chap.i%.  Book^  i .  the  two  values^  ^  5  5”°  4*'  * 
of  4,  which  are  the  defired  parts  of  100,  will  be^  ^  jq  — -  loy^j 
found  ihefe ,  to  wit,  .  .  ,  ,  *  .  . 


chap.  9. 
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^53 


3000  loao- 


6.  The  fumm  of  the  faid  parts  or  numbers  found  out  is  manifefily  ibo,  fo  it  remains 
only  to  prove  that 

so  .  SO  —  10^5  __ 

50 — loy'f  JO  4- lo-y/j 
The.  Proof. 

7.  To  idd  thofc  two  furd  Fraftions  in  the  fixth  ftep  into  one  furtimi 
reduce  them  to  a  common  Denominator,  viz,,  multiply  so  -l-( 
toy's  t>y  JO -1-10^5 ,  and  the  Product  (by  the  firft  of  thei 
three  compendious  Rules  in  Sell,  i  o.  of  this  Chaft.)  will  be  found 

8.  Llkcwife  ,  multiply  $0 — toy's  by  50  —  10^5,  and  the? 

Produd  (  by  the  fecorid  of  the  faid  three  Rules)  will  be  .  ,  .5  3000  loooy' 5 

9.  Then  take  the  fumm  of  thofc  two  Produits  tor  the  Numerator  ? 

of  a  Fraction ,  or  a  Dividend  ^  to  wit . . J 

I  o.  Alfo  multiply  the  two  Denominators  of  the  furd  Fra£tions  in 
the  fixth  ftep  one  by  the  other,  (  according  to  the  laft  of  the  three( 

Rules  above  cited , )  and  take  the  Product  for  a  Denominator,  or( 

•  Divifor ,  viz . 

II.  Laftly ,  the  Numerator  in  the  ninth  ftep  being  fet  over  the  De- , 
nominator  in  the  tenth  gives  the  fumm  01  the  two  furd  Fractions] 
or  Quotients  in  the  fixth  ftep ,  viz . 

Which  fumm  is  manifeftly  3 ,  as  was  to  be  proved. 

jinothef  Proof. 

The  Quotient  that  arifeth  by  dividing  5  o  i  Oy/y  by  s  o  —  i  oy'y,^ 

(according  to  the  Rule  of  Divifion  in  the  fixth  branch  of  S'e^.i  j .  >  i.  y'j 

of  this  Chap,  j  is  .  .  .  i  .  i  ^ 

Likewife,  the  Quotient  that  arifeth  by  dividing  yo — icy's  3 

y  o  '  j  I  o  yis  •  .'.i  ^  z  ^ 

The  fumm  of  thofc  two  Quotients  is  manifeftly  3  5  (  as  before. ) 


dooo 


2060 


dooo 

i 

2000 


^VTsr.  2i 

To  divide  a  given  number,  fuppofe  6  ,  into  three  fuch  unequal  numbers  in  continual 
proportion  ,  that  the  fumm  of  the  Squares  of  the  extremes  may  be  to  the  Square  of  the 
mean  in  a  given  proportion  •  but  the  firft  term  of  this  proporiion  muft  exceed  the  double 
of  the  latter  term.  Let  it  therefore  be  defired  that  the  fumm  of  the  Squares  of  the  extremei 
may  be  to  the  Square  of  the  mean  as  3  to  i . 

RMSO  LVTIO  N- 

Xi  For  the  mean  Proportional  put  •  •  •  •  *  .  .  .  4 

2,  Then  bCcaufcthe  fummof  allihethrcePronportionalsmuft^  ^ 
make  6,  and  the  mean  is  4,  the  fumm  of  the  extremes  (hall  be  ^  ‘  ^ 

3i  Therefore  the  Square  of  the  fumm  of  the  extremes  is  •  3d  —  124 -j- 44 
4.  But  (  by  Theoi'.  3.  Chap.  6.  of  this  Book)  the  Square  of  the| 
fumm  of  the  extremes  of  three  numbers  continually  pro-  I 
portional  is  equal  to  the  Squares  of  the  extremes ,  together  | 
with  the  double  Square  of  the  mean;  therefore  frohj  the}>  3d 
Square  in  the  third  ftep  1  fubtraft  in/i  ( the  double  Square 
ot  the  mean ,  )  and  there  remains  the  fumm  of  the  Squares 

of  the  extremes ,  to  wit , . i  .  .  .  • 

y.  But  (  according  to  the  C^eftioh  )  the  fumm  of  the  Squares 
of  the  exifemes  muft  be  equal  to  the  triple  Square  of  the 
mean  •  therefore  from  the  fourth  and  firft  ftep  this  Equation 

arifeth,  ifiz.  ,  '  . . . . 

From  which  Equation  after  dile  Reduftion  this  arifeth,  viz. 

'J.  Therefore  by  refolving  the  laft  Equation ,  (  according  to  the 
Canon  in  Sell.  6,  Chap.  1  y.  )  the  value  ot  4  ,  that  is ,  the 
mean  Proportional  fought  will  be  difeovered  ,  .  .  i 


ita 


3d—  I  24—  44  ==  344 


44  -j-  34  trr  9 


th^  riieahjf 
8/  And 


J 
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Ail  _ _  Ai 

4  V  4. 
_ ii  /Ai 
4  V  4 

,  i.  ■  /  A1 
4  V  4 


Aai 

)i 

3^1 

8 


A 

4 


—  V' 


Ai 


8.  And  from  the  feventh  and  fecond  fteps  the  fomm  ?  of  the  extremes, 

of  the  extremes  will  be  alio  made  known  ,  utz,.  > 

9.  Then  ,  (  as  is  raanifeft  hy  Ch/^f.  16.  Book^  i.)  the  furam  of  the  extremes  of 

three  numoers  continually  proportional  being  given,  asalfothe  mean,  the  extremes  lhali 
be  given  feverally  by  this  toilovving 

CANON’. 

Trom  the  Square  of  half  the  fumm  of  the  extremes  fubtra^f  the  Square  of  the  mean ,  and 
fstraet  the  Iquare  Root  of  the  Remainder  •  then  this  fquare  Root  being  added  to,  and 
lubtraded  from  the  faid  half  fumm ,  will  give  the  extremes  feverally.  Therefore , 

1  o.  From  the  Square  of  the  half  of  ^bat  is ,  from  .  |> 

iT.  Subtrad  the  Square  of  ^"^4 — i,  viz.  .  .  .  •  •  • 

12.  The  Remainder  is  . . ^ 

Then  the  fquare  Root  of  .that  Remainder  being  extraded ,  (by 
the  General  Rule  before  delivered  in  Sell.  16.  of  this  Chaft.  for 
extrading  the  fquare  Root  out  of  binomials,)  will  be  found  .  . 

1 4.  Which  fquare  Root  added  to  the  half  of  ,  gives  the  / 

greater  extreme  fought ,  to  wit . . . > 

i  5.  But  the  faid  fquare  Root  fubtraded  from  the  half  of  t 

f eaves  the  lefler  extreme,  to  wit , . . S 

16.  Wherefore,  ( in  the  feventh,. fourteenth  and  fifteenth  fleps, )  three  numbers  continually 
proportional  are  found  out,  viz.  3  ,  ^“4  “  i  >  'a  —  v ^4  >  vvhofe  fumm  is  6  • 
and  the  fumm  of  the  Squares  of  the  extremes  is  equal  to  the  triple  of  the  Square  of  the 
mean,  as  will  appear  by 

-  The  Proof. 

Firfl ,  the  Produd  made  by  the  multiplication  of  the  firft  and  third  numbers  one  into 
the  other,  that  is,  of  :5  into  —  which  is  alfo  the  Square  of  the 

fecond  number  —  t ,  (as  will  eaiily  appear  by  Multiplication  j )  therefore  the  faid 
three  numbers  are  Proportionals. 

Secondly ,  the  fumm  of  the  faid  three  proportional  numbers  is  6 ;  for  the  mean  —  t 
added  to  f  —  the  leffer  extreme ,  makes  3  ,  to  which  adding  the  greater  extreme  3, 
the  fumm  is  6. 

Thirdly  ,  the  fumm  of  the  Squares  of  the  extremes  3  and  f  —  ,  is  equal  to  the  triple 

of  the  Square  of  the  mean  i  i  for  the  faid  fumm  ,  as  alfo  the  faid  triple  Square  will 

by  Multiplication  be  found  — yv^4.  Therefore  all  the  conditions  in  the  Q^eftion 
are  fatisfied. 

But  that  the  neceflity  of  the  Determination  annexed  to  the  Queftion  may  be  made  raanifeff, 
ir  remains  to  prove ,  That  if  three  unequal  numbers  be  in  continual  proportion ,  the  fumm 
of  the  Squares  of  the  extremes  is  greater  than  the  double  of  the  Square  of  the  mean : 
Therefore , 

Let  three  unequal  numbers  in  continual  proportion  be  expofed,  7 

fuppofe  thefe,  * . ' . i 

Then  their  Squares  ftiall  be  alfo  Proportionals ,  Prop.^ 

S*  Plc^a,  Euclid. )  vtZt  .  •  ... 

Therefore  (by  25.  Prop.  5-.' E/em.  Euclid.  ) . aa-l-eecr' 2 ae. 

But  aa  -|-  ee  is  the  fumm  of  the  Squares  of  the  extremes  of  the  three  Proportionals  ex- 
pofed,  and  2ae  is  equal  to  the  double  Square  of  the  mean  Proportional  5  wherefore  the 
Theorem  is  proved  and  confequently  the  Determination  is  manifefily  neceffary  to  be 
annexed  to  the  Queftion  propofed  ,  that  there  may  be  a  poftibility  of  finding  out  what  is 
thereby  defired.  The  Determination  may  alfo  be  cafily  inferr’d  from  the  Canon  in  the 
foregoing  ninth  ftep. 


aa  •  ae  ::  ae  .  ee 


■  / 


^V£ST.  3. 

What  is  the  Produdf  made  by  the  continual  mnltiplication 
of  thefe  four  numbers  one  into  another ,  which  differ  by 
fin  equal  excefs,  to  wit,  Unity?  .  .  .... 


4 


v'l  01  :  — 


i 

X 


v/;  ^  V I  o  1  :  —  r 

v'- 4  -I-  •  +  t 

V-4  -1-  VJO'  :  4 


X 

2 


-  .s »  ■ 


>^.Xvv 
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ICO 


^roi  —  1 


.  .Ahfw.  The  defired  ProdUft  is  exa^ly  .  .....  .  .^ 

For,  (  by  the  laft  of  the  three  compendious  Rules  before.'delivered  in 
Sec^^  I  o.of  this  Chap,  for  the  multiplication  of  Binomials  and  Rcfiduals,)^ 

the  Produft  of  the  firft  and  fourth  numbers  is  . . ^ 

Likewife,  the  Produft  of  the  fccond  aild  third  niimber  is  .  .  .}>  yiox  r 

Laftly,  the  two  lafl  preceding  Products  being  multiplied  one  into  7 
another  (  by  the  fame  Rule  )  make  . . \ 


lOO 


£>V^ST.  4i 

1.  If4, be  fu'ch  Quantities  that  .  .  .  . 

What  is  the  value  of  4  ? 

t-  T  '  t 

2.  Anftv^  By  the  Canon  m  SeB.6.ChA’^.  Book^i^^  .. 


44  *-1—  C4  h 


4  ibt^cir :  —  ~c 


^'ci  -j-  ca. 


=  h 


By  which  value  of  a  ,  thr  Equation  propos'd  may  be  expounded ,  as  is  manifcfl  by 
the  tollot^ing 

Demonftration, ,,  .  ■  * 

3«  If  •  •  i  •  •  i  i  i  4  t=  — 

4.  Thwconfequehtly by  adding  tb  each  part ,  >>  •  .  —  .^-.b-kricci  ' 

And  by  multiplying  each  part  of  the  laft?  •  1  -  1  •  •  f  .  1  ' 

Equation  into  it  felf,  ,  .  .  .  .  .  .  .f  -]r ca 

6,  Wherefore,  by  fUbtradiing  froin  each  part, 
there  remains  .... 

Which  was  to  be  proved. 

Note.  This  DemonRration  is  formed  ih  the  way  of  Compofition  by  the  ftepsofthe 
Refolution  of  iheTaitic  Q^eftion  in  Se^.  j.  ChAp  i  p.  Book^  i.  but  in  a  retrograde  or 
backward  order;  for  the  firfl:  ftep  in  the  Corapolition ;  (  or  DetiionRration  )  is  the  laft 
in  the  Refolution  ;  the  fecond  ficp  in  the  Compofition  is  the  laft  biit  one  in  thc.Refolution ; 
and  fo  by  returning  baekwards  by  the  fteps  of  the  Refolution ,  the  Demonftration  ends 
in  the  Equation  propos’d  to  be  refolvcd.  But  this  is  largely  handled  in  my  fourth  Book 
bf  Algebraical  Elements. 

J^EST,  5^  , 

•  i  1  •  S 

1,  If  4,^,  be  fuchQuafitities  that  .  •  .  .  1>  i  .  4a — ba  z= 

What  is  the  value  of  4  ?  '  -  •  -  _ _ . 

2.  Aptfw.  By  th&C^nonmSe^.S.Ch.i$,Bool>^u'r^.  I  »  4  —  +  \b$i 

By  which  value  of  a ,  the  Equation  propos’d  may  Be  expohrided  ^  as  appears  by  the 
following 

Vemonflratiori, 

3*  if  •  *•***<•  •  •  •  'i .  •  •  •  •  4  ~  +  4^^* 

4;  Then  by  fubtfadling  from  each  part  j  .  ;  4  —  Ih  z=.  y/*4  +  \hfi 

;;  And  by, multiplying  each  part  oi  the  laft  E-f. 

Wherefore  by  fubtradling  from' eath  part,  ^  44  —  ^4  '=4 

Which  was  t6  be  proved. 


-)  t- 


.  ^ 


«  not  cr 
cA  — 44 


icc^ 


1.  C  If  c  and  n  be  put  for  luch  known  Quamities^  i 

j  that  .....  .'  .....  i  * 

2.  S  And  if  d  be  put  fof  i  Quantity  unknown,  and  ^  . 

C  What  is  the  value  of  4  ?  , 

3.  Anfw,  'By  the  Canon  in  SiSi.  10,  Chaft.  1 5*^  .■ 

Book^  1 .  thefe  tWo  values  of  4  will  be  ibund^ 

Out  ^  •  ••  •  4  %  ••• 

V  ^  ^  . 

By  each  of  which  values  of  4 ,  the  Equation  propbled  in  the  fecond  fiep  may  be  expoun¬ 
ded,  viz.  if  cither  or,  {c  —  ^'.\cc -^n’.  be  put  equal  to  4,  then 

cn  —  aa  "  H, 

lieiHori^ 


'-4  == 


/ . 


Qiiejiiuns  dhoHt  Surd  Quantities. 
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^r> 


Demon^ration. 

4*  Firfl  ,  if  .  •  •  •  •  ■  ■■  h  .  •  • 

5.  Then  by  fubtra^ing  \c  from  each  pan ,  .  .  >• 

6.  And  by  miikiplying  each  pare  of  the  laft  E-  7 

quation  into  it  felf ,  .  . . ^ 

y.  And  by  adding  to  each  part  i  .  .  ,  .  J> 

And  by  fubtrafting  ~cc  from  each  part ,  .  .  )> 

And  by  adding  «  to  each  part, . ^ 

10.  Wherefore  by  fubtradting  from  each  part^  ^  . 

11,  That  is, . .  ca  — 

Which  was  to  be  proved. 

Again ,  It, 


•a  —  I'c 

ca  -j-  \cc 

AA  \cc 
.  aa 
n 

.  .  n 

AA 


\cc-n\ 

\cc-n'. 


—  1 


n 


\cc  tA—^n 
QA  —  n 
CA 

CA - AA 

n 


=  ic—^i^cc-ni 


ic- 


—  aC — A 


cc — »  =  ^cc — ca4-*aa 


^CC  “I  “  AA 
AA 

AA'.\-n 

n 


1 2 .  Then  by  adding  ^\\cc  —  m  to  each  parr,  i> 

13.  And  by  fubtradling  <  from  each  part ,  .  .  ^\\cc—n\ 

14.  And  by  multiplying  each  part  of  the  laft? 

Equation  into  it  felf ,  .  . . ?  *  * 

15.  And  by  adding  to  each  parr,  .  .  .  .y,  ca-^t^cc — n 

1 5.  And  fubtradiing  'CC  from  each  part ,  •  •  )>  •  •  » 

17.  And  by  adding  n  to  each  part,  .  .  .  ,  .  ca 

1 S.  Wherefore  by  fubtradiing  a  a  from  each  parr,  ^  ,  ,  ca—aa 

Which  was  to  be  proved.  .  . 

_ _ _ _ _ _  ^  . 

^EST.  7. 

If  h  and  c  be  put  for  fuch  known  Quantities,  that  c  is  greater  than  but  lefs  than  ih\ 
and  if  a  be  put  for  a  Quantity  unknown  ; 

-  ,  -r  *  ,aA-\-2l?h,  ,AA - ,bAA 

And  It  .  .  .  .  V - - - r  V - =  V - i 

4  4  ^  . 

What  is  the  value  of  ^  ? 

RESO  LVTIOK. 

3.  Bccjlufc  the  Squares  of  equal  Quantities  are  alfo  equal ,  by  multiplying  each  part 
of  the  Equation  in  the  fccond  ftep  into  it  felf  ,  this  is  produced ,  vik.. 

Aa  ^  A^ - 9^“*  _  tfAA 

i  .  .  4  ~  ^  * 

4*  Then  to  the  end  the  Surd  Quantity  in  the  Equation  in  the  third  ftep  may  folely  make 
one  part  of  an  Equation,  let  —  be  fubtrafted  from  each  part  of  that  Equation,  and  this 

2r 

will  remain,  viz,. 

9^^ '  __1 

2 


1. 


2^ 


* 


lb  A  A CAA 


4  '  •  C  '  2  2f 

5.  And  to  the  end  the  Radical  fign  inrhefirft  part  of  the  laft  Equation  may  vanilh,  let 
each  part  be  multiplied  by  it  felf,fo  an  Equation  in  Rational  quantities  will  be  produed,W2,. 

A**  —  9^*^  _ •  ^hbA^  —  ^bcA^  ccA"^ 

4  4CC’ 

6.  And  by  reducing  the  laft  Equation  to  a  common  Denominator  ^ccy  and  then  by  multi¬ 
plying  each  part  by  the  fame  4cr,  this  Equation  in  Integers  will  be  produced,  viz,. 

ccA*—gb^cc  ==  4bbA*  ^/^bcA*^ccA*. 

7.  And  from  the  Equation  in.the  laft  preceding  ftep ,  after  due  reduftion  is  made  to  make 

thofe  Quantities  wherein,  a^  is  found  to  poflefs  one  part ,  this  following  Equation  arifeth^ 
viz.  /\bcA'^  —  4/^4'^  =  gb'^cc. 

8.  Then  by  dividing  each  part  of  the.  laft  Equation  by  4^bc  —  c^bb,  to  the  end  that  < 
may  ftand  alone ,  this  Equation  arifeth ,  viz, 

,4  _  gb^cc  _  gb^cc 


A^ 


g*  But 


gbbcc 


^bc — ^bb'  ^c — 4^ 

imo  -J-r  =  -f 

c  —  b  4r  —  4«’ 


lOi  There- 


Chap*  p. 


O^eBiofJs  about  Surd  Qmntitief, 


^57 


lo.  Therefore  from  the  two  lafl:  preceding  Equations,  by  exchanging  equal  Quantities, 
this  Equation  arifeth ,  viz. 


^l?hcc  . 


into 


y 


4  C-y  . 

II.  And  by  extra61ing  the  fquare  Root  out  of  each  part  of  the  Equation  in  the  tentli  ftep^ 


this  arifeth . 


aa  =  into  aJ- — r 

2  C - (; 


12.  Wherefore  by  extrafting  the  fquare  Root  out  of  each  part  of  the  Equation  in  the 
eleventh  ftep^  the  defired  value  of  a  is  difeovered ,  viz,  .  * 

,  W  into  ^  1 

2  c  —  b 


.  An  Example  of  Queft.  7.  in  Number s, 

15.  If  .  ;  *  .  i  i  .  ^  =  1^5  ) 

iq.i  .And  •••  m  •  4  9  c  —  2^  j 

15,  And  ...  -  .1  ,  a  —  a  number  unknown  • 

I5l  Andif . .  -1- 

4  4  c  ^ 

What  is  the  number  4  ? 

17.  Artfvf,  From  the  thirteenth,  fourteenth,  and  twelfth  Reps ,  a  =  y'Soo,  or  20.^2. 
By  which  value  of  a  the  Equation  propos’d  maybe  expounded,'  as  will  appear  by 

The  Proof, 

18.  If  ^  =  i5,  t=2j  ’  and  Then  it  will  follow ,  that 

,aa'~]r^yy  /«<*  —  .baa,  r  ■>  o  ,0  '  v 

V 1—2 —  -h  V - 2 —  ^ i  —  8>/8,  or,  ^^11,  > 

4  4  c  ^ 

Note,  The  numbers  to  exprefs  the  values  of  h  and  c  miifl:  hot  be  taken  at  pleafure 
but  fuch,  that  the  number  c  may  exceed  the  number  b,  and  be  lefs  than  2^,  as  is  preferibed 
in  the  Queftion  •  the  former  part  of  which  Determination  is  difeovered  by  the  Denomina¬ 
tor  c  —  y  of  the  furd  Fraction  in  the  twelfth  ftep  ^  and  the  latter  part  of  the  Determination'  ^ 
is  manifeft  by  the  latter  part  of  the  Equation  in  the  fourth  ftep ,  where  caa  is  to  be  Tub- 
trailed  from  ibaa ,  which  cannot  be  done  fo  as  td  leave  a  Remainder  greater  than  nothing, 
unlefs  c  be  lefs  than  ib. 


Se^t.  XVIII.  An  Explkatioti  d/Fran,  van  Schooten’/  General  Rule y  to 
extr&&  vphat  Root  you  pleaje  out  of  any  Binomial  in  numbers  ,  having  jUch 
a  Binomial  Root  as  is  defired. 

Preparation, 

Firft ,  if  the  given  Binomial  hath  Fradlions  in  it ,  it  muft  be  freed  from  them ,  by  multi¬ 
plying  the  Binomial  by  their  Denominator.  As ,  for  example ,  to  extraft  y(3 ) that  is, 
the  cubick  Root,'  out  of  ^/24^  "-h  1  j  I  multiply  the  Binomial  by  2,  and  it  makes  y'PdS 
+  2jj  forV242  multipliedby  v'4,  Ohaiisjby  2,)produceth  V968  ;  and  i2tint0  2, 
makes  2j.  Likcwife,  if  there  be  propdfed  1  multiply  it  by 

and  it  makes  ^^4^  +  ^!  ;  then  this  Binomial  multiplied  by  2  produceth  (as  before) 
25 ;  and  fo  of  others.  ,  ,  _  , 

Secondly,  if  neither  of  the  two  parts  of  the  given  Binomial  be  Rational,  it  mull  be 
reduced  by  Multiplication  or  Divifion  to  another  Binomial  that  lhall  have  one  of  its  parts 
Rational  j  which  Reduction  tnay  alwayes  be  done  by  the  multiplication  of  either  parr, 
but  oftentimes  riio're  briefly  by  the  ratrltiplication  or  divifion  of  the  lelfer  number.  As,' 
for  example,  ^^^43  maybe  multiplied  by  4^  ^  and  it  makes  242  y'f  88odj 
but  more  compendioufly  by  ^2  ,  and  there  Comes  forth  22  After  the  fame 

manner,  V(3)399  3  4- 75  78125  may  be  firft  multiplied  by  V(;)3993  r.  and 
the  Produdl  again  by  ^0)3993  >  there  will  be  produced  another  Binomial  whofe 
Rational  pare  is  the  abfolute  nunlber  59935  but  more  briefly  by  vC?)9»  and  there  will 

K  k  be 
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be  produced  another  Binomial  whofe  Rational  part  is  3  5 ;  and  yet  more  compendiouflyj 
if  the  Binomial  propofed  be  divided  by  v(3)3,  there  will  ar  ife 

But  here  1$  to  be  noted  ,  that  when  one  part  of  a  Binomial  is  Rational ,  whether  it  be 
of  a  Binomial  firfl  given,  or  of  another  deduced  (  as  above  )  from  that  given ,  then  alfo  the 
Square  of  the  other  part  ought  to  be  Rational,  other  wife  no  Root  can  be'extra^ted  out 
of  the  Binomial  or  the  other  deduced  from  it. 

,  Thirdly,  to  extrad  v'(<5)  out  of  a  given  Binomial  qualified  as  above  is  fuppofed ,  we 
muft:  firfl  extraft  the  fquare  Root ,  and  theft  out  of  this  the  cubick  Root  •  and  to  extraft 
v(9)j  vve  muff  firft  extradl  \/(3)j  and  then  out  of  the  cubick  Root  found  out  we  muft 
again  extfaft  V(3 )  t  and  fo  of  any  other  Root  whofe  Index  is  a  Compofit  number.  But 
as  to  the  extraction  of  the  fquare  Root  out  of  a  Binomial,  a  Rule  hath  been  already  given  ‘ 
and  exemplified  in  the  preceding  Se6l.  1 6.  fo  that  here  there  is  need  only  that  I  ftew  howto 
extract  V(3)  >  '>/(5)  »  V(7)>  ^)  >  ^nd  fuch  like,  whofe  Indices  are  Prime  numbers. 

Fourthly ,  to  extraft  V(  3)  >  V(5) ,  V(7 )  >  or  the  like  Root  whofe  Index  is  a  Prime 
number ,  we  muft  firft  of  all  try  whether  out  of  the  given  Binomial  there  can  be  extracted 
a  binomial  Root  which  hath  one  part  Rational  j  but  that  may  be  difeoVered  by  fubtrading 
the  Square  of  the  lefterpart  of  the  given  Binomial  from  the  Square  of  the  greater,  and 
extracting  the  Root  out  of  the  Remainder  .  to  wit ,  the  cubick  Root,  if  V(3)  be  to  be  ex¬ 
tracted  out  of  the  given  Binomial ;  or  the  Root  of  tfie  fifth  Power ,  if  V(f )  be  to  be  ex¬ 
tracted  i  and  fo  of  others :  For  if  the  Root  of  the  faid  Remainder  be  not  a  Rational 
number,  then  the  Binomial  Root  fought  will  certainly  want  a  Rational  part,  viz,  each  of 
its  parts  will  be  furd  ;  in  which  cafe,  in  order  to  extraft  that  Root,  the  given  Binomial ' 
muft  be  multiplied  by  the  difference  of  the  Squares  of  the  parts  ^  if  the  Queftion  be  con¬ 
cerning  the  extraftion  of  the  cubick  Root ;  or  by  the  Square  of  the  faid  difl^rence,  ifV(5) 
be  fought ;  or  by  the  Cube  of  the  fame  difference,  if  ^(7)  be  required  -  or  by  the  fifth 
Power  of  the  faid  difference,  if  VC  1 1 )  be  fought  •  and  fo  of  the  reft.  By  which  multi¬ 
plication  another  Binomial  will  alwayesbe  produced  ,  wherein  the  Root  of  the  difference 
©f  the  Squares  of  the  parts  will  be  the  fame  with  the  difference  of  the  Squares  of  the  parts 
of  the  former  Binomial. 

As,  to  extrad  the  cubick  Root  out  of  -f- j  I  firft  fubtrad  ,  the  Square 
of  25^,  from  9(58,  the  Square  of  ^968,  and  there  remains  343  ,  whofe  cubick  Root  7 
is  a  Rational  number  :  which  argues  that  the  Root  of  the  given  Binomial ,  if  there  can  be 
0  a  Root  extracted  out  of  it ,  is  a  Binomial  which  hath  one  of  its  parts  Rational. 

Likewife ,  to  extrad  the  cubick  Root  out  of  2  2  ^  ^485 ,  we  muft  fubtrad  484 ,  the 
Square  of  22  ,  from  486,  and  extrad  the  cubick  Root  out  of  the  Remainder  2.  but 
beeaufe  that  cannot  be  done  exadly,  it  Ihews  that  the  cubick  Root  of  22  wants 

a  Rational  part;  and  therefore  2  2^-v'486  muft  be  multiplied  by  the  faid  Remainder  2, 
that  there  may  be  a  Binomial  44“1^V^944>  wherein  the  cubick  Root  of  the  difference 
of  the  Squares  of  the  parts  is  2, 

So  to  extrad  V(5)  of  11  y'lzj;  .  beeaufe  12 1  the  Square  of  11  fubtraded 
from  125  leaves  4,  which  confidered  as  a  fifth  Power  hath  not  an  exaCt  Rational  Root, 
we  muft  multiply  1 1  -j^  .y/i  2  j  by  1 6  the  Square  of  4,  that  there  may  come  forth  116  ►-1- 
V32000,  where  V(0  of  the  difference  of  the  Squares  of  the  parts  is  4. 

Again ,  to  extrad  ^'(7)  out  of  3  3  8  -j-  y'l  14242,  wherein  the  difference  of  the  Squares 
01  the  parts  is  2  •  beeaufe  this  2  is  not  the  levcnth  Power  of  any  Rational  number ,  the 
given  Binomial  may  be  multiplied  by  8 ,  that  is ,  by  the  Cube  of  2,  and  it  makes  2704  + 
V73114S8  ,  wherein  the  ^(7)  ot  the  difference  of  the  Squares  of  the  pans  is  2. 

'  ■  .  7he  RVLE, 

When  a  Binomial  given  ,  or  another  deduced  from  it  ( if  need  be)  by  the  precedent  Pre¬ 
paration,  is  fuch,  that  one  of  its  parts,  and  the  Square  of  the  other  part ,  as  alfo  the  Root  of 
the  difference  of  the  Squares  of  the  parts,  (to  wit, the  cubick  Root  when  ^(3),  or  ^(5)  when 
VC  5 )  is  fought)  are  Rational  whole  numbers ;  then  out  of  a  Binomial  fo  qualified ,  VC.O, 

y(5)  >  V(7)  >  niay  be  extraded,  if  it  hath  fuch  a  Root,  in  manner  fol¬ 

lowing  ,  viz, 

Firft,  extrad  the  Root  of  the  difference  of  the  Squares  of  the  parts  of  the  Binomial  quali¬ 
fied  as  aforefaid,  viz.  the  cubick  Root, when  y'( 3 )  is  fought .  buty(^)when-Y/5,or  ^  (7) 
when  y^(7) ,  ^c.  which  Root  fo  extraded  is  to  be  referved  for  a  Dividend. 

'  Secondly, 


Ghap.  9,  out  of  Binomials  in  Numbers.' 

,  Secondly  ,  find  out  a  Rational  number  a  little  greater  than  the  Root  fought ,  with  thij 
Caution  ,  that  the  Rational  number  found  out  may  not  exceed  the  faid  Root  above  7 ,  which 
may  eafily  be  done  by  Vulgar  Arithraetick,  and  take  the  faid  Rational  number  for 
a  Divifor. 

^  Thirdly ,  divide  the  faid  Dividend  by  the  faid.  Divifor ,  and  if  the  Rational  part  of  the 
given  Binomial  be  greater  than  the  other  part,  add  the  Qiiotient  to  the  fafd  Rational  Divifor) 
and  the  half  of  the  ^eateft  whole  number  cbntained  in  the  fumm  lhal)  be  the  Rational  part 
of  the  Root  fought  -  then  from  the  Square  of  that  Rational  part  fubtraft  the  Root  of  the 
difference  of  the  Squares  of  the  parts ,  (  to  wit,  the  Dividend  firft  found  out  as  above ,  )  fo 
the  Remainder  fliall  be  the  Square  of  the  other  part ,  when  fuch  a  Root  as  was  required  can 
be  extrafted  out  of  the  given  Binomial ;  which  you  may  eafily  try  by  multiplying  this 
Root  found  out  into  it  felf,  according  to  the  degree  of  the  Power  reprefented  by  the  given 
Binomial  :  for  the  Root  found  out  being  multiplied  into  it  felf  cubicaUy,  if  ^(0  was 
fought;  or,  five  times  into  it  felf,  if  v'(y)  was  fought,  ought  to  produce  the  given 
Binomial. 

But  if  the  Rational  part  of  the  given  Binomial  be  lefs  than  the  other  part,  then  afteC 
you  have  found  out  the  Quotient  as  above  ,  fubtraft  it  from  the  Rational  Divifor  ,  and  the 
half  of  the  greatefi:  whole  number  contained  in  the  Remainder  (hall  be  the  Rational  part 
of  the  Root  foUght ;  to  the  Square  of  vvhich  part  if  there  be  added  the  Dividend  firft  found 
out  as  above ;  the  fumm  will  be  the  Square  of  the  other  part  ,  when  the  Binomial  propofed 
hath  a  Root;  but  by  multiplying  the  Root  found  out  into  it  felf  (as  before)  you  may 
eafily  try  whether  it  be  a  true  Root  or  nor. 

Example  i.  T'o  extraCi  the  Cnhick^  Root  out  of  2o*-j-^3p2. 

Firft,  the  difference  of  the  Squares  of  the  parts  of  the  given  Binomial ,  viz.  theexcefs 
of  400  ,  the  Square  of  20  ,  above  392,  the  Square  of  ^3 9 2  is  8,  whofecubick  Root  2 
i  referve  for  a  Dividend. 

Secondly ,  I  feek  a  Rational  number  that  may  be  greater  than  the  cubick  Root  of  20  -|- 
^592,  (the  given  Binomial,)  yet  fo  that  the  excefs  may  not  be  greater  than  to  which 
end  I  extraft  the  fquare  Root  of  392,  and  find  it  to  be  greater  than  19,  but  lefs  than  20; 
then  to  20  the  Rational  part  of  the  given  Binomial  I  add  I9  and  20  feverally ,  and  it  makes 
3  9  and  40  .  which  are  the  neareft  Rational  whole  numbers  that  can  exprefs  the  true  value 
of  the  given  Binomia}  •  whence  the  cubick  Root  thereof  will  be  found  greater  than  3 ,  but 
lefs  than  37:  this  37  ,  which,  according  to  the  Caution  before  given,  exceeds  the  true 
cubick  Root  of  the  given  Binomial  by  an  excefs  not  greater  than  7 ,  1  referve  for  a  Divifor. 

Thirdly,  I  divide  2  ,  the  Dividend  before  referved ,  by  the  faid  Divifor  37,  and  the 
Quotient  is  f.  Now  bccaufe  20  the  Rational  part  of  the  given  Binomial  is  greater  than 
the  other  part -v/3  92  ,  I  add  the  faid  Quotient  J  to  the  faid  Divifor  3^  ,  and  it  makes  the 
fumm  47$ ,  wherein  the  greateft  whole  number  is  4,  whofe  half  is  2  the  Rational  part  of 
the  Root  fought  •  by  the  help  of  vvhich  Rational  part ,  the  other  part  is  eafily  difeovered  ; 
for  if  from  4  the  Square  of  the  faid  2  ,  youfubtraft  2  ,  the  cubick  Root  of  the  difference 
of  the  Squares  of  the  parts  of  the  given  Binomial,  there  will  remain  2  the  Square  of  the  other 
part.  So  that  2  y'i  is  the  cubick  Root  of  20  the  Binomial  propofed  ,  as 

will  appear  by  the  Proof;  For  2  -j- being  multiplied  into  it  felf  cubically  produceth' 
204-*  V'392  ;  and  for  the  fame  reafon ,  2 — is  the  cubick  Root  of  20  —  ^39^* 

Example  2.  To  extraU  the  CMcJ^  Root  0/ 44 944* 

Firft ,  the  cubick  Root  of  the  difference  of  the  Squares  of  the  parts  is  2  for  a  Dividend 
Secondly,  the  fquare  Root  of  1 944  is  greater  than  44,  but  lefs  than  45- ;  thefe  added  feve¬ 
rally  to  44  the  Rational  part  of  the  given  Binomial,  make  8  8  and  8  9  ,  whofe  cubick  Roots 
being  extfa^fed,’  do  fliew  that  the  cubick  Root  of  the  given  Binomial  is  greater  than  4  ,  but. 
lefs  than  47  ;  this  Rational  number  47,  which  according  to  the  Caution  before  given  exceeds 
the  true  Root  fought  by  an  excefs  not  greater  than  7, 1  take  for  a  Divifor :  Thirdly,  1  divide 
the  faid  Dividend  2  by  the  faid  Divifor  47  ,  and  the  Quotient  is  f  7  which  I  fubtraeft  from, 
the  faid  47  ;  (1  fubtraft,  becaufe  44  the  Rational  part  of  the  given  Binomial  is  lefs  than 
the  other  part  ^/i  944,)  and  there  remains  47!  ;  then  tbehalf  of  4  /  the  greateft  whole 
number  contained  in  47^,  is  2  ,  which  is  the  Rational  parr  pf  the  Root  fought :  Laftly , 
to  4  the  Square  of  the  faid  2, i  add  2  the  cubick  Root  of  the  difference  of  the  Squa’-cji 
of  the  parts ,  and  it  makes  d  the  Square  of  the  other  parr.  So  that  2  ^6  is  the  cubick 

Root  fought,  as  will  appear  by  the  Proof :  For  if  it  be  multiplied  into  it  felf  cubically k 

K  k  i  produceth' 
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prodiiceth  44  the  Binomial  propofed  j  and  for  the  fame  reafon,  ^6—^2  is  the 

cubick  Root  of  v'l  944  —  44. 

Example  3..  To  extraH;  y'CO  out  of  iy6 ~\-^/^2ooo, 

Firft,  the  difference  of  the  Squares  of  the  parts  will  be  found  1024,  whofe -v/(0  is  4. 
for  a  Dividend  :  Secondly ,  the  fumm  of  tfie  parts  will  be  found  greater  than  3  54  but  lefs 
than  35  5  ;  and  confequently  V(0  the  fumm  of  the  parts -is  greyer  than  3  but  lefs 
^  than  3t :  Thirdly  ,  by  the  faid  3t  I  f^ivide  the  faid  4 ,  and  the  Quotient  is  i  ^  /  which  I 
fubtradt  from  the  faid  Divifor  3t  (  becaufe  the  Rational  part  of  the  given  Binom’ial  is  lefs 
than  the  othcr  part)  and  there  remains  2r| ;  then  the  half  of  3  ( the  greateff  whole  number 
contained  in  a^^^is  i  .,  the  Rational  part  of  the  Root  fought ;  Laffly,  the  Square  of  the 
faid  I,  to  wit,  1  ,  added  104  (the  V(0  ot  the  difference  of  the  Squares  of  the  parts  of 
the  given  Binomial)  makes  5  the  Square  of  the  other  part.  So  that  i >5  the  V(5) 
of  the  given  Binomial  1 76 -i-*  7^3  2000,  at  leaft  it  any  V(^)  can  be  extracted  out  of  the 
famej  but  1  5  multiplied  into  it  felf  five  times  makes  ij6~-U^S20qo  :  therefore 

*  +  ismanifeftly  the  defired  V(5J  of  176D- V32000. 

Example  4.  f  ^  1—^/7311488. 

Firff, 'the  VCz)  of  the  difference  of  the  Squares  of  the  parts  is  2  for  a  Dividend :  Se¬ 
condly,  the  value  of  the  given  Binomial  will  be  found  greater  than  ^407,  but  lefs  than  cloS- 
whence  the  VC?)  thereof  vvill  be  difeovered  to  be  greater  than  3  ,  . but  lefs  than  3-^  : 
Thirdly ,  by  ihefaid^  3r  ^  divide  the  Dividend  before  found  2  ,  and  the  Quotient  is  ^ 
which  1  add  to  the  Diviior  3  ^  s  (  becaufe  the  Rational  part  2704  is  greater  than  the  other 
part)  and  it  makes  the  fumm  47- j  and  therefore  2,  the  half  of  the  greateft  whole  number 
contained  in  47^  ,  is  the  Rational  part  of  the  Root  fought :  Lafily  ,  from  4,  the  Squ.are 
of  the  faid  2  ,  I  fubtradf  2,  to  wit,  <y/(7)  of  the  difference  of  the  Squares  of  the  parts  of  the 
given  Binomial  ,  and  there  remains  2  the  Square  of  the  other  part.  So  that  is 

rf.e  deiired  vCz)  of  the  given  Binomial  2704  +  ^73114885  for  this  is  the  feventli 
Power  ot  2  4-  ,  as  will  appear  by  Multiplication. 

But  here  is  to  be  noted,  that  when  the  given  Binomial  hath  been  multiplied  or  divided 
by  fome  number,  and  thereby  reduced  to  another  Binomial ,  and  the  Root  of  this  latter  is 
found  out,  we  muff  divide  or  multiply  the  Root  found  out  by  the  Root  of  the  number  by 
which  thp  Binomial  was  multiplied  or  divided  j  fo  there  will  come  forth  the  Root  of  the 
given  Binomial. 

As,  for  example,  becaufe  to  extract  the  cubick  Root  out  of  ^ 242  *-1—  12^,  we  firff  multi¬ 
plied  this  E)inomial  by  2  and  found  2  5^  — y'pdS  ,  whofe  cubick  Root  by  the  Rule  before 
given  will  be  fouud  i+V8;  this  muff  be  divided  by  ^(3)2  ,  and  the  Quorient  VC3)t 
4-V(6)»28  (hall  be  the  cubick  Root  of  42  +  127  the  Binomial  propofed. 

But  that  the  reafon  <of  the  faid  Divifion  by  VC?)^  may  the  more  clearly  appear,  let 

there  be  put  —  T  +v'8  ^  then  it  follows  that  ddd  =  25  +V5?68,  2Lnd  —  = 
V242+1 2^  (the  Binomial  propofed.)  Therefore  by  extraaing  the  cubick  Root  out  of  each 
part  of  the  laft  Equation,  there  arifethv'Cs)—,  that  is,  —I _ =■ 

_  _  2  V(3)2  ^ 

127  :  But‘by  fuppofition  1  +  ^^8  .  therefore  i  +  y'S  divided  by  V(0^> 

to  fay  ,  ^/(s)^ +’ 8  lliall  be  the  cubick  Root  of  v^242  —1— i  i"**!  which  was  to 
be  Ihewn.  r  -t  » 

Example  2.  To  extraEb  ^'(3)  om  of 

FirH: ,  to  prepare  it  for  extradion ,  we  multiplied  by  ,  and  found  ^242  + 127, 
whofe  v\3)  (  as  appears  in  the  laft  preceding  Example  )  is  V(Ot  4- ^(8)1  28 ,  which 
divide^t^by  V(6)>  gives  the  Quotient  y(6)7|  4- V(<^)~“f  foi"  the  defired  cubick  Root 

y/"  4»  The  reafon  of  which  divifion  by  ^(6)5  may  be  thus  manifefted,  let 

there  be  put  d  =  V(5)t  +  ^(6)128,  then  it  follows  that  ddd  =  V242  -h  lat  = 

tntoy'j,  whence therefore  the  cubick  Root 

V  )  ^ 

of  each  part  of  the  laft  Equation  being  exttaaed  there  arifeth  VCO— ,  that  is,  ■  ^ 

5  V  (^)5 

(for  VCs)  V5  ~  VCO  •  Eut  by  fuppofiiion. 


Chi 
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VCOt-hVCOi^S  ;  therefore  V(?)r -h  V('^)ii8  divided  by  JC6)k  gives  the 

true  cubick  Root  of  H-  J  ^  which  was  to  be  Hiewn.  ^  ^ 

Example  5.  '  To  extmU  ^(3)  out  of  ^242 

Firfl,  (  according  to  the  fecond  Rule  of  the  precedent  Preparation  )  I  multiply  it  by  Ji 
and  there  comes  forth  22. -j-v'486  j  this  multiplied  by  2  (according  to  the  fourth  pre¬ 
paratory  Rule  )  makes  44  ^  1 944 ,  vvhofe  cubick  Root  (  as  before  hath  been  fliewn  ) 

IS  2  ^6  ,  which  rauft'be  divided  by  and  there  will  come  forth  ^2  -4-  V3  for  the 

cnb’ck  Root  fought  of  V242  -1-  ^^43-  to  manifeft  the  reafon  of  dividing  2  J6 
by  y  z;  let  there  be  put  =  2 -|- ,  then  it  follows  that  ddd  ~  44-j-'Vi‘?44  = 

into  2,  whence  ^  —  22  -1- v'48<^ ,  and  this  Equation  divided  by 
(  bccaufe  in  the  Preparation  we  multiplied  by  ^2  )  gives  —  =  .  there- 

fore  VC  3)  being  extrafted  out  of  each  part  of  the  lafl  Equation  there  arifeth  ’ 

d  d  ' — - - - 

y{(6)8’  “  V(3)*  V'2'4X -j- v^43  >  Butbyfuppofition,«i=:2-|-^(Jj 

therefore  2 divided  by  ^2,  vii.  the  Qiiotient  'h-v/3,  Hiall  be  the  Cubick  Root 
of  y'242  ^2  43  :  Which  was  to  be  Ihewn. 

Example  4.  To  extraB  V(*  )  out  of  V(3)3993  “HV(^)i7578i25: 

FirR,  (according  to  the  fecond  preparatory  Rule)  I  divide  the  given  Binomial  by  y'(3 )  ? 
and  then  (according  to  the  fourth  preparatory  Rule)  I  multiply  the  Quotient  V(3)i  3  3 
V'(6)i9ni^5  by  16,  and  there  comes  forth  17^+ ^32000  ,  whofe  y/(5) ‘(as  hath 
beiore  been  fiiewn  )  is  i  Now  this  Root  1  4-^5  divided  by  and 

the  Quotient  multiplied  by  VO  5)3  will  difeover  the  true  V()).  of  V(3)^993  -0 
A/(6)t7578i  2  5- .  the  reafon  of  which  Divifion  and  Multiplication  may  be  maderaanifeft 
thus  ;  let  there  be  put  =  i+Vs,  then  it  follows  that  ddddd  =  i  ydU-,  y'^iooo  - 
and  by  dividing  each  part  of  the  laR  Equation  by  16,  (  becaufe  in  the  preparatory  work 

we  multiplied  by  i6)  therearifeth  -  VCOiSSt -4-^(6)1953125  :  and  by 


multiplying  each  part  of  this  Equation  by  V(  3)3  ,  there  will  he  pmdnrpr^  ^  V( 3  ) 3 

1 6 

—  VC3)3993  ^VC <5)1757^115  ••  Therefore  V(7)  being  extraded  out  of  each  part 

of  the  laft  Equation ,  there  will  arife  V(5)^‘^^^‘^  ^  VC  3)3  ^  equal  to 

i<5  V(5)i<5  ^ 

V(5)  of  V(3)399M-V(^)*7578i2  But  by  fiippofition ,  d—i^]^^^;  there¬ 
fore!  -)-V5  touUipliedinto  VCi5)3}and  iheProduddividedby  V(5)i6  ;  or  I^-^V5 
divided  by  v(5)i6  ,  and  the  Quotient  multiplied  by  V(i  5)3  prodiiceth  the  true  V(5) 
of  V(5)S993  +  V(^)i757Sii5  •  Which  was  to  be  fhewn. 

The  DemonUration  follows. 

The  certainty  of  the  preceding  Rule  will  be  made  manifeft  by  the  three  following  Pro-* 
pofitions. 

PROP,  1, 

If  a  Binomial  whereof  one  part  and  the  Square  of  the  other  are  Rational  numbers  be 
multiplied  into  it  felf  cubically  ,  there  will  be  produced  another  Binomial ,  the  Square 
of  whofe  leffer  part  being  fubtraded  from  the  Square  of  the  greater  parr,  leaves  a  cubick 
number,  to  wit,  the  Cube  of  the  ditference  of  the  Squares  of  the  parts  of  the  Root  or  firfl 
Binomial. 

To  make  this  manifefl: ,  let  there  be  propofed  the  Binomial  I  .-j-  ^d ,  this  multiplied 
into  it  felf  cubically  produceih  bbb  '^bb^d~\~^  ^bd~fd^d,  to  wit,  the  Cube  of  ^-l-V^.  ' 
Here  you  are  to  note  well,  that  although  in  that  Cube  there  be  four  parts  or  members,  yet 
they  are  to  be  edeemed  but  as  two,  one  of  which ,  to  wit ,  -f-  3  may  defign  a  Ratio¬ 

nal  number,  and  the  other,  ^hbi^  d^\-~  d^d  (or  3  di  x  y'J  )  an  irrational  or  furd 
number  whofe  Square  is  Rational ;  whence  it  is  manifeft,  firfi: ,  that  the  Cube  of  a  Hino- 
mial  is  alfo  a  Binomial ,  vi^,  b^-f^^^d  multiplied  into  it  felf  cubically  prcduceth  this 

Binomial 
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Binotnial  3^^  more  ^bh^d-\~-d^d  (or  '^bb^d%  ^d{)  fecondly,  the  Rational 

part  bifb  3 W  is  raanifeftly  compofed  of  the  Cube  of  the  Rational  part  of  the  Root 
and  of  the  triple  Produd  made  by  the  multiplication  of  the  fame  Root  into  the  Square 
‘  of  its  other  part  ^  and  laftly ,  the  difference  of  the  Squares  of  the  faid  parts  bbb-\-  3^d  and 
^bb^d  -4-  d\/d  is  equal  to  the  Cube  of  bb  —  d^  or  oi  d  —  lb ,  viz.  to  the  Cube  of  the 
difference  of  the  Squares  of  the  parts  of  the  Root  b^^d  :■  For  the  Squares  of  bbb  -+^ 
^bd  and  ^bbyd~\--  d^d  are  bbhbbb  ^\-6bbbhd  ^bbdd  and  sbbhbd -\- tlbdd -\- ddd 
and  if  thefe  Squares  be  fubtraded  one  from  the  other  ,  the  Remainder  is  either  bbbbbb — . 
^bbbbdd\^^bbdd — dddi  which  is  the  Cube  of  bb-^d-  orelfethe  Remainder  is  ddd  — 
^bbdd-^  ^bbbbd  —  bbbbbb,  which  is  the  Cube  of  d — bb. 

To  illuftrate  this  Propofition  by  Numbers,  let  there  be  put  =:  2  and  ^di=i6\  hence 
thelBinomial  multiplied  into  it  Telf  cubicalJy  produceth  the  Binomial  44-[- 

V'1944,  wherein  the  difference  of  the  Squares  of  the  parts  {^viz.  the  Remainder  when 
i  936  the  Square  df  44  is  fubtraded  from  1 944  the  Square  of  v'1944,)  is  8 ,  to  wit ,  the 
Cube  of  the  difference  of  the  Squares  of  the  parts  of  the  binomial  Root  2  ^<5. 

Likewife  this  Binomial  2  -j-  multiplied  into  it  felf  cubically  produceth  the  Binomidl 
>  wherein  the  difference  of  the  Squares  of  the  parts,  to  wit,  8,  is  the  Cube 
of  the  difference  of  the  Squares  of  the  parts  of  the  Root  2  -j-  -^2. 

The  fame  properties  adhere  alfo  to  a  Refidual  Root ,  viz,  the  Cube  of  the  Refidual  Root 
bin  ^d\i  alfo  a  Refidual ,  to  wit ,  bbb  ^^bd  in  3bbyd^\-  d^d,  (or  3^^  x  .) 
and  the  difference  of  the  Squares  of  the  parts  of  latter  Refidual  is  equal  to  the  Cube 
of  the  di^erence  of  the  Squares  of  the  parts  of  the  Root  or  firft  Refidual. 

PROP.  2, 

If  a  Binomial  whereof  one  part  and  the  Square  of  the  other  are  Rational  numbers ,  be 
multiplied  by  the  difference  of  the  Squares  of  the  parts, the  Produd  will  be  another  Binomial, 
wherein  the  difference  of  the  Squares  of  the  parts  is  a  Cubick  number ,  to  wit ,  the  Cube 
of  the  difference  of  the  Squares  of  the  parts  of  the  Root  multiplied. 

To  make  this  roanifelt,  let  there  be  propofed  the  Binomial  b  and  fuppofe  b 

greater  than  Ajd-,  then  multiplied  by  bb  —  d,  the  difference  of  the  Squares  of 

the  parts,  will  produce  this  Binomial ,  to  wit,  bbb  —  bdmorebb^jd — dy^d,  theSquares 
of  whofe  parts  are  bbbbbb  —  2bbbbd~\-bbdd  and  bbbbd —  “ihbdd  -j-*  ddd  j  then  this  latter 
Square  fubtraded  from  the  former  leaves  bbbbbb  —  ibbbbd~\-^  "^bbdd — ddd,  which  is 
the  Cube  of  bb  —  d  the  difference  of  the  Squares  of  the  parts  of  the  firft  Binomial  b^\-^^d, 
•  The  fame  property  would  appear  if  we  fuppofed  b  lefs  than  \^d. 

To  illuftrate  this  Propofition  by  Numbers,  fuppofe  b—zz,  and  =  486  j  whence 
the  Binomial  22  ^  multiplied  by  2  ,  the  difference  of  the  Squares  of  the  parts ,  pro¬ 

duceth  the  Binomial  44  4-;\/i944  ;  wherein  the  difference  of  the  Squares  of  the  parts 
is  8  ,  which  is  the  Cube  of  2 ,  the  difference  of  the  Squares  of  the  parts  of  the  former 
Binomial  2  2^-V48<^. 

PROP,  si 

If  the  difference  of  the  Squares  of  any  two  numbers  be  divided  by  a  number  which  doth 
not  exceed  the  fumm  of  thofe  two  numbers  above  ^  •  then  the  Quotient  added  to  the  faid 
Divifor  will  give  a  number  greater  than  the  double  of  the  greater  of  the  faid  two  numbers, 
but  the  excels  will  be  lefs  than  unity  :  and  if  the  faid  Quotient  be  fubtraded  from  the  faid 
Divifor,  the  Remainder  ftiall  be  greater  than  the  double  of  thelefferof  the  two  numbers 
but  this  excefs  alfo  (hall  be  lefs  than  unity.  ^ 

To  thanifert  this ,  let  a  reprefent  the  greater  of  two  numbers ,  and  e  the  Icffer  5  alfo,  let 

b  reprefent  fome  Fradion  riot  greater  than  f :  then  I  fay,  firft,  a  -|-  e-l-  ^  -j-  ee 

A  *-j—  c  — j“  b 

is  greater  than  za but  the  excefs  is  lefs  than  i,  which  I  prove  thus ; 

It  is  evident  that  -'I*  €€  ^ l*~  bb-i-  lae-Ar'  2be-\-  iba  -|-  aa  —  ee  is  greater  than  2 an 
-+-  2  -4-  2  ^4  .  therefore  by  dividing  each  of  thofe  two  Compound  quantities  by  4-4-# 

it  follows  that  the  firft  Quotient  a-\-e  -\-b  - — -“~7  .  fliall  be  greater  than  the  latter 

Quotient  24.  arid  if  this  quantity  be  fubtraded  from  that,  the  Remainder 

a e  -\-b 

will  be  lefs  than  i.  For  by  fuppofition  b  is  nor  greater  than  7  *  therefore  2be  is  lefs  than 

a  -A-  e. 
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«  +  <?,  and  lefs  than  b;  and  confequently  the  Numerator  2be-\-^l;h  is  Icfs  than  the 

Denominator  wherefore  -f'—  is  lefs  than  i. 

^  ^  "r 

After  the  fame  manner  it  may  be  proved  that  a-\-  ’e^  h - ~~  is  greater 

^  e  *~[~  b 

than  2  i? .  but  this  excefs  alfo  fliall  be  lefs  than  i ;  which  was  ro  be  fliewn. 

^  Now  to  apply  the  preceding  three  Propofiiions  ro  the  Demonflration  of  the  Rule  before 
given,  let  it  be  required  to extradj the  cubick Root  out  of  the  Binomial  i oo -j- ^^780^, 
whofe  Rational  part  10®  is  greater  than  the  other  part  ^'780^.  Here  wemayfuppofe 
hbb  -{-  ^  bd  to  be  100,  and  (or  ^bb-\<d  x  be  ^7^03  >  fo  that 

Uh^y  ^bd  more  ^bb  ^/d  may  defign  the  given  Binomial  too  -{--.y'7803  ;  and  its 
Cubick  root  the  Root  fought ,  whofe  greater  part  may  be  and  thelelTer  yds 

Jhen,  according  to  the  Rule 

To  extraSl  V(3)  f  •  •  loo*-]-' 

Firft ,  from  the  Square  of  I  GO  ,  that  is ,  from  i  •  •  1>  lOoob 

•  Subtraft  the  Square  of  v'y  803 , ‘that  is, . ^  7803. 

The  Remainder  is . * . j>  2197 

The  Gubick  root  of  that  Remainder  is  .  .  .  .  *  ^  13  {  ~  bb  —  d.) 

Which  Root  \  3  is  (by  Prop»  i.)  equal  to  the  difference  of  the  Squares  of  the  parts  of  the 

Binomial  root  fought. 

Secondly,  fihd  out  a  Rational  number  greater  than  the  fumm  of  the  parts  of  the  Gubick 
root  fought  4  with  this  Caution  ,  that  the  excefs  may  not  be  above  7 , 

To  the  greater  part  of  the  given  Binomial,  that  is,  to  .  .  J>  160 

Add  the  neareft  value  in  whole  numbers  of  the  other  part  7  ^  o  o  ^ 

^7803^  that  IS,  .  .  . . y  ^ 

So  the  furam  IheWs,  that  the  value  in  Whole  numbers  of  the  ?  0  o  j  o 

given  Binomial  falls  between  .  .  .  i,  *  .  .  i  *  an  i  p. 

Whence  the  Cubick  root  of  the  given  Binomial  is  greater  thau  57  >  but  lefs  than  6  * 
fo  that  the  excefs  of  6  above  the  true  Root  fought  is  lefs  than 

Thirdly  j  having  found  out  (  as  above  )  1  3  the  true  difference  of  the  Squares  of  the  parts 
of  the  Cubick  root  fought ,  and  6  a  Rational  number  which  exceeds  not  the  true  fumm 
of  the  fame  parts  above  7 ;  wc  may  by  the  help  oiProp.  3 ,  and  i  *  find  out  the  parts  feverally 
in  this  manner ,  viz. 

Divide  the  faid  .  .  13 

By  the  faid . .  •  ,  ,  .  i  6 

And  the  Quotient  is . !  .  .  ;  .  2 1 

Which  added  to  the  faid  Divifor  (5 ,  makes  the  fumm  ....  8^ 

Which  fumm  8  j  doth  (by  Prop,‘^.)  exceed  the  double  of  the  greater  (to  wit,  the  Rational) 
part  of  the  Cubick  Root  fought,  but  the  excefs  is  lefs  than  i  5  therefore  7^  is  lefs  than  the 
faid  doublej  but  8^  is  greater  than  the  fame  :  and  confequently,  becaufe  the  faid  greater  part 
is  fuppofed  to  be  a  Rational  whole  number^  the  double  thereof  muft  ncccffarily  be  8,  (to  wit,) 
ihegreatcft  whole  number  between  7f  and  8^  , )  .and  therefore  the  faid  part  it  felf  is  4  : 
which  being  found  out ,  it  is  eafie  to  find  the  other  part.  For ,  (  by  Prop,  1 .)  if  from  1 6 
the  Square  of  the  faid  greater  part  4,  there  be  fubtrafted  13,  the  Cubick  root  ot  the  difference 
of  the  sSquares  of  the  parrs  of  the  given  Binomial ,  there  will  remain  3  ,  the  Square  of  the 
other  part  j  fo  that  the  Cubick  root  found  out  is  4  ^3 ,  which  Will  appear  by  the  Proof 

to  be  the  true  Root  fought  •  for  4  J[-  ^3  being  multiplied  into  it  felf  cubically  produceth 

the  given  Binomial  100-1-^/7803.  And  for  the  fame  reafon  4  —  V3  is  the  Gubick  root 
of  100  — y'7803. 

Or  more  briefly ,  the  Proof  may  be  made  thks. 

To  the  Cube  of  4  the  Rational  part  of  the  Root  found  our, 2  ^  that  is  bbb 

Add  the  Produff  of  thrice  that  part  multiplied  into  the  ?  rhnr  is  ^bd 

Square  of  the  Surd  part  found  out ,  2//^  theProduft  •  *3  ^  ■  ' 

And  it  makes  the  fumm  .  ,  <  .  ^  .  .  *  ;  100,  that  is ,  3^. 

Which 
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Which  fumm  is  the  fame  with  the  Rational  part  of  the  given  Binomial ,  and  therefore 
it  proves  that  4-4--v/3  is  the  Cubick  root  fought.  ,  ,  .  1 

In  likemanner,  to  extraft  VCO  out  of  44-hVi944,  where  the  Rational  part  44  is 
lefs  than  the  other  part  944 ;  ^e  may  fuppofe  (  as  before  to  be  44,  and 

(that  is,  to  be  Vi944i  UbA^^bd  mort  sib 

may  defign  the  given  Binomial  44-4-v'»  944j  and  us  Cubick  root  b^^d  the  Root  fought  j 
Whofe  lelfer  part  may  be  b ,  and  the  greater  ^d.  Then,  according  to  the  Rule 

To  extra^  ^is)  •  ‘  44^^V*944• 

Firfl:,  from  the  Square  of -v/ 1  944  >  ^944 

Subtraft  the  Square  of  44 , . ^^93^ 

The  Remainder  is  . ^  ^  1  rr  •\ 

The  Cubick  root  of  that  Remainder  is . ^  ^  (  =  d-^^bbAj 

Which  Root  ^  is  (  by  Frop  1.)  equal  to  the  difference  of  the  Squares  of  the  parts 
of  the  Binomial  root  fought,  ' 

Secondly ,  find  out  a  Rational  number  greater  than  the  fumm  of  the  parts  of  the  Cubick 
root  fought,  with  this  Caution,  that' the  excefs  may  not  be  above  i  j  which  may  be  done 
thus , 

To  the  leffer  part  of  the  given  Binomial  ^  viz.  to  •  .  )*•  44 

Add  the  ncareft  value  in  whole  numbers  of  the  other  7 
part  V 1944  j  that  is,  .  .  .  .  .  .  .  :  •  •  •S 

So  the  fumm  lliews  that  the  value  in  whole  numbers  ot  the  )  g  g  ^ 

given  Binomial,  falls  between . . 

Whence  the  Cubick  root  of  the  given  Binomial  is  greater  than  4 ,  but  lefs  than  4I  j  fo 
that  the  excefs  of  4^  above  the  true  Root  fought  is  lefs  than 

Thirdly,  having  found  out  2  \  the  true  difference  of  the  Squares  of  the  parts  of  the 
Cubick  r^t  fought  j  and  4t  a  Rational  number  which  doth  not  exceed  the  true  fumm  of  the 
fame  parts  above  \  j  we  may  by  the  help  of  Prop.  3,  and  i,  find  out  the  parts  feverally  in 
this  manner,  viz. 

Divide  the  faid  *.•••  2 

^  By  the  faid  ..  . . . 

And  it  gives  the  Quotient  . . .  *9 

Which  fubtrafted  from  the  faid  Divifor  4^ ,  there  remains  .  .  413 

Which  Remainder  4^9  doth  (by  Prop.  3.)  exceed  the  double  of  the  leffer  part  (  which  in 
this  Example  is  the  Rational  part )  of  the  Cubick  root  fought ,  but  the  excefs  is  lefs  than  i  , 
Therefore  «  lefs  than  the  faid  double ,  but  47^  is  greater  than  the  fame  j  and  confe- 
quently  becaufe  ‘the  faid  lefl'er  part  is  a  Rational  whole  number ,  the  double  thereof  mud 
neceffarily  be  4,  to  wit ,  the  greateft  whole  number  between  3^8  and  47!,  and  therefore 
the  faid  part  it  (elf  is  2 :  which  being  found ,  it  is  eafie  to  find  the  other  part ;  for  if  to  4 
theSquare.of  the  faid  leffer  part  2,  there  be  added  2  the  Cubick  root  of  the  difference  ot 
the  Squares  of  the  parts  of  the  given  Binomial ,  the  fumm  6  fhall  be  the  Square  of  the  other 
part.  So  that  the  Cubick  root  found  out  is  2-)-^^,  which  will  appear  to  be  the  true 
Cubick  root  fought  j  for  2  ^6  multiplied  into  it  felf  cubically  produceth  the  given 

Binomial  44  4-^1944*  And  for  the  fame  reafon  —  2  is  the  Cubick  root  of 
1 944  — "  44* 

Or  rAor/t  briefly  ^  the  Proof  may  be  made  thmt 

To  the  Cube  of  2  ,  the  Rational  part  of  the  Root  found  ?  g  ^ 

out ,  viz.  to.  ..  .  . . .  ’ 

Add  the  Produa  of  thrice  that  part  multiplied  into  the?  ^  y^ 

Square  of  the  Surd  part  found  out ,  viz.  the  Produft  .  .  ^  ^  ’ 

And  the  fumm  is  .  . .  •  •  44>  that  is,  bhb  sbd. 

Which  fumm  is  the  fame  with  the  Rational  part  of  the  given  Binomial ;  and  therefore 
it  proves  that  2-\-^6  is  the  Cubick  root  fought, , 

Laftly,  what  hath  here  been  fliewn  concerning  the  Dernonffration  of  the  Extraaion 
of  the  Cubick  Root ,  may  eafily  be  applied  to  the  Extradion  of  the  other  Roots  before 
mentioned ,  fo  that  there  is  no  need  of  farther  difeourfe  in  this  matter. 

CHAP. 


Chap.  10. 


265 


C  H  A  P.  X, 

An  Explication  of  ^imon  StevinV  General  Ruley  to  ektraB  one 
Root  oat  of  any  pojjible  Equation  in  Numbers ,  either  exaSilyy 
or  very  nearly  true, 

1.  Quations  falling  under  any  of  the  Forms  in  the  fourteenth  and  fifteenth  Chapters 
Tv  of  the  firrt  Book  of  thefe  Elements,  are  capable  (as  hath  there  been  fliewn)  of 
perfe^ft  Refolutions  in  Numbers  •  viz,,  the  value  of  the  Root  or  Roots  fought 
in  any  of  thofe  Equations  may  be  tound  out  and  cxpreft  exai^ly  ,  either  by  feme  Rational 
or  Irrational  number  or  numbers  •  but  the  perfe6f  Refolution  of  all  manner  of  Compound 
Equations  in  numbers  ,  I  have  not  found  in  any  Author:  and  fince  an Expofitioo  of  the 
General  Method  ot  Fieta^  the  Rules  of  HuMenifu  and  others  to  that  purpofe,  would  make 
a  large  Treatife,  and' after  all  leave  the  curious  Analyft  diUatisfied  ,  1  lliall  not  clogg  thefe 
Elements  with  a  tedious  difeourfe  upon  thofe  difficult  Rules ,  which  at  the  beft  are  exceeding 
tedious  in  Operation,  and'  feme  of  them  uncertain  too ,  but  rather  purfiie  my  firft  Defign, 
which  was  to  explain  Fundamentals ,  and  fuch  Rules  as  are  certain  and  moft  important 
in  this  profound  Art.  However ,  I  fliall  lead  the  induftrious  Learner  a  few  flcps  farther  \ 
in  order  to  his  underftanding  the  Refolution  of  all  manner  of  Compound  Equations  in 
numbers,  and  in  this  Chapter  explain  Simon  Sievin' s  General  Rule,  which  with  the  help 
of  the  Rules  in  the  following  eleventh  Chapter ,  willdifcover  all  the  Roots  of  any'poffible 
Equation  in  numbers,  either  exactly,  if  they  be  Rational-,  or  very  nearly  true  if  Irrational. 

XPEST.  I.  . 

If  •  •  ^  ^  •  aaap  z6a  —  40188,  Vvhat  is-the  number  4  ? 

RESQLVTION, 

This  Equation  not  falling  under  any  of  the  three  Forms  in  SeSl.  \ .  Chaf.  1 5-.  Book.  i . 
cannot  be  refolvdti  by  any  of  the  Canons  in  that  Chapter,  and  therefore. according  to 
Simon  Sievin' %  general  Method  1  fearch  out  the  number  a  by  tryals,  thus ,  viz. 


I.  1  fuppofe . .  ..  a  —  I 

Thence  it  follows  that . *  ..  .  .  —  i 


^Vnd  •  .  .  .  •  i  *  .  *  .  .  .  •  •  .  3154  — f  y  2  B 

Therefore . .  444-]- 2 <54  —  'z-j  . 

Which  27  ought  to  have  been  401  88^  but  it’*s  too  little-  whereby  I  find  that  by 
fuppofing  4  to  be  1 , 1  did  not  hit  upon  the  true  number  4,  and  therefore'  f  make  anpthcr  try  al^ 
in  like  manner  as  before ,  viz,  , 

3 .  1  fuppofe  •  4  , —  1 1  o 

Thence  it  follows  that  .........  444  =  '1 000 

And  ....  .  .  ........  -264  ==  z6o 

Therefore . ’  . . '  am -\-z6n  12^0 

Which  1260  being  yet  too  little ,  I  make  a  third  tfyal ,  viz. 

5.  I  fuppofe  .  .  ....  4  100 

Thence  it  follows ,  that  . . .  aaa~\~26a  ~  loc526^q* 

Which  1002^00  exceeds  the  juft  Refult  or  abfolute''nUmb'er  40188  in  the  latter  part 
of  the  Equation  fi r ft:  propos’d ,  and  therefore  the  true  number  4  is  lefsthan  100;  but  the 
fecond  tryal  Ifiews  it  to  be  greater  than  1  o,  and  therefore  the  whole  nurhber  which  exprefl’etff 
the  exairf,  or  at  leaft  part  of  the  value  of  4 ,  rauft  neceffarily  confift  of  two  Charafters ,  and 
confequently  the  firft  (towards  the  left  hand)  muft  be  one  of  thefe 'nine,  1 ,  2,  3,  4, 5,  7,' 

8,  9  -  but  becaufe  by  the  fecond  Inquiry  10  was  found  too  little  ,  I  now  make  tryai  with  2 
tor  the  firft  figure  of  the  Root  a  ,  viz. 

4.  I  fuppofe  .  ......  .  ......  4  2  0  .... 

Thence  . . :  444^-264  —  Sj’ao 

Which  Refult  8520  being  yet  lefs  than  the  juft  Refult  40188,  I  make  tryal  again ,  viz. 

y .  I  fuppofe  .....  .  ..  ..  ..  ..4  .  3  ®  » 

Thence  ....  . . aaa-l^zda  27  7  So 

L  1 


VVhiehi^ 


Book  ll. 


%t6 


Concerning  the  Kefolntion 


Which  is  yet  too  liftle  j  therefore 
6.  I  fuppofe . 


Thence . 


.  .  .  .  .  =3  40 

.  .  aaa~\—z6a  ~  6  5'04O 


Which  65040  being  greater  than  401  88 ,  it  ftiews  me  that  the  true  Root  or  value  of  4 
is  Icfs  than  40  j  but  by  the  fifth  tryal  its  greater  than  30,  and  confequently  the  fir  ft  figure 
af  the  Root  is  3. 

Now  the  fecond  Charafter  of  the  Root  muft  neceffarily  be  one  of  thefe,  viz,,  o,  i,  2,  3,' 
4>  5> 7»  9  5  becaufe  it  hath  been  difcovered  that  the  true  value  of  the  Root  a  is 

greater  than  30,  the  fecond  Charafter  cannot  be  o  ,  I  therefore  make  tryal  with  i ,  and 
(lippofe  4  =  31,  which  proving  too  little,  I  make  tryal  with  32,33,34,  feverally, 
in  like  manner  as  before ,  and  at  length  1  find  34  to  be  the  true  number  a  fought,  by  which 


the  Equation  propos’d  may  be  expounded  •  for  if  4  =  34 ,  then  confequcntly  ^44  264 

=  40188, 


II.  But  if  after  tryals  made  (  as  before  )  the  value  of  4  the  Root  fought  happens  to 
fall  between  two  whole  numbers  that  differ  by  Unity;  then  tryals  are  to  be  made  with 
the  lefTcr  whole  number  increafed  with  7^,  7^,  rJ-,  &c.  until  you  have  found  the  value  of  4 
in  forae  raixt  number  confifting  of  a  whole  number  and  fome  certain  tenth  parts  of  an  Unit ; 
But  if  the  faid  value  of  a  happens  not  to  be  expreft  exadly  by  the  faid  leffer  whole  number 
increafed  with  certain  tenth  parts,  then  you  are  to  make  tryals  with  the  faid  IcRer  whole 
number  increafed  with  a  decimal  Fraftion  having  for  its  Numerator  a  number  greater 
than  10,  but  lefs  than  100  ;  and  for  its  Denominator  loo,  as  with  and 

by  proceeding  in  that  manner  you  may  find  the  exaft  value  of  the  Root  a  when  its  fractio¬ 
nal  part  is  exactly  equal  to  fome  decimal  Fraction,  or  elfe  approach  infinitely  near  to  the  faid 
exact  value  when  ’tis  irrational  or  furd ,  as  in  this  following 


’  ^EST,  2. 

•  ,  4444-}- 504  =  184638.6801  ;  (or,  1846387 


i )  what  is 


-iLioi 
1 0000  9 


the  number  4  ? 


RESQLVTION. 


Firfl: ,  1  fuppofe  ‘4=1,  but  this  proving  too  little  I  put  4  =  i  o ,  thij^  alfo  proving  tooi 
little,  I  afl'ume  az=ioo  ,  which  after  tryal  1  find  to  be  greater  than  the  true  number  4,  and 
’  confequently  the  number  4  falls  between  10  and  too  •  then  making  tryal  with  20  1  find 
it  too  little ,  but  making  tryal  with  3*0  I  find  this  too  great,  and  therefore  the  true  Root  a 
falls  between  20  and  30;  Again,  making  tryal  with  21  I  find  it  too  great ,  but  20  was 
before  found  too  little  •  therefore  the  true  Roof  4  is  between  20  and  21  j  then  1  make 
tryal  with  20.1,  (that  is,  207^,)  20.2  ;  20.3  ,  &c.  and  at  length  find  20.7  to  be  the 
true  number  4  fought  .  for  if  4  =  20.7  (  that  is,  207^,)  it  will  make  4444 -}-*  504  = 
1 846 3  8.6  80 1  the  Equation  propofed. 

But  if  2  0.7  had  proved  too  little,  and  20.8  too  great ,  then  tryals  muft  have  been  made 
with  20.71,  (that  is,  207^75)  20.72  ;  20.73  ,  '&c.  In  like  manner  if  20.7  had  been 
too  little,  but  20.71,  (that  is,  20777)  too  great,  then  tryals  muft  have  been  made  with 
'  20.701 ,  ( that  is,  207^17 ;)  20.702 ;  20.703,  &'£,  This  will  be  partly  exercis'd  in 
refolving  the  Equation  in  this  following 


^'>EST.  3. 


If  r  ^  .  ‘444-}^  2044  =:  1954  j  vvhat  is  the  number  4  ? 

Anfrfi,  a  =  8.308,  &c.  found  out  by  tryals ,  as  before. 

!  1 I  I.  When  the  value  of  (  4  )  the  required  Root  of  an  Equation  happens  to  be  left 
than  Unity,  then  tryal  is  to  be  made  with  77  j  but  if  this  prove  too  gi;eat,  then  with  77^,  &c» 
Now  fuppofe  .1  (that  is,  7o)  be  too  great,  but  .01  (that  is,  770)  too  little;  then  tryal 
muft  be  made  with  .02  j  .03  j  .04  |  &c.  until  you  have  found  out  the  greateft  figure 
that  muft  ftand  in  the  fecond  place  of  the  decimal  Fraction  exprefting  the  Root  fought ; 
fuppofing  then  fuch  figure  to  be  found  8 ,  viz,,  that  .08  (or  77® )  is  lefs ,  but  .09  (or  77^) 
is  greater  tha  n  the  Root,  try  al  muft  be  made  with  .08 1,  (chat  is,  771 7,)  .082  j  .083  j  &c, 
as  in  this  following 


-  ^VESr,  4* 

i  444-]- 32404  =  what  is  the  number  4  H 

a  =z  ,083,  &c.  that  is,'  ^ 


IV.  The 


A 


Chap,  lo. 


of  Compound  E  quations  in  Numbers. 


1  V.  The  preceding  Examples  may  fufficc  to  Ihew  the  ufe  of  this  General  Method 
'Vhen  all  the  Terms  of  the  unknown  part  of  an  Equation  are  Affirmative,  (viz.  when  -|- 
is  prefixt  to  each  Term  in  ^hich  cafe  there  is  but  one  Affirmative  Root  j  in  the  fcarch 
xVhereof  by  tryals  (as  betore)  if  the  numbers  aiTumed  feverally  for  the  value  of  the  Root 
fought  do  afeend  greater  and  greater ,  then  the  Abfolute  numbers  refulting  from  thofe 
aiTumed  values  will  iikewife  afeend  •  and  contrarily ,  if  the  alTumed  Roots  do  defeend  f  roni 
a  greater  to  a  lefs  ,  the  Refults  will  Iikewife  grow  lefs  and  lefs ;  whence  by  comparing  an 
Abfolute  number  refulting  from  an  aiTumed  Root  with  the  juft  Abfolute  number  c*r'  the 
Equation  propos’d  j  you  may  certainly  know  (  if  the  faid  Refult  and  juft  Abfolute  be  not 
equal  to  one  another  )  whether  you  are  to  take  a  number  greater  or  lefs  than  that  laft  before 
alfumed.  .  , 

Blit  Vvheii  the  unknown  part  of  an  Equatiori  confifts  of  affirmative  and  negative  Terms 
mingled  one  with  another,  then  the  fearch  by  ifyals  will  be  more  intricate  and  doubtful  thari 
before ;  for  fometimes  it  will  be  hard  to  difeerh  whether  a  following  aflumed  Root  muft 
be  taken  greater  or  lefs  than  that  which  Was  taken  next  before.  Moreover,  a  Compound 
Equation  of  this  latter  kind  may  happen  to  be  fuch ,  that  it  may  be  expounded  by  as  many 
feveral  affirmative  Roots  as  there  be  Unities  in  the  Index  of  the  higheft  Unknown  Power, 
a  Cubical  Equation  may  be  foconftituted  that  it  fhall  have  three  different  affirmative  Root»7 
a  Biquadratick  Equation  four  feveral  Roots ;  and  fo  of  higher  Equations,  as  will  be  ibcWn 
in  the  following  Chapt.  1 1 .  But  in  What  manner  foever  any  poffible  Equation  is  con* 
ftituted  in  Rational  numbers,  this  general  Method  will  alwayes  find  out  one  affirmative 
Root ,  cither  exaftly  true  ^  or  at  leaft  very  near  the  truth  ,  as  will  farther  appear  by  the 
following  Queftions. 

^VEST.  s. 


If  •  •  •  .  i  .  'aaa  —  2  2  1 5  74  =  5  t>o ,  What  is  the  number  d  ? 


RESO  LVTJ  O  N. 


I  •  I  luppole  •  •••.•••••«»  a  —  1 

Thence  it  follows  that  4  •  ;  i  •  aaa  —  22^4-^-157^  ~  1^6 

Which  135  is  lefs  than  the  juft  abfolute  number  360  ^  and  therefore  1  make  another 
tryal ,  viz. 

2.  I  fuppofe  .  i  i  a  —  \o 

Thence  it  follows  that  .  .  .  .  •  444  — 2244 -j- 1 574  =  3  7° 

Which  370  exceeds  the  juft  abfolute  number  360,  and  therefore  I  conclude  there  is  one 
affirmative  value  of  4,  (either  rational  or  irrational)  between  i  and  i  o  j  which  value ,  after 
tryals  made  With  3, 4, 5  i  I  find  to  be  5”  5  this  will  conftitute  the  Equation  propofed ; 
for  if  4==  5^  then  mu  —  2244^-*  157^^  will  exaftly  make  350. 

But  there  are  tWo dther  Roots  or  values  of  4,  to  wit,  8  and  9  ,  each  of  which  will 
Iikewife  conftitute  the  Equation  firft  propofed  §  but  how  they  are  found  out  will  be  (hewn 
in  SeSi.  9.  of  the  following  Chapt.  1 1  i 

jSVESf.  6‘. 

jf  *  .  .  .  32004— 444  =  46577  (juft,)  what  is  the  number  4  ! 

RESOLVflO  N. 


I  •  1  fuppolc  ®  • 

Thence . 31004  —  aad  =  3199  ( lefs  thari  juft.  ) 

ii  I  ruppofe  .  4=10  .. 

Thence  .......  32004  —  444  —  31600  ( lefs  than  juft. ) 

3,  1  fuppofe  ;  .  ;  .  ......  d  —  100  ’ 

Thence  ^  •  .  «  •  ^  •  32004 — -ada  =  -^680000  (  lefs  than  juft.  ) 

Now  becaule  the  fecond  Refult  (  of  abfolute  number  )  -|-*3 1000  is  Affirmative  ,  and 

fhe  laft  Refult _ 680000  is  Negative  ^  I  make  tryals  with  numbers  between  10  and  100 

for  the  value  of  4  j  for  if  the  Equation  propofed  be  poffible,  before  the  affirmative.  Refults 
fall  off  to  negatives,  there  will  be  a  Root  or  value  of  d  producing  an  affirmative  Refuit  cither 
exaftly  equal,  or  very  near  to  the  juft  Refult  46577  ;  therefore , 

4.  I  fuppofe  . . .  .  .  .  •  A  x‘ 

Thence  .  ^  .  32304  —  444=:  5  6000  (greater  than  juft. ) 

1 1  2  Nb'W 


/ 
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CofMituiion  of  Equations 


Now  becaufe  by  taking  zo  for  the  value  of  a ,  the  Refult  5  6000  exceeds  the  juft  Refulc 
46)77  i  to  for  a',  the  Refult  31000  happened  to  be  lefs  than  the  faid 

46577  *  it  fliews  there  is  one  affirmative  Root  or  value  of  a  between  1  o  and  20 ,  which 
Root  after  tryals  made  with  intermediate  numbers  (as  in  former  Examples)  will  be 
iound’i  5.7,  &c.  Moreover  ,  becaufe  by  fuppofmg  ^  =  20,  the  Refult  5  6000  happened 
loexceed  thc  juft  Reflilt  46577?  hut  by  putting  too  the  Refult  —  680000  proved 
to  be'efs  than  the  fame  46577,  it  fliews  there  is  an  Affirmative  value  of  a  between  20 
and  i’oo,  which  value  after  tryals  made  will  be  found  47  ;  fo  that  there  are  two  affirmative 
Roots  or  values  of  4  found  out,  to  wit,  1 5.71  (  or  1 57°,  t^c-)  2nd  47  •  the  former 

of  which  will  nearly^  and  the  latter  exadly  conftitute  the  Equation  propofed. 


32004  —  444  =  4^577 


V.  F/orimond  de  Beame  in  the  latter  of  two  fmall  Treatifes  printed  in  1655?,  con¬ 
cerning  the  Nature,  Conftitution  and  Limits  of  Equations,  ftiews  how  to  find  out  Limits 
within  which  the  Roots  of  all  compound  Equations  not  afcending  above  the  Biquadratick 
kind  are  confined  •  which  Limits  when  they  may  be  difcovered  without  much  trouble ,  and 
are  not  very  wide  afunder ,  will  help  to  leffen  the  tryals  in  the  general  Method  before 
delivered :  As ,  in  the  laft  Example ,  where 

'  The  Equation  propofed  was  ......  r* 

Firft  ,  becaufe  444  muft  be  fubtrafted  from  32004? 
and  leave  a  Remainder  equal  to  46577,  it  prefuppofeth^ 

Therefore  by  dividing  each  part  by  4  ,  .  .  .  .>  • 

And  by  extradfing  the  fquare  Root  out  of  each  part,  7 

it  follows  that . i  ’ 

Again,  from  the  Equation  propos’d,  by  tranfpo-?  32004-46577  r=: 

fition ’tis  evident  that . .  .  .5" 

Whence ’tis  alfo  manifeft  that . ^  .  .  .  32004  cT 

Andconfequently  by  dividing  each  parr-by  3200,  )> 


444 


44 


4 


4 


320C4 

3200 

56.5,  &c, 

444 

^6^77 

14.5,  &c. 


Thus  it  is  found  that  the  value  of  4  the  Root  fought  is  greater  than  14.5,  C^  c.  but  lefs 
than  56.5,  d'c.  and  therefore  tryals  according  to  the  general  Method  aWfaid  need  not 
be  made  with  any  numbers  that  are  not  within  thofe  Limits. 

From  the  premifes  ’tis  evident ,  that  this  general  Method  finds  not  a  perfe^f  Root  of  an 
Equation,  unlefs  fuch  Root  be  a  whole  number ,  or  elfe  a  Fradtion  exaftly  equal  to  fome 
decimal  Fraftion ;  or  laftly ,  a  mixt  number  compos’d  of  a  whole  number  and  a  perfedt 
decimal  Fradfion. 

Note.  When  the  Coefficients  or  known  numbers  multiplied  into  any  of  the  unknown 
Powers  under  the  higheft  ,  (  which  muft  have  no  Coefficient  but  Unity,)  are  vulgar  (  not 
decimal)  Fraftions,  or  mixt  numbers  whofe  frad^ional  parts  are  vulgar  Fradions ;  likewife, 
when  the  Abfolute  number  that  folely  poflefleth  the  latter  part  of  the  Equation  propos’d 
is  a  vulgar  Fradion ,  or  mixt  number  whofe  fraftional  part  is  a  vulgar  Fradlion ;  all  thofe 
vulgar  Fradiions  muft  be  reduced  to  decimal  Fradlions,  or  elfe  the  Equation  rauft  be 
reduced  to  another  Equation  in  Integers  (  by  7.  in  the  following  C^4^f.  11.)  before 
you  enter  upon  the  Relolution  by  tryals  as  aforefaid. 


Chap.  XI. 

ExtraBions  out  of  the  Algebraical  Treatifes  of  Vieta-tf»rf  Renates 
des  Cartes ,  concerning  the  Conftitution  and  Refolution  of 
Compound  Equations  in  umbers  j  ejpecially  thofe  which  have 
many  Roots. 

1.  H  E  fcope  of  this  Chapter  is ,  firft ,  to  (hew  how  to  form  an  Equation  that  Ibal! 
I  have  as  many  different  Roots  or  values  of  the  Quantity  fought  as  lliall  be  defired  • 
then  how  to  free  an  Equation  from  Fraftions ,  and  to  caft  away  the  fecond  Term  ♦ 
and  laftly ,  how  to  find  out  the  Roots  of  all  manner  of  Compound  Equations  in  numbers, 
cither  eXadlly^  if  they  be  Rational ,  or  very  near  the  truth  if  irrational. 

But 


Chap. 


1 1. 


having  many  Roots, 


269 


But  that  the  Learner  may  the  more  eafily  perceive  my  meaning ,  J  fliill  premife  a  few 
Definitions  in  three  Sedions  next  following. 

1 1.  When  the  known  Abfdlute  number  in  an  Equation  folely  pofielTeth  one  part 
thereof,  let  it  be  transferr’d  to  the  other  part  by  the  fign  — ,  and  then  there  will  be  an 
Equation  which  hath  o  or  nothing  for  one  part ,  and  the  other  part  is  by  Cartefim  called 
the  fiumm  of  the  Equation  pf  opofed.  As ,  for  example,  if  this  Equation  be  propofed ,  viz,. 
aaa  —  94a-\-^z6a  ^  24,  by  tranfpofition  of  24  it  makes  aaa  —  9aa-\- 26a  — 

=  o  ,  whofe  firft  part  is  called  the  Sumra  of  the  Equation  propofed. 

I  I  f,  In  the  Equations  handled  in  this  Chapter,  1  put  a,  e  or  j/  tofignifie  an  unknown 
Quantity  j  and  by  the  firft  Term  of  an  Equation  is  meant  the  higheft  unknown  Power 
to  wir,  that  which  hath  itioft  Dimenfions  or  Degrees  of  4  ;  by  the  fccond  Term  that  which 
hath  fewer  Dimenfions  by  one  than  the  firft  ,  and  fo  downwards.  As  in  this  Equation; 
aaa  —  ^aa-j^zCa — 24  =  o  ,  the  firft  Term  is  444  ,  whofe  Index  is  5  j  the  feccnd 
Term  is  ^9aaj  where  the  Index  of  44  is  2  5  the  third  Term  is  4"  2^^,’  where  the 
Index  of  4  is  i  j  and  the  laft  Term  is  —24,  the  known  Abfolute  number  whofe 
Index  is  o. 

I V.  Equation  are  of  thfee  kinds ,  vtz,.  either  Affirmative ,  or 
Negative,  or  Impoffible :  an  affirmative  Koot  is  a  quantity  greater  than  nothing  ,  as  A-  5 
or  ^1-^2  0  :  a  negative  Root  (which  Caru/iHs  calls  a  falfe  Root  )  expreflethV quantity 
whofe  Denomination  is  oppolite  to  an  affirmative  •  as  _  5  ,  or  —  20  .  the  former  of 
which  wants  $  ,  and  the  latter  20  of  being  equal  to  nothing :  laftly,  impoffible  Roots  are 
fuch  whofe  values  cannot  be  conceived  or  comprehended  either  Arithmetically  or  Geo¬ 
metrically  :  As  in  this  Equation  ,  4  —  2  —  ^  _  i ,  where  V  —  i ,  that  is,  the  fquare 
Root  of  —  I  is  no  manner  of  way  intelligible  j  for  no  number  can  be  imagined  ,  which 
being  multiplied  by  it  felf  according  to  any  Rule  of  Multiplication,  will  produce  —  i. 

V.  Thefe  things  premifed ,  I  ftiall  proceed  to  the  forming  of  Equations  which  lhall  have 

many  Roots.  ♦  ^ 

PROP,  I. 

To  form  an  Equation  which  fjall  have  two  /Iffi)  maiive  Root  si 


—  2 


that  is,  4 — 2  = 
that  is,  4  —  3  = 


o 

o 


xi  Suppofe  ;  .  .  .  .  .  .  .  ^  ~ 

2 .  Then  by  multiplying  the  faid  4  —  2  =  o  by  7 
4  —  5  =  o,  this  Equation  is  produced,  ^  ~  o 

.3.  That  is,  by  tranfpofition  j . ^ . ^$a~-aa  ^  6 

Which  laft  Equation  falls  under  the  laft  of  the  three  Forms  in  SeU:.  Chap.  i  5. 
and  may  be  expounded  by  either  of  two  Roots  or  values  of  a ,  which  by  the  Canon  in' 

SeU.io.  of  the  fame  Chap,  will  be  found  2  and  3  ,  to  wit,  thofe  from  Which  the  faid 

Equation  was  produced  by  Multiplication,  as  above. 

Again ,  if  this  Equation  44  64  —  5  5  =  o ,  (  that  is,  44  +  ^4  ='55,)  which  hath 

one  affirmative  Root ,  to  wit,  5,  be  multiplied  by  4— -5  =  o  ,  there  will  be  produced 
444  —  9i4*-[-'33o  =:  o,  (that  is,  ^i4  —  44^  —  330,)  which  hath  two  affirmative 
Roots  or  values  of  4,  to  wit,  5  and  6  ,  which  may  be  found  out  by  the  Rule  hereafter  deli¬ 
vered  in  Sed:,  9.  of  this  Chapt. 

PROP.  11/ 

To  form  an  Equation  which  frail  have  one  Afirmaiive^  and  one  "Negative  Root,, 

1.  Suppofe  .  .  .  .  .  .  .  ;  .  ^  —  ^5  that  is;  4—3  =  d 

C  a  —  —2y  that  is,  4-1-2  =  o 

2,  Then  by  multiplying  the  faid  4  -  3  r=  o  by  7 
4-1-  2  =r  o,  thisEquation  is  produced, 

3*  That  IS,  .  44 

Which  laft  Equation  falls  under  the  fecond  of  the  three  Forms  in  Sed.  i.  Chap  i  3  . 
Book_  I.  and  may  be  expounded  by  either  of  tvvo  Roots  or  values  of  a ,  whercol  one  is 
Affirmative,  and  the  other  Negative  ;  which  ,'  after  the  manner  of  rcfolving  i ;  in 

Sdd.'].  of  the  fame  Chapi.  will  be  found  -|-  3  and  —  2  ,  to  wit ,  thofe  from  which  the  faid 
Equation  was  produced  by  Multiplication;  as  beffire. 

PROP. 


4  —  6  —  0 
a  —  6 


t-/ 


370 


ConBitution  of  Equations 


Book  II. 


PROP.  1  Hi 

To  firnt  an  Equation  which  flail  have  three  AflirniaiiDe  Ro^s, 

K.  a  z~  2  y  rhat  is ,  4  —  j  =:  o 

t»  Suppore  ...»  .  k  i  •  •  that  is,  a  .3  :=  6  . 

^4  =  4,  that  \iy  a  —  4  r±  o  , 

2i  Then  by  multiplying  the  three  iaft  Equations^  ^ 

( in  each  of  which  the  latter  part  is  o  )  oheS  444  —  944  ~\-  26a  —  24  =  0 
into  another  j  this  Equation  will  be  produced,  ^ 
j.  That  is ,  by  trahfpofitidn  of  —  24,  *  aaa  —  ^aa-\^t6a  r=:  24 

Which  Equation  may  be  expounded  by  every  one  of  thefe  three  affirmative  Roots,  of 
values  of  4 ,  to  wit ,  a  ,  3  and  45  which  may  be  found  out  by  the  Rule  (n  the  following 

9.  of  this  Chapter.  .  ,  t  .  .  ,  r-j 

The  fame  Equation  may  likewife  be  formed  altogether  by  Letters,  thus,  Let  the  laid 

known  Roots  2,3  and  4  be  reprefented  by  ,  c ,  ;  and  then 

C  a  z=z  b  ,  that  is  ,  4  —  ^  o 

4.  Suppofe  . . *  •  •  ^  f ,  that  is ,  a  r  =  o 

^  a  —  dy  that  is,  4  —  d  =  o 

5»  Then  by  multiplying  thofe  three  laft  Equations,  in  each  of  which  the  Utter  part  is 
nothing ,  one  into  another ,  this  Equation  will  be  produced ,  vU. 

—  p  be  ^ 

444  —  e  >  44  bd  y  a  ^  bed  o 

,  —  dy  -h  S 

^  That  is,  .  *  .  aaa  ’  —  944  26a  —  24  =  o 

V 

PROP.  IV. 

To  form  an  Equation  which  flail  have  three  A^irmative  Roots  ^  and 

one  Negative  Root. 

4  =  2,  that  is ,  4  —  2  =  o 

4  r=  3  ,  that  is,  4 —  3  =  0 

4  =  4,  that  is ,  4  —  4  =  o 

4  =  —5,  that  is,  4-1- 5  =  o 

a.  Then  by  multiplying  the  four  laft  Equations  (in  each  of  which  the  Utter  part  is  o,) 
one  into  another ,  this  following  Equation  will  be  produced ,  vU. 

4444 4444 1944 -j- 10 54 — 120  =  o 
That  is ,  *  .  *  •  4444  —  ^aad  ——  i^aa-~*  1064  ~  120 

Which  laft  Equation  may  be  expounded  by  every  one  of  thefe  three  affirmative  Roots, 
dr  values  of  4,  i/U.  2,  3  and4j  and  by  one  negative  Root  —  5;  everyone  of  which 
may  be  found  out  by  the  Rule  in  the  following  Sell.  9.  of  this  Chapter. 

The  fame  Equation  may  likeWife  be  formed  altogether  by  Letters,  thus,  vi^.  Let  the  faid 
known  Roots,  2,  3, 4 and  —  y  be  reprefented  by  c  ,  d  and  — /,  then 

a  —  h  y  that  is ,  4  —  b  =  o 

4  =  c ,  that  is ,  4  —  c  =  o 

a  d,  that  is,  4  —  d  =  o 

4  =  — /,  that  is ,  4  +/  =  o 

Then  by  multiplying  the  four  laft  Equations,  in  each  of  which  the  Utter  part  is  o  ,  ode 
into  another ,  this  following  Equation  will  be  produced,  viK., 

-)-#<r  >1 

-hW 

*1-  cd 

■—H  ^ 

-cf 

—df  J 


2i 


Suppofe 


3.  Suppofe 


4444 


444 


That  is 


—  bed 
-l-bef 
+  bdf 
^^edf 


a—bedf  ±:  ts 


4444  -^4444 


to64  — i2b  ^ 


o. 


After  the  fame  manner  you  may  form  an  Equation  which  (hall  have  as  many  Roots 
«  you  pleafe  ,  either  all  Afemative.  or  ferae  of  them  Affirmative  and  fomc  Negative* 

VhObfe^- 


\ 


Chap. 


1 1. 


hauittg  many  Roots. 


a;  I 


V  I.  ObfervatiotJs  upon  the  preeedwg  four  Propojitions. 

1.  By  what  hath  been  faid  ’tis  evident,  that  fometimes  an  Equation- may  have  as  many 
Roots  as  there  be  unities  in  the  Index  of  the  higheft  unknown  Term  j  I  fay  fometimes ,  not 
alwayes :  for  although  this  Equation  —  6aa-\-i‘ia — l  o  m  o ,  as  to  its  number 
of  Terras  and  &gns  be  like  to  the  Equation  formed  in  the  preceding  Prop.  3.  fo  that  one  may 
think  it  hath  three  Roots ,  yet  it  hath  only  one  affirmative  Root,  to  wit,  2  ,  and  no  other 
Root  either  Affirmative  or  Negative  can  conftitutc  the  faid  Equation ,  for  ’tis  produced 

by  the  multiplication  of  this  impoffible  Equation  aa  —  =  o  hy  a _ 2  —  o  • 

but  that  m  ^  —  o,  that  is,,  —  aa  -=1  5  ,  is  an  impoffible  Equatioo,  the 

Determination  in  SePt.  9.  ^efl.  i .  Chap,  1 5.  BooJ^  i.  makes  manifeft. 

In  like  manner,  although  this  Equation  aaaa  —  6oaaaJ^  i6’)Oaa  — 

1 1 5-  344  =  o  ,  number  of  Terms  and  Signs  be  like  to  an  Equation  that  hath  four 

affirmative  Roots,  yet  that  Equation  can  be  expounded  only  by  two  affirmative  Roots, 
to  wit ,  I  2  and  1 8,  and  by  no  other  Root  either  Affirmative  or  Negative  5  for  'tis  made  by 
the  multiplication  of  <24  —  304 216  =0,  which  hath  two  affirmative  Roots,  11 
and  1 8,  into  this  impoffible  Equation  aa  —  3  f  3  4  =  o. 

2.  For  as  much  as  Divifion  refolves  or  undoes  that  which  is  compos’d  or  done  by  Multi¬ 
plication  ,  if  the  fumtn  of  any  Equation  which  is  produced  by  the  multiplication  of  two 
or  more  Equations  one  into  another ,  (  according  to  the  Method  in  the  preceding  four  Pro- 
pofitions )  be  divided  by  a  Binomial  compos’d  of  the  unknown  quantity  (a)  lefs  by  the 
value  of  any  one  of  the  affirmative  Roots ,  or  more  by  the  value  of  one  of  the  negative 
Roots ,  the  Quotient  fliall  be  an  Equation  in  which  the  fiffl:  Term  hath  fewer  Dimenlions 
by  one  than  the  firflTcrm  of  the  Equation ,fo  divided  :  And  if  the  Quotient  be  divided 
in  like  manner ,  there  will  come  forth  an  Equation  whofe  firft  Term  hath  fewer  Dimenfions 
by  one  than  the  former  Quotient.  As,  for  example  ^  let  there  be  proposed  the  Equatiori 
in  the  preceding  Prop,  4.  to  wit,  aaaa  —  r^aaa —  i^aa^-  io6a —  120  =  o  ,  which 
was  made  by  the  continual  multiplication  of  a — 2  =0,  3  =  o,  4—4  =  o,  —  o- 
I  fay,  if  the  Equation  propofed  be  divided  by  any  one  of  thofe  Binomials  ^  —  2,  4-^3, 
a  —  4 ,  4  -j-  ^ ,  ffie  Quotient  will  be  an  Equation  wherein  the  firft  Term  hath  only  three 
Dimenfions ,  which  are  fewer  by  one  than  thofe  in  aaaa  the  firft  Term  of  the  Equation 
propofed:  So  if  the  fiid  aaaa — r^aaa — 1944“!- 1064 — i20!b:o  be  divided  by 
a— 2  =  o,  there  will  arife  aaa-~zaa—2ia-f6o  —  0,  as  you  fee  by  the  fubfequent  Divifion,’ 

4  —  2  ^  aaaa  —  4444  —  1 944 io54  — 120^  aaa  —  laa  —  2  34 -j- 60 

-  -  -  - 

— ^  2444  q44 

2344  4^  10(54 

—  23444-4^^ 

'  4*“  604'— 120 

4^  6c4  —  120 

O  Q 

Likewife  if  the  Quotient ,  to  wit,  the  Equation  aaa  —  244  —  234  4*^  do  =  o ,  where' 
the  firft  Term  ada  hath  three  Dimenfions ,  be  divided  by  4  —  3  =  fficre  will  arife 
aa-\-^a —  20  ,  whofe  firft  Term  aa  hath  but  tWo  Dimenfions :  And  laftly ,  if  the  faid 
latter  Quotient  aa-\- a  —  20  be  divided  by  4  —  4  =  03  there  will  come  forth  a  firaple 
Equation,  to  wit,  4  4“'  S'  =  o »  ffiat  is,  the  negative  Root  4  =  —  9. ' 

The  like  Divifion  may  be  praffited  with  the  literal  Equations  at  the  latter  end  of  PrOf  3, 
and  4.  in  the  preceding  SeEi.  5. 

3.  If  a  compleai  Equation,  that  is ,’  fuch  in  Which  all  the  Terms  are  extant ,  be  produ¬ 
ced  by  lire  multiplication  of  poffible  Equations  one  into  another ,  you  may  difeover  how 
many  affirmative ,  and  how  rhany  negative  Ropts  that  Equation  hath  ,  by  this  Rule  -  viz. 
As  often  as  —  follows  next  after  4-,  or  4“  .next  after  -r-.  To  often  there  is  an  affirmauve 
Root;  and  as  often  as  two  figns  —  or  twofigns4-  ftand  next  to  one  another,  fo  often 
there  is  a  negattive  R;oot ;  As,  for  example,  in  this  Equation,  (,  before  formed  in  Prop.  _ 

to  wit. 


Rules  preparatory  to  the  Refvlution  Book  II. 

to  o  becaufe  next  after  the  firfl  Term 

1  a'laa  there  follows  —  /{aaa,  it  lliews  there  is  one  affirmative  Root ;  and  becaule  next 
after  there  comes  -i  944,  it  ffiews  that  theEc^uation  hath  one  negative  Root:  again, 

becaufe  next  after  4-1944  there  follows  -i-  1064  ,  it  hints  there  is  another  affirmative 
Root  and  becaufe  next  after  ^-i  064  there  follows  —  1  20,  it  ffiews  there  is  a  third  affirma¬ 
tive  Root ;  fo  that  ,  the  faid  Rule  difeovers  the  Equation  propos’d  to  have  three  affirmative 

Roots ,  and  one  negative  Root.  .  .  .  _  .  '  .  , 

it  is  alfo  roanifeft  from  the  manner  of  forming  Equations  according  to  the  Pro- 

pofitions  in  the  preceding 5.  that  in  every  Equation  which  hath  as  many  affirmative 
Roots  as  there  be  Dimenlionsin  the  firft  Term,  the  Coefficient  or  known  quantity  in  the 
fecoiTd  Term  is  equal  to  the;  fumm  of  all  the  affirmative  Roots .  and  the  known  quantity 
in  the  third  Term  is  equal  to  the  fumm  of  the  Products  of  every  two  of  the  faid  Roots 
multiplied  one  by  the  other;  and  the  known  quantity  in  the  fourth  Term  is  equalto  the 
fumm  of  the  ProduRs  of  every  three  of  the  faid  Roots ,  and  fo  forward  when  there  be  more 
Terms .  but  the  laft  Term,  to  wit,  the  Abfolute  quantity  given  is  equal  to  the  Produa  of  all 
the  Roots  multiplied  one  into  another  :• .  As  in  the  following  Equation  (  before  formed 

in  Prop.  3.)  vU. 

^ 

,  ;  ;  >  aaa  — c  ^  aa  l>d 

,  - — d  ^  cd 

That  is  ,  aaa  — ^aa  -\-i6a  —24  —  ® 

Firft ,  the  fnmm  of  t.  3  and  4,'(that  is, of  the  three  Roots  of  that  Equation  is  9, 

which  .is  the  known  number  of  the  fecond  Term  — 944;  fecondly ,  the  fumm  or  the 
Produils  of  every  two  ^ot  the  faid  Roots  multiplied  one  by  the  other  is  2  5,  that  is, 

hd4-cd,  which  is  the  known  Coefficient  of  the  third  Term  -j-  2^4,  or  be cd 
into  4 .  and  laftly,  the  Produd  of  all  the  three  Roots  multiplied  one  into  another  is  24,  or 
bed,  to  which  prefixing  -  it  makes 24,  or  -  bed  the  laft  Term  of  the  Equation  mopofed. 

The  like  Properties  enfuc  when  the  fumm  of  the  numbers  of  multitude  of  affirmative 
and  negative  Roots  is  equal  to  the  number  of  Dimenfions  in  the  firft  Term  of  an  Equation ; 
faving  that  here,  in  fumming  up  all  the  Roots  which  compofe  the  known  quantity  in  the 
fecond  Term ,  and  likewife  the  ProduRs  which  compofe  the  known  quantities  in  the  fol¬ 
lowing  Terms,  refpeR  muft  be  had  to  the  Rules  of  Addition  of  and  —■  m  ftich  manner 
as  the  Equation  propofed  if  it  be  formed  altogether  by  letters  will  direct  j  as  you  may 
cafily  perceive  by  the  Equations  formed  in  Prop.  4.  of  the  preceding  Se^. 

VII.  biovf>  to  free  an  Equation  from  Fra&ions  ^  when  tis  incumbred  there¬ 
with  in  the  fecond^  third  or  any  of  the  following  Terms  \  which  wor^ 
is  by  Vieta  called  Ifbmoeria. 

The  Rules  in  Chap.  12.  Book,  i.  ftiew  how  to  reduce  an  Equation ,  fo ,  as  that  the  firft 
Term  may  have  no  Coefficient  but  unity .  but  if  after  any  Equation  is  fo  reduced  there 
happens  to  be  any  FraRion  in  the  fecond,  third,  or  any  of  the  followffig Terms ,  fuch 
Equation  may  be  reduced  to  another  whofe  Terras  ffiall  be  all  Integers ,  by  the  Method 
in  the  five  Examples  next  following. 

Example  i. 

I .  Let  this  Equation  be  propos’d  to  be  reduced  to  another  >  =  2  2  j 

in  Integers,  viz . .  .  . 

Operation, 

z,  Suppofe  f  r=  24 ,  (24  becaufe  2  is  the  Denominator  > 
of  the  FraRion  t,) . 

3.  Then  divide  each  parr  of  the  laft  Equation  by  2  ( the  ^  ^ 

Denominator  aforefaid  )  and  there  arifeth  ....  3 

4.  And  by  multiplying  each  part  of  the  Equation  in  the  ? 

third  ftep  cubicaliy  ,  there  comes  forth . .  * 

5.  Again,  by  multiplying  each  part  of  the  Equation  in  the 

third  ftep  by  i ,  (the  Fraction  in  the  fecond  Term  of  >  • 
the  Equation  firft  propofed,)  it  makes  .  *  .  .  .  j 


4 


6,  Then 


chap.  1 1. 


halving  many  Roots. 


6.  Then  add  the  t\vo  lafl:  Equations  into  onej  and  the}  eee  .  i  i  av 

fumm  IS . .  •  •  •  •  O  b  4  ‘ 

7.  But  by  fuppofuion  in  the firft.ftep  22^  = 

8.  Therefore  f^rom  the  tvvo  lall Equations,  (by  7  j  _  i, - 

I.  Blem.  Eucljd.  ^ . .  .  i  •  o  8  4 

Which  laifl  Equation  being  reduced  to  Integers,  (by? 

Se^. 2.  Chaf.  12.  Bool^i.)  .....  O  ^ 

Therefore  an  Equation  is  found  out  which  is  altogether  expreft  by  Integers ;  and  when 
the  value  of  e  in  the  lafl  Equation  is  difcovered  ,  the  value  of  a  in  the  Equation  propos’d 
is  confequently  known;  for  by  the  third  ftep  a  —  \e^  therefore  if  ^  be  12  ,  then  ^ 
Iliall  be  (5.  , 

’  Example  2;  . 

i  '  ■  ■*  , 

Again  ,  if  this  Equation  be  propos’d . . 


*41 

2 


aad  "j— 
eee*\^  6e  ■=.  1066 


daa'\-\da  —  --^T 
h'e^\~  I'ee  —  1300 


daa>-\-*\{a  = 


e  =  124 


1 2 
eee  , 
1728 
1  ye 

M4 


—  (t  * 


=  \u 


It  may  be  redtited  in  like  manner  as  before  in*Examplc  i .  7 
to  this ,  .  ...  .  .  .-  *  *  .  .  •  . 

And  if  be  loj  then  ^fliall  be.ji  ' 

‘  i  r  Exaniple  3. 

So  likewife  this  Equation  i  ^ 

May  be  reduced  to  this . Js* 

And  if  e  be  10,  then  i«  is  5.  . 

Example  4. 

1,  Again ,  let  there  be  propofcd  .  •  .  .  .  .  .  ^ 

Operation.  - 

•  ft  ^  ■  /.  i**  ■ 

2.  Suppofe  e-=z  i24j  (  124,  becaufe  12  is  the  Deriomi- 7 

nator  of  the  Fraffion  “  in  the  fecond  Tcfra;)  .  .  1.3  * 

3.  Then  divide  each  part  of  the  lafl  Equation  by  12  (the  7 

Denominator  aforefaid , )  and  there  arifcs  .  .  .  •  •  f 

4,  And  by  multiplying  cubically  the  laft  Equation,  it 

produceih . . . 

5.  And  by  multiplying  the  Equation  in  the  third  ftep? 

by  77,  it  makes  .  .  .  .  . . 5 

6,  And  by  adding  the  two  lafl  Equations  into  one,  the7  ~  daa-j-fla 

-  the fumm  makes  .  ...  .  .  .  i  1728  144 

7i  But  by  the  Equation  propofed  ,  .  ;  .  .  .  .  >  .  .  .  ~4  = 

8.  Therefore  from  the  two  lafl:  Equations  (  by  I.  7  eee  r  t  t  g  ^  12. 

i.  E/em.  Euclid. )  .  ;  .  ; . ^•  .51728144  ^ 

Which  Equation  reduced- to  Integers  gives . 'p  .  132^  =  8208. 

Thus  an  Equation  is  found  out  in  Integers  •  and  when  the  value  of  e  is  difcovered ,  the 
value  of  d  in  the  Equation  propos’d  is  confequently  known  j  for  by  fuppofition  in  the 
fecond  ftep,  e  is  to  4  as  12  to  i  :  therefore  if  ^  be  1 8^  then  4  fliall  be 

Example  5* 

1.  Again  ,•  let  there  be  propofcd  •  ..  daaa  —  i  caad  --1-  4  5  ^aa  —  1 04^4  89  =  ©V 

Operation. 

2.  Suppofe  €  —  6a,  {6a,  betaufe  6  is  the  Denominator?  ^ 

of  the  Fraction  ^ , )  .  .  ;  .....  .  .S  * 

3.  Then  by  dividing  each  part  of  the  laft  Equation  by  d,7  ^ 

there  arifes . .  .  .  .3 

4.  And  by  fquaring  the  laft  Equation  it  makes  :  .  .  {>  . 

J.  Likewife  by  fqtiaring  each  part  of  the  laft  iquatioii,?  , 
there  will  be  produced ,  .  **.  .....  .  .%  * 

6.  And  by  multiplying  the  Equation  in  the  fourth  ftcp> 

fu6f  is  •  ♦  .  •  .  .J 

Mm  7.  And^ 


e  •==.  6  a 


—  =  4 
6 


by  that  in  the  third,  the  Prod'uit 


ee 

J6 

ieee 
1  296 
eee 
2  lb 


=  44 


^74 


Kulss  preparatory  to  the  '  Kefol^tion  Book  11 


7.  And  by  multiplying  ibe  \aft  Equation  by  10  ,  it  gives 


loeee 


I Caaa . 


.  216 


8,  And  by' multiplying  the  Equation  in  the  foutth  ftep?  zysee  _ 

by  45^,  it  produceth  ....  .  o  *  *  216 

p;  And  by  multiplying  the  Equation  in  the  third  ftep?  ^  _  1^4#.^ 

by  104^,  the  Prodvift  will  be  ‘ .  t  .  •  •  o  *  *  36  ^ 

to.  Then  by  connefting  the  Quaniities  which  (land  in  the  firft  parts  of  the  Equations  irt 
the  fifth ,  feventh ,  eighth  and  ninth  fteps ,  together  with  89  >  by  the  fame  figns  which 
refpcdively  belong  to  each  Term  of  the  Equation  propofed  ,  the  furam  lhall  be  equal  to 
the  fumm  of  the  fame -Equation  j  and  confequently  equal  to  nothing  •  hence  this  Equation 
arifeih ,  vit. 


;  ,  1296  .  216  216  36 

1 1 .  Which  Equation  being  reduced  to  Integers  (  by  SeB.  7.  Chaf.  1 1 .  Book^  i  • )  gives 

‘  ceee  —  6Qeee  -|-  -.22500^-1-^115344  =  o. 


Thus  an  Equation  is  found  out  whofe  Terms  are  all  Integers  j  and  the  value  of  the  Root  i 
in  this  Equation  is  to  the  value  of  the  Root  a  in  the  Equation  propofed  as  ^  to  1 ;  (for, 
by  fuppofition  in  the  fecond  ftep ,  e  —  6a:')  and  therefore  if  e  be  12,  then  a  lhall  be  2  $ 
or  if  be  18,  than  a  lhall  be  3.  ' 

VIII.  Hoi^  to  tal{e  awaj  the  jecotjd  ^erm  of  a  Contpoulid  Equation,- 

The  Rule  is  this;  Divide  the  Coefficient ,  (  that  is,  the  known  ^antity  )  multiplied 
into  the  fecond  Term  of  an  Equation  propofed  ,  by  the  Index  (  or  number  of  Dimenfions) 
of  the  Power  which  is  the  firft  Term :  Then  if  the  figns  of  the  firft  and  fecond  Terms  be 
unlike,  if  one  be -j-  and  the  other  — ,  )  fubtrad  the  Quotient  from  the  affirmative 
Root  fought ;  but  if  the  figns  be  like  ,  (that  is,  both  or  both  — , )  add  the  faid  Quotient 
to  the  affirmative  Root :  T  hen  equate  the  faid  Suram  or  Remainder  to  forae  letter  to  reprefent 
an  unknown  Quantity,  and  proceed  according  to  the  Method  in  the  following  Examples; 
fo  at  length  a  new  Equation  vvill  arife,  wherein  the  fecond  Term  is  wanting. 


Example  i 


j.  Let  there  be  propofed  this  Equation  • .  •  .  .  .  .  aa — ^4=172 

2.  'Ehat  is  «  •  •.  ;  ,  ^  ^  44— .^4 — ^7^  —  —  o 

3.  Here  the  number  of  Dimenfions  in  the  firft  Term  44  is  2  ,  and  the  known  number  multi¬ 
plied  into  4  making  the  fecond  Term  64  is  6  •  this  divided  by  the  faid  2  gives  3,  which 
fubtrafted  from  theRoot  4,  (  becaufc  the  figns  of  the  firft  and  fecond  Terms  aje  unlike^) 
leaves  a  —  3  which  is  equal  to  fome  unknown  number ,  let  it  be  ^  ;  then 

4.  By  fuppofition  .  .  .  . . r*  •  •  ^—“3  =e 

5.  And  confequently,  by  adding  3  to  each  part  of  that?  _  j 

Equation,  there  arifeth  . . ^  — 


6,  And  by  fquaring  each  part  of  the  laft  Equation,  there 
comes  forth  ' . * . 


I  ,  •  •  ^4— 1“  I  8 


the  fixth  ftepi  there  remains  .  .  .  .  .  .  ^  — 

9.  And  laftly  ,  by  fubtrafting  72  (  the  laft  Term  of  the? 

Equation  propos’d)  from  the  Equation  in  the  eighths  r=zre-Si  =0 

ftep,  there  remains  .  .•••.  .  .  . 


Thus  you  fee  an  Equation  is  found  out,  to  wic,  ee  2 1  m  o,  which  is  equal  to 
the  Equation  propos’d,  and  it  wants  the  fecond  Term-  (for  there  is  not  any  number  of  « 
in  the  Equation  found  out .  )  now  if  the  value  of  e  be  made  known ,  then  the  value  of  4  is 
confequently  known :  But  the  Equation  found  out, ‘to  ivit,  —  81=0,  that  is,  81 
gives  ==  9,  and  by  the  fifth  ftep  4  =  j?-j-'3  ,  therefore  a— j  2, 

•  V  t  '  T.  ^ 


ItixanjpU  2. 


chap.  II.  of  CbmpoHnd  E^nations  in  Nitf^bers,  ^ 

Example  2.‘ 

1.  Again,  let  there  be  propofed  this  Equation  ,  .  ,  .  aa^\^6a  =  'ii^ 

2»Thatis,  •  •  ■*  .  «  •,*  .  •  .  ;  aa  "-j-*  6  a — ■  2.16  ~  o 

3'.  Here  (  as  before  )  I  divide  6 ,  the  Coefficient  in  the  fecond  Term  6a^  by  2  ,  which  de¬ 
notes  the  number  of  Dimenfions  in  the  firft  Term'aa  ,  and  the  Quotient  :?  1  add  to  the 
Root  a ,  (  becaufe  the  firft  and  fecond  Terras  of  the  Equation  have  the  fame  fign  4-  ) 
and  the  fumm  <«>-]-  3  is  equal  to  fome  unknown  number,  let  it  be  e  ♦  then 

4.  By  fuppofiiion . a-Ls—e 

5 .  Therefore  by  fubtra«fting  3  from  each  part  of  that  ? 

Equation,  there  arifeth  .  .  .  .  .....  .  *  *  *  *  ^  =  ^  —  3  '  '' 

6.  Andbyfquaringthelaft  Equation,  there  comes  forth  J>  .  .  .  aa  =  ee-~  a 

7.  And  by  multiplying  the  Equation  in  the  fifth  ftep?  i.  • 

by  6,  it  produceth  • . ^  •  •  *  ^a:=z  6e—i^  ^  ^ 

Then  by  adding  the  two  laft  Equations  into  one,  ?  f 

the  fumm  is . >.•,*.  =  ^^-9 

9,  And  by  fubtra£ling  216  (the  laft  Term  of  the? 

Equation  propos’d  )  from  each  part  of  the  Equation  >  aa-\~6a—2 1 6  =  ee—i  2  5  o 
in  the  eighth  ftep ,  there  remains  ....  ^  . 

Thus  an  Equation  is  found  out,  to  wit ,  ee  22^  z=  o,  which  wants  a  fecond  Term, 
(  for  there  is  no  number  of  e  in  that  Equation , )  and  when  the  value  of  e  is  made  known 
the  value  of  a  in  the  Equation  propos’d  is  known  alfo  ;  but  the  Equation  ee  —  225  —  0, 
that  is,  ee  —  22$  gives  15,  and  by  the  fifth  ftep,  a  =  e — 3  ,  therefore  4=r  12 
that  is )  15  —  3.  ’ 

Example  2.  .  • 

•  ^  - 

1 .  Again  ,  let  this  Equation  be  propos’d  ,  .  aaa-^  iSaa—^  y a 6^6  o 

2.  According  to  the  Rule  before  given,  1  divide  1 8  the  known  number  6f  the  fecond  Term 
—  18^^,  by  3,  which  denotes  the  number  of  Dimenfions  in  the  firft  Term  aaa,  and 
the  Quotient  is  6  ,  this  I  fubtraft  from  the  Root  a,  (  becaufc  the  figns  of  the  firft  and 
fecond  Terms  are  unlike,)  and  the  Remainder  is  a  — 6,  which  is  equal  to  fome  unknovvn 
number,rnppofeit  tobe  f;  then 

3.  By  fuppofition . )»  a -6  —  e 

q.  Therefore  by  adding  6  to  each  part  of  that  7  _  , 

Equation ,  there  arifeth . £  '  **  6 

y.  And  by  fquaring  the  laft  Equation  it  makes  )>  aa  =  ee-\- lie  ^6 

6.  And  by  multiplying  the  two  laft  Equations?  ,  „  ,  .  , 

onebytheother/theProduais  .  .  .  d 

7.  And  by  multiplying  the  Equation  in  the  fifth  ?  ' 

ftep  by  1 8,  (the  Coefficient  in  the  fecond  Term >  i2ad  ^  1  See  2 1 “rl-  ^4 8 
of  the  Equation  propos’d,  )  it  makes  •  .  .3 

8.  Likewife,  the  Equation  in  the  fourth  ftep  being  ? 
multiplied  by  7,  ( the  Coefficient  in  the  third  >  *  ya  = 

Terra  of  the  Equation  propos’d ,  )  produceth  ^  ' 

9.  Then  to  the  Equation  in  the  fixth  ftep  adding’  6p6 ,  (to  wit,  the  laft  Term' of  the 
Equation  propos’d,)  the  fumm  is 

aaa-\-6g6  —  i  8ee  -|- io8e-|- 912  ; 

10.  Likewife  by  adding  the  eighth  Equation  to  the  fei^enth,  it  makes  ’  ' 

^  ;  1844 -[-7^  =  1 8ef-|-*  223^ <590  *  '  \  . 

1 1  b  Laftly ,  by  fubtrafting  the  Equation  in  the  tenth  ftep  from  that  in  the  ninth ,  this 
following  Equation  remains ,  vU.  ,  ' 

aaa — i8^.^  —  74-}- 695  t=z  eee — il<^e^]^222  —  o. 

Thus  an  Equation  is  found  out,  to  wit,  eee —  rise -1-222  ==  o,  which  wants  the 
fecond  Term,  (to  wit,  the  Power  ee ; )  and  when  the  value  of  the  Root  e  is  made  known; 
the  value  of  the  Root  a  lhall  be  known  alfo  :  For  by  the  fourth  ftep,  a  —  therefore 

if ^  be  2  ,  then  a  lhall  Be  8 j  and  if  e  be  equal  to  ^\\2  —  i ,  then  a  ffiall  be  equal 
to  vTi2  “h  5i 
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Mm2 
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¥ 


'2y6 


tZ=z  e 

a  —  e- 

aa  =  ee 


z 


aaa  = 


eee—^ee^^lt 


,^3- 

* 


Example  4. 

i'.  Again ,  let  there  be  propofed  .  .  •  ^  aa^a  -h  ^aaa  -h  1 1  aa-\^  ^4  ^  1 00  =  o 

2.  According  to  the  Ryle  before  given  ,  I  divide  6  the  Coefficient  in  thefecond  Term 
4-^444,  by  4,  which  denotes  the  number  of  Dimenfions  in  the  firftTerm  4444,  and 
the  Quotient  is  \ ,  which  I  add  to  the  Root  4,  (  becaufe  the  figns  of  the  firft  and  fecond 
Terras  are  like)  and  the  fumm  is  ,  which  is  equal  to  forae  unknown  number ,  let 
it  be  e  •  then 

By  fuppofition  a.-\- 

Therefore . ^ 

The  Square  of  the  laft  Equation  is  .  .  1> 

6.  And  the  two  laft  Equations  multiplied? 

one  by  the  other ,  make  .  .  .  •  •  i 

7.  And  the  Equation  in  the  fixth-flep  being, 

multiplied  by  that  in  the  fourth  ftep,^ 
will  produce  .  .  .  •  . 

8.  And  the  Equation  in  the  fixth  ftep? 

^  multiplied  by  6  prodi^eth  ...  .5 

51.  And  the  Equation  in  the  6fth  Rep? 

multiplied  by  1 1  produceih  ,  .  . 

10.  And  the  Equation  in  the  fourth  Rep  7 
multiplied  by  6  gives  .  »  .  .  .  J  *  “ 

IT,  Now’tismanifeR ,  that  if  from  the  fumm  of  the  firR  parts  of  the  four  laR  Equations 
there  be  fubtraifed  too  ,  the  Remainder  will  be  equal  to  the  fumm  of  the  Equation  firft 
propos’d  equal  to  o;  therefore  alfo  if  100  be  fubtraited  irom  the  fumm  of  the  latter 
parts  of  the  faid  four  Equations  the  Remainder  fiiall  be  equal  to  o ,  viz. 


aaaa  zzi.eeee  —  -l-f  J 

«  •  *  • 

6aaa  ■=  6eec-^  ^fee  +■  * —  *^1 

6’e  — 9 


I  144 


eeee  —  ^ee  —  997 


=:  O. 


12.  In  which  laft  Equation  ,  the  fecond  Term,  to  wit,  the  Power  eee  is  wanting ,  as  was 
defired :  And  when  the  value  of  e  is  made  known,  the  value  of  the  Root  a  in  the  Equa¬ 
tion  propos’d  ffiall  be  known  alfo  •  for  by  the  fourth  Rep  4=^ — i,  but  (by  the 
Canon  in  8.  Ci/ap  the  value  of  e  in  the  Equation  in  the  eleventh  Rep 

will  be  found  ^loi :  and  therefore  4:^  v':  Q-i- ^  —  i* 


I X.  The  ufe  of  the  precedwg  Rules  of  this  Chapter,  in  the  Refolution  of  all 
manner  of  Compound  Equations  in  Numbers, 

After  an  adfefted  or  Compound  Equation  different  from  any  of  the  three  Forms  in 
Sed;.  I .  Chap.  1 5^.  £ook,i,  is  prepared  for  Refolution  by  the  Rules  of  Chap.  1 2.  Booh^  1. 
and  reduced  ( if  need  be  )  to  Integers ,  and  the  fumm  of  all  the  Terms  made  equal  to  o , 
(  or  nothing,)  according  to  Sed.  7,  and  2.  of  this  Chapt.  fearch  out  (  by  the  Rules  of 
-  Chap,  8.  of  this  BookS)  all  the  juR  Divifors  to  the  laft  Term  ( that  is ,  the  known  Abfolute 
number  of  the  Equation  fo  reduced.  Then  try  whether  any  one  of  thofe  Divifors  con- 
nedfed  to  the  unknown  Root  4  by  —  or  -|-  will  divide  the  total  fumm  of  the  faid  reduced 
Equation  without  leaving  a  Remainder  •  for  when  fuch  Divifion  fucceeds,  either  the  known 
part  of  the  faid  Binomial  Divifor  is  the  defired  value  of  the  Root  4,  or  at  leaft  the  Quotient 
gives  an  Equation  whofc  firft  Term  hath  fewer  Dimenfions  by  one  than  the  Equation 
divided ;  and  then  the  Root  of  this  new  Equation,  if  its  firft  Term  be  a  Square,  may  be  found 
out  by  feme  of  the  Canons  in  Se5i.6,  8, 10.  of  Ch^.  1 5.  Book^  1.  But  if  the  firft  Terra 
contains  three  or  more  Dimenfions,  let  this  Equation  be  examined  by  Divifion,  (as  before,) 
and  if  none  of  thofe  Divifions  work  off  juft  without  a  Fra6fion,  then  by  taking  away  the 
fecond Term,  (  by  the  Rule  in  SeR.  8;  of  this  Chapt.  )  another  Equation  more  fimple,  and 
fuch  as  may  be  refolved  by  forae  of  the  Canons  in  SeU.  6,  8, 10.  Chap.  15.  Boo^  r.  will 
fometimes  arife :  But  if  none  of  thofe  ways  prove  effectual,  you  may  by  the  general  Method 
in  the  foregoing  Chapt.  i  o.  find  out  one  Affirmative  Root  very  near  a  true  Root ,  and  then 
joyning  this  Root  found  out  to  the  unknown  Root  4  by  the  fign  — ,  you  may  by  this 
Binomial  divide  the  Equation ,  and  proceed  to  find  out  the  reft  of  the  Roots  very  near  the 
truth ;  all  which  will  be  made  manifeft  by  the  following  Qiieftions. 


fnJEST.  I, 


\ 


Chap.  It. 


having  many  >Koots, 
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If 

That  is ,  if 


SPEST.  I. 

K 

pa4  ~l— 264  —  24  7  ^ 

aaa  —  paa  -'r  2  5^  - 24  =  o  5  number  a  1 

RESOLVTiO  N. 

Firft  (  by  the  Method  in  SeB.  5.  Chaf.  8.  of  this  Sooi^  I  fcarch  out  all  the  nnmheK 
that  will  feveraHydmde  the  laftTeffp  za  without  a  Remainder,  and  find  them  to  be  thefe, 

of  *e  '-a’  k  “aniintng  in  order  whether  the  total  futnm 

ot  the  Equation  propos  d  may  be  divided  by  a  _  i ,  or  0  +  i  •  bv  <1  -  j  or  « -1-  2  d-i' 

1  find. t  may  be  exaaiy  divMed  by  .  Without  a  RemaindTr ,  and  the  oiote  i 
<*4  —  74-1-12,  as  you  fee  by  this  following  DiVifion.  ,  ^ 

a  2^  aaa  —  paa-^-^zSa  —  24  ^44-1744-12 


444 - 244 


I '  1  t. 


'  'rS 


—  744  -|-  i  <?4 

—  744  *-j—  1 44 


H-124  —  24  Vi.  * 

--J-  124-^  24 

■  >  »  «» 
o  p  V  ■ 

nf  ^  ^Joivn  number  in  the  Oivifor  4  —  2  is  one  Real  or  Affirmaitive  Root 

of  the  Equation  propofed;  for  as  well  the  Divifor  as  the  Eiividend  was  fuppofed  equal 
0  not  ng ,  vt-z.  a  2  o ,  whence  a  —  2  .  the  Quotient  alfo  is  confequently.  equal 

=  hence  (by  the  Canon  in 
i>eit  to.  Chapt,  I  ^.Boo^  i.  )  two  other  Affirmative  values  of  the  Root  4  will  be  difco- 
vered,  to  wit,  4  and  3 .  bo  that  three  Real  values  of  4,  to  wit,  2 ,  3  and  4  are  found  out,  by 
every  one  of  which  the  Equation  propos’d  may  be  expounded,  as  the  Proof  will  eafily  ffievvi 

^BST.  2. 

444 - 2  2  44*-(-IJ74 


If 

That  is ,  if 


'  =  1^0  .  1 
1—360  r=  65 


What  is  4  =:  ? 


i  i  aaa  —  2244-}- 1574 

BESOLVTld  jsr. 

FirR ,  the  Divifors  of  the  laft  Term  360  will  be  found  thefe,  viz.  i,‘2, 3, 4,  6,  9; 

10,  12,  iSi  18,  20,  24,  30^  3^j4oi  4^>^o>72,po;  i2o,  180  and  366; ’then  W 

examining  in  order  whether  the  furam  of  the  Equation  propos’d  may  be  divided  by  4 _ i  ^ 

or  44-1 5  by  a — 2,  or  4^-  2  •  by  4  —  3,  or  4-1-3'^  &c.  1  find  that  4 —  5  will 
precifely  divide  the  faid  fumm  without  a  Fradion ,  and  therefore  5  is  one  Affirmative  Root 
or  value  of  4 ;  then  the  Quotient  44  — 174+ 72  =  o,  that  is,  174  — 44  =  72  affords 
two  other  Affirmative  values  of  4,  to  wit,  8  and  9.  Thus  you  fee  three  Real  values  of  4; 
to  wit,  5,  8  and  9  are  found  out,  by  every  one  of  which  the  Equation  propofed,  towi/ 
aaa  —  2244  1 5  74  — :  3  60  may  be  expounded,  as  will  appear  by  the  PrOof. 

SljjRST.  3. 

If  .  .  ii  914'— 444  =  330  7  tVtf.  -  •  -i 

That  is,  if  .  .  .  =  o'S  Whnis4z=? 

RES  0  Lvrib  N. 

Firff,  the  DiviTors  6f  the  laft  Term  3  3  o  will  lie  found  i,  5,  lO,  i  r,  i  ^,’22,  30^ 
y  5-,  66, 1 1  o,  1 55-  and  33  o  •  then  by  examiningin  order  whether  the  fiiram  of  the  Equation 
propos’d,  to  wit,  aaa — 914-]-  330  may  be  divided  by  a  —  i,  -or  4-]-  i  .  by  4  —  2,^ 
or4-l-2  •  &t.  I  find  it  may  be  divided  by  a — .5  and  leave  no  Remainder  •  therefore 
4  —  y  =  0  gives  4  =  y ,  which  is  one  Affirmative  Root  of  the  Equation  propos’d  ,  and 
the  Quotient  44 -j-  54  —  66  —  o',  that  is-,  44  y4:~  66  affords  another  Affirmative 

value  oi  4,  to  wir,  6.  So  that  tvvo  Real  values  of  a  are  found  out,  by  each  of  which  the 
Equation  propos’d  may  be  expounded-  for  if  a  —  f,ot  a  6  ,  from ‘either  fu'ppofitiW 
kloiiowsthat  914  —  aaa  =330.  •  •  ... 

^^EST.  4;  • 

To  find  two  numbers  whofe  fumm  fliall  be  5,  and  that  if  the  fumm' of  their  Squares 
be  mnkiplied  by  the  fumm  of  their  Cubes,  the  ProdUtft  may  Be  45  y ; 

RE  SO- 


X 


Kefolntion  ef  Equations 


Book  li. 


ii 


\ 


JIES  O  LVTIO  N. 

This  Queftion  may  be  folved  by  the  Canon  of  15.  Chi^p.  16,  Book^  i .  but  that 

Canon  being  raifed  from  Pofnions  that  lye  out  of  the  conamon  Road,  1  iball  here  foive 
the  Queflion  in  the  ordinary  way ,  and  fo  it  will  exercile  the  preceding  Rules  of  this 
Chapter.  Firft  then , 

I .  For  one  of  the  numbers  fought  put  a 

а.  Therefore  the  other  number  is . )>  5 — a 

3.  The  Square  of  the  firft  number  is  .  •  '  '  ' 

4i  The  Square  of  the  fecond  is . ^  aa  —  1 04  2  5 

y.  The  fumm  of  thofe  Squares  is  2aa  —  1044-^5 

б.  The  Cube  of  the  firft  number  is . y  am 

7.  The  Cube  of  the  fecond  is  .....  .  )>  —  444  4^  1 544 — 7^44^125” 

i;.  Therefore  the  fumm  of  thofe  Cubes  is  ,  .  .  -j- i  544  — 754 125 

Which  fumm  being  multiplied  by  the  fumni  of  the  Squares  in  the  fifth  ftep  gives  this 

Produft, vtK,,  3 04444  —  3 00444 1 3 7 544 ■ —  31254-4*  3125* 

I  o.  But  according  to  the  Queftion ,  the  Produft  in  the  laft  ftep  muft  be  equal  to  the  given 
Produft  45  5 ,  hence  this  Equation  arifeth, 

304444 -  3  00444 -b*  I  37544 -  31254-}- 3125:  r=  455. 

II.  And  by  fubtradiing  455  from  each  part  of  the  laft  Equation  ,  this  arifeth , 

304444 — -  30C444  4"  >  37  — .3 1 254 -H  2670  —  o. 

1 2»  And  by  dividing  every  Term  in  the  laft  Equation  by  30 ,  this  arifeth , 

4444  “  1 0444  ^  J  •  4  5  6  ■  1 04^4 . 1  '  8  p  -  ■■  o . 

1 3.  Then  by  fuppofing  e  m  64,  and  proceeding  according  to  iht  Example  5.  in  Se^.  7.  of 

this  Chapt.  to  free  the  Equation  in  the  preceding  twelfth  ftep  from  Fra<ftions ,  this  will 
be  produced  ,  2/;.^.  ' 

eeee  —  6ceee ~\-^\6^cee  —  22500^4-115344==:  o. 

14.  Now  the  Divifors  of  the  laftTerm  I  r  5344  will  be  found  i,  2,  3,  4,^,  8,  9, 12,  i  S, 

24,  27,  &c,  and  after  tryals  made  by  Divifion  ( like  as  in  th^  three  laft  preceding  Que- 
ftions,)  1  find  that  e — -  i  2  m  o  will  precifcly  divide  the  fumm.of  the  Equation  in  the 
thirteenth  ftep,  and  therefore  12  is  oae  true  value  of  e.  Again,  the  Quotient  of  that 
Divifion  being  eee  —  ^Zee  -\^i07^e  —  ,  I  feek  the  Divifors  of  the  laft  Term, 

9612,  and  find  them  to  be  1,2, 3, 4, 6,9, 12,18,27,  36,  c^r.  Then  after  tryals 

,  made  (  as  before  )  ’I  find  that  ^  —  1  8  will  exaftly  divide  the  faid  eee  —  48^^  4-  *0744 
—  9512,  and  therefore  i  8  is  one  other  Affirmative  value  of  e  •  and  becaufe  the  Quotient 
of  the  laft  mentioned  Divifion,  to  wit,  ee  —  5  34  =  o,  that  is,  30tf  — ^^=534, 

is  an  impoffible  Equation ,  (  as  is  evident  by  the  Determination  in  Se^.  9.  ^efl.  i . 
chap.  I  <).Book^i.')  1  conclude  that  the  Equation  in  the  thirteenth  ftep  hath  no  other 
Root  or  value  of  e  befides  1 2  and  1 8  before  fouid.  But  bccaufe  by  fuppofition  in  the 
thirteenth  ftep,  e:=z  .6a,  ^  of  12  and  likewifeof  18,  that  is,  2  and  3  fliall  be  the  true 
values  of  4  to  foive  the  Queftion  j  for  their  fumm  is  5  j  and  if  1 3  the  fumm  of  their 
Squares  be  multiplied  by  3  5  the  fumm  of  their  Cubes,  the  Product  is  45  5,  as  was  defired. 
Sometimes  the  taking  away  of  the  fecond  Term  of  an  Equation  (  by  the  Rule  in  SeB.  8, 
of  this  Chapt.')  will  be  an  expedient  to  find  out  an  Equation  refolvable  by  fome  of  the  Canons 
in  SeEi.  6 , 6  and  1  o.  Chap.  1  5.  Book^  i .  when  tryals  by  Divifion  (as  before)  will  be  in  vain, 
as  will  appear  by  the  following  fifth  Q^ftion,  which  1  find  refolved  two  manner  of  wayes 
in  Page  319.  of  Cartefins  his  Geometry ,  fet  forth  with  Comments  by  Fran.  vanSchooten, 
and  printed  at  jimfterdam  in  1 6  5  9. 

^VEST.  5. 

To  find  four  numbers  in  Arithmetical  Progreftion  continued ,  fuch,  that  their  cornmoQ 
difference  may  be  unity,  and  the  Produd)  made  by  their  continual  multiplication  1 00. 

RESO  LVTION. 

1 .  For  the  firft  number  put  •  ,  .  .  4 

2.  Then  the  fecond  fliall  be  .  .  .  .^  44-1 


3 .  The  third . a  Jy  i 

4.  And  the  fourth . ^44-3 


5 .  Therefore  the  Produd  of  their  con-  7  i  ^  i  1  , 

tinual  multiplication  is . 5  i 


6,  Which 


‘  r 


—  j— « 


6.  Which  Produdlmuft  be  equal  to  it)oi 
therefore  ......... 

7*  That  is  *  .  •  ,  ,  «,  .  — •  loo  —  o 

S,  Of  which  Equation  the  laft  Term  too  may  be  divided  by  1,2,4,^,  10,20,25  50 
and  100,  but  Divifion  being  tryed  by  4 —  or  -h  i,  by  4 —  or  ^-2,  ’by  4-^  dr 
-1-  4,  &c.  it  proves  ineffeaual.  Then  by  taking  away  the  fecond  Term,  (  as  in  Exam¬ 
ple  4.  Sed.  8.  of  this  Chapt.')  this  Equation  arifeth  ,  viz.  eeee _ 2~ee _ 99^-  —  o 

in  which  the  Root  t,  (  by  the  Canon  in  SeU.  8.  'Chap.  i  5.  Booi^  t.  )  will  be  found  equal 
loV:  it  yi  01  but  in  taking  away  the  fecond  Term,  4  was  put  equal  to  e  —  t,  and 

therefore  4  =  V:  I4  -h  Viot :  —  t,  and  confequently  from  the  fir  ft,  fecond,  third 
anq  fourth  fteps , 


The  four  numbers  fought  are  thefe. 


V-  ■n/ioi  ; 


84^-1-6544  —  — ?4M  =  1504, 

-'t  845  —  6344r-l- 3414^- 1304  z= 


V*  '  4  ~|—  V 1  o  I  :  ‘-j-  t 
_  y': 

Which  numbers  exceed  one  another  by  Unity ;  and  the  produtft  of  their  multiplication 
IS  1 00,  as  before  hath  been  proved  in  ^efi.  3 .  Scd.  1 7.  chap.  9.  of  this  Book- 

Another  may  of  Refolving  Queft  5. 

For  the  firft  number  put  4  —  1 1 ,  for  the  fecond  4  —  7,  for  the  third  4  and  fot 
the  fourth  4-[-  tt;  then  by  multiplying  thefe  four  numbers  one  into  another,  and  com¬ 
paring  the  Produ6t  to  100,  this  Equation  arifeth ,  t^iz.  4444—  2^44  997I  5  whence 

the  four  numbers  fought  will  be  found  the  fame  as  before. 

XpEsr.  6, 

I.  .  r  •  If  ;  :  •  84^  ' 

2k  That  is.  If  .  .  . 

What  is  the  number  4  ? 

RESO  LVTIO  jsr. 

3.  The  Divifors  of  the  laft  Term  1304  are  1,2,4,  8,- 163,  326  and  1304'.  then  after 
tryals  made  by  Divifion  (  as  in  the  preceding  Queftiqns ,  )  I  find  that  4  —  8*  =  o  will 
eitaftly  divide  the  fumm  of  the  Equation  propofed  without  any  Remainder,  and  therefore 
8  is  one  Affirmative  value  of  the  Root  4.  Again ,  becaufe  the  Divifors  of  1 63  the  laft 
Term  of  this  Equation  444  —  63^  —  163=0  (  vvhich  was  the  Quotient  of  the  faid 
bivifion)  are  only  Unity  and  163 ^  I  try  to  divide  the  Equation  laft  mentioned  by  4  —  i 
and44=‘i(,  likewifeby  4—163  and  4-I-163,  but  none  of  thefe  Divifions  working 
off  juft  without  a  Fradfion ,  and  there  being  no  fecond  Term  to  be  taken  away,  I  fearcK 
out  one  Affirmative  value  of  4  out  of  the  faid  Equation  aaa  —  6'^  a  —  163  =  0,  (that  is, 
444  —  634  =  1 63  , )  by  the  general  Method  in  the  foregoing  Chap,  i  o.  and  thereby 
difeover  4  =  9.005  5,  then  I  divide  the  faid  Cubick  Equation  444— 634— 163  =  o, 
by  4 — .p.0055  =0,  and  the  Quotient  ( the  Remainder  after  the  Divifion  is  ended 
being  neglefted)  is  44  ^9.005  54 -I- 18.09903025  =  o.  but  this  Equation  cannot 
poffibly  have  any  affirmative  Root,  and  thererofe  I  conclude  that  the  Equation  firft 
propos’d  to  be  refolved  hath  only  two  affirmative  Roots  or  value's  of  4 ,  to  wit ,  8  and 
9.0055,  &c.  found  out  as  above.  ^  - 

By  the  like  Operation  it  will  appear  that  this  Equation  4'^  — 174^  —  212^4-1-49794 
—  21131  =  0  may  be  expounded  by  every  one  of  thefe  three  Roots  or  values  of  4  ; 
to  wit,  II,  7.1125,  and  15.8874,  &c.  but  by  no  other  affirmative  Root. 

When  the  index  of  the  Power  .of  the  unknown  Quantity  in  every  Term  of  an  Equation 
is  an  even  number ,  the  Refolution  of  fuch  Equation  will  admit  of  a  Gontradion  ,•  which 
will  be  made  manifeft  by  this  following 


If 


^TJEST.  7.  ,, 

\  •  •  •  4*  —  2  94'^-|-24q4^— 57^  =  o  j'  what  is  4  =  ? 

resolvtiOn. 

2 ;  Here  becaufe  the  Indices  of  the  unknown  Powers  are  even  numbers  ?  _ 

to  wit,  6,  4  and  2 ,  put  ;  ;  ,  .  i  .  :  .  ^ 


a‘ 


3.  Then 


.'4 


Kcjolntion  of  Cubick^  Equations. 


Book  If. 


3.  Then  for 


4 


5 


-1- 


4*  P  C 

—^29a^  >  write  c'  — 29^* 

To  which  Powers  of  ^  joyn  —  laft  Term  of  the  given  Equation ,  and  it  makes 

j?J — 2c;C*-l-244e — 5'75  =  o. 

which  lad  Equation  being  refolved  by  Divifion,  ( in  like  manner  as  in  the  preceding 
Examples  of  this  Se^ion , )  there  will  be  found  three  Affirmative  values  of  the  Root  t , 
uiz,.  4,  9  and  1 6  •  then  becaufe  e  was  put  equal  to  aa.  the  fquare  Roots  of  4,  9  and  1 6* 
that  is*,  2,  3  and’ 4,  fliall  be  three  Roots  or  values  of  a  in  the  Equation  firft  propofed, 
towit,*/*— 29/1^4^2444^  — 576  =  o,  as  may  ealily  be  proved. 

1  might  here  fliew  how  to  reduce  a  Biquadratick  Equation  not  falling  under  aiiy  of  the 
three  Forms  mSe^.  i.  Chap.  I'i.Book^i.  to  a  Cubick  Equation ,  andfometimes  into  two 
Quadratick  Equations ,  but  I  lliall  fpare  that  labour  for  thcfc  Rcafons  ;  Firft ,  that  Re- 
duftion  being  fubjeft  to  many  Cafes,  is  very  tedious  and  troublefome:  Secondly,  fuch 
a  Biquadratick  Equation  is  very  feldora  capable  oi  being  reduced  into  two  Quadratick 
Equations  ;  and  when  ’tis  reduced  to  a  Cubick  Equation  ,*this  may  happen  to  be  fuch  as  its 
Root  or  Roots  in  numbers  cannot  be  perfeftly  found  out  by  any  Rules  hitherto  publifli’d 
by  any  Author ;  Thirdly ,  by  the  Method  in  this  ninth  Seftion ,  all  the  Roots  of  any 
Cubick,  Biquadratick  or  other  Equation  of  higher  degrees  may  be  found  out  in  numbers, 
either  exadlly ,  if  they  be  Rational ,  or  as  near  the  truth ,  if  they  be  Irrational ,  as  lhall  be 
needful  for  any  pradical  ufe :  And  laftiy  ,  my  undertaking  (  as  I  have  before  hinted  ,)  is 
not  to  handle  all,  but  the  naofl:  iifeful  Rules  only  in  this  profound  Art. 

Note.  The  Refolutions  of  the  preceding  Queftions  of  this  ninth  Section  do  clearly  fhcw,’ 
that  there  is  no  fmall  labour  in  making  tryals  with  thcDivifors  of  the  laft  Terra  of  an 
Equation  to  find  ics^.Root  or  Roots  ;  and  therefore  to  lelTen  that  work,  firft,  it  will  be 
convenient  to  make  fome  tryals  by  the  general  Method  in  the  foregoing  Chaft.  10.  to 
find  out  limits  within  which  the  Root  or  Roots  of  an  Equation  do  fall ,  or  to  argue  the  fame 
from  fome  things  given  in  a  Queftion  producing  the  faid  Equation ,  and  then  to  make  tryals 
only  with  fuch  Divifors  of  the  laft  Term  as  tall  within  thofe  limits ;  but  when  all  Con- 
tradions  are  ufed,  the  work  is  Efficiently  laborious ,  fo  that  one  chief  fcope  of  an  Analyft 
in  refolving  a  knotty  Queftion  muft  be  to  frame  his  Pofitions  with  fuch  artifice  that 
the  Refoluiion  may  end  in  as  fimplc  an  Equation  as  is  poflible :  And  although  one  way 
of  Refolution  may  produce  an  Equation  compofed  of  high  Powers,  yet  olten-times  by 
another  way  you  may  come  to  a  more  fimple  Equation ,  as  may  partly  appear  by  the 
foregoing  fourth  and  fifth  Queftions  of  thisSetftion  j  but  the  skill  of  finding  out  the  moft 
fimplc  and  facil  ways  of  Refolution ,  is  not  attainable ,  (  as  I  conceive, )  by  any  certain  or 
conftant  Method ,  but  rather  by  much  ufe  and  exercife  in  the  folving  of  ^eftions. 

Seft.  .X  Concerning  the  Refolution  of  certain  Cubic  {{^Equations  in  numbers^ 
by  two  Rules^  the  Invention  whereof  Cardanus  attributes  to  Scipio  Ferreus. 

All  Cubick  Equations,  after  the  fecond  Term  is  taken  away ,  when  there  happens  to  be 
any,  (by  the  Rule  in  Se^.  8.  of  this  Chapt. )  are  reducible  to  thefe  three  following  Forms^ 
in  which  a  reprefents  the  Root  or  Quantity  fought ,  but  p  and  ^  known  Quantities. 


aaa  =  —  4" 

aaa  “  pa  4"  ^ 

aaa  =  pa  —  ^ 


aaa  e=:  —  6a  20 
aaa  =  4*  ^^*4  40 
aaa  —  49^^  —  33° 

Mow  let  it  be  required  to  rcfolve  the  firft  of  thofe  Equations,  viz,. 
If  aaa  —  — 6a’\-‘‘2.o-^  or,  aaa  z=.  — p<*4^> 

What  is  the  value  of  ? 

Preparation, 


buppofe  ^  i  .  *  .  .)> 

4.  Suppofc  alfo . •  f> 

y.  And  .  . 

6',  Then  by  multiplying  each  part  oE 
the  Equation  in  the  third  ftep  into  it^ 
fclf  Cubically^  this  is  produced^-;’/^/ 


a 


e  — y 


20  =  eee 


Zej 


m 


aaa  —  ees  —  4  —VI 


7.  And 


I 


Chap. 


I  f. 


Kefoliition  of  Cnbicl^^  Equations, 


28 


6a  = 


^eey-^iejy 


2  o—6a  =  eee — 3  — y}) 

aaa  —  eee  ^eyy  - yyy  ^  20  —  <^4 


7.  And  by  multiplying  the  Bquations. 

in  the  third  and  fifth  (teps  one  into' 
the  other,  it  makes  •  .  ,  ,  } 

8 .  And  by  fubtrading  the  Equation  in! 
the  fcventh  ftep  from  that  in  the; 
lourth,  there  remains  ... 

5?.  Therefore  by  the  lixth  and  eighth? 

fieps  'tis  manifcft  that  .  .  .  ^  ^  jjj  --  _ 

10.  Fr^  the  preraiTes  it's  evident,  thafif  in  the  Equation  propos’d  to  be  refolv'd,  to  wit 

i7  4^4  =  —  we  fuppofe  the  Root  4  fought  to  be 

equal  to  the  difference  of  two  unknown  numbers  ^  and  ;  ;  alfo  the  Abfolure  number  20 
C  orj)  to  be  equal  to  the  difference  of  the  Cubes  of  the  fame  two  numbers,  and  the 
Cof(Jcienr  6  (or  p)  to  be  equal  to  the  triple  Produd  of  their  multiplication  j  then  as  well 
444,  as  20  —  6a  (that  is,  7  —  pa)  fliall  be  equal  to  the  Cube  of  the  difference  of  thofe 
twonumbers,  to  the  Cube  of  e— 7;  and  therefore  when  two  fuch  numbers  are 
tound  out  their  difference  (hall  be  the  Root  or  number  4  fought :  But  to  find  out  the  faid 
two  numbers  (  e  and  ;  )  there  is  given  the  Produft  oftheir  multiplication .  ?o  wit  T 

c  Coefficient .  as  alfo  20  (or  j)  the  difference 

ot  the  Cubes  of  the  fame  two  numbers :  and  therefore  the  numbers  therafelves  fliall 

rhpRnnl-  C^hon  of  Chap  15.  BooJ^  r.  and  confequently 

the  Root  4  fought  fliall  be  given  alfo ,  as  will  be  made  manifeft  by  this  following 


1 1.  To  the  Square  of  half, 
the  given  Abfolute  num/ 
ber  2o(or^)  vi^,  to 

12.  Add  the  Cube  of  2 
(or  jp)  viz,,  the  Cube  of( 
f  of  the  Coefficient  61 
(or  p, )  which  Cube  is 

15.  Theiummis  .  . 

14.  The  fquare  Root  of? 

that  furam  is  .  • 

1  To  that  fquare  Root 
add  half  the  Abfolute 
number  20  (or  ^,)  and 
the  fumm  is  .  .  . 

16.  The  Cubick  Root  of 
that  fumm  is  the  greater 
number  e  fought,,  viz,. 

17.  Again,  from  the  fquare 
Root  in  the  fourteenth 
fiep,fubtrad  half  the  Ab¬ 
folute  number  20  (or  7,) 
and  the  Remainder  is  . 

1 8.  Then  the  Cubick  Root 
of  that  Remainder  fliall 
be  the  leflfer  number  7 
fought,  viz. 


Operation, 


100 


8 


108 

-v/108 

107 


VCs).-  VioS; 


— i  10 


i^q 

tiPPP  , 

tjPPP 


t^ppp 


V(3)  J  i^p-^Vl^q-i-nfppp 


V(3) :  — 


~  2  f  4-  ^4  H-  itppp 


V'(3  ) :  -  4-  4-  ^fppp  •* 


Ip.  And  thefi  the  difference  of  the  two  Cubick  Roots  found  out  in  the  fixteenth  and 
eighteenth  fteps  fliall  be  the  value  of  the  Root  a  in  the  Equation  propofed,  ziz. 

4=::y^(3);lo  -.j-  y'loS  : —  VC?}:  —  lo  y'  I  o  8  :  that  is, 

^  =  V(3)  :  '  -  VCif:  ~  r74-V^474-i7ppp; 

20.  It  remains  to  make  tryal  whether  the  Binomial  hath  a  perled  Cubick 

Root  or  not .  fo  by  the  Rule  in  i  8.  Chapt.  9.  of  this  Second  Booh^^  it  will  appear 
that  I  ^1-  y'3  is  the  Cubick  Root  of  10  ,  and  ^3  ~  i  is  the  Cubick  Root 

of  ,v/io8_to,  and  conrequendy  the  value  of  the  Root  a  before  found  out  in  the 
•  nineteenth  ffe'p  is  expreffibre  by  i  Rational  number;  fpr  if  ^3 — be  fubtrafferf 

N  n  -  ‘ 


2^2 
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book  it. 


from  1  4-  Vs  *  Remainder  2  is  the  defired  value  of  a  in  the  Equation  propofed  5 

for  if  4  =  2,  then  =  20 — or  aaa-\- 6a  —  lo. 

21.  In  like  manner ,  by  the  Canon  in  the  foregoing  nineceenth  ftep  the  value  of  a  in  this 
Equation  aaa  ija  =  64,  will  be  found  this  that  follows ,  viz,. 

<«=  V(3)!3H-V-«7n:— V(?):  — 3^-1;Vi753  : 

But  this  value  of  a  cannot  be  expreft  by  any  Rational  number ,  becaule  the  Binomial 
i  2  4-  V17  5  S  bath  not  a  perfea  Cubick  root,  and  therefore  the  faid  value  muft  either  reft 
in  that  fUrdEorra ,  or,  elfc  be  expreft  by  fome  Rational  number  near  the  true  value ,  which 
jwill  be  found  2*0 y,  &c,  that  is,  27^!,  &c. 

22.  'In  the  next  ^lace  let  it  be  required  to  refolve  a  Cubick  Equation  of  the  fecond'  of 
thethree  Forms  before  mentioned,  viz. 

If  ......  aaa  ■=.  CaAr^^Oy  or,  444  =  p4 ^ j 

What  is  the  value  of  <«  ? 


a  = 

40  =ieee-\-3fJ/J! 
e-'^ey 


6  a^ieey-Vieyy 


40  =  eee-[- 


23.  Suppofe  •  .  *  •  • 

^4.  Suppofe  alfo,  •  ;«  «  .  • 

25  •  And 

26.  Then  by  multiplying  each  part  of 
the  Equation  in, the,  twenty  third  ftep 
,intoJt  fell' cubically, this  is  produced, 

27.  And  the  Equations  in  the  twenty^ 
third  and'  twenty  fifth  fteps  being; 
mutually  multiplied  one  by  the  other 

'  will  produce  ...... 

28.  Andthefumm  of  the  Equations  in 

the  twenty  fourth  and  twenty  feventh 
fteps  makes . 

2  0.  Therefore  by  the  twenty  fixth and  P  i  -  I 

twenty  eighth  fteps  ’tis  eWdent  that  f  =  %ce)\-yyy^-jyy^U^-^  40 

30.  By  the  eight  laft  preceding  fteps  ’tis  manifeft ,  That  if  in  the  Equation  proposM  to  be 

lefolved,  to  wit,  aaa  —  64  -f-  40,  or  aaa  =  we  fuppofe  the  Root  a  fought  to  be 

equal  to  the  fumm  of  two  unknown  numbers,  e  and  y  ,  alfo  the  Abfolutc  number  40 
(or  q)  to  be  equal  to  the  fumm  of  the  Cubes  of  the  fame  two  numbers ,  and  the  Coeffi- 

'  cienc  6  (or  />)  to  be  equal  to  the  triple  Produ6t  of  their  multiplication ,  then  as  well  444, 
as  64  -4-  40  ( that  is,  p4  -4-  7)  Iball  be  equal  to  the  Cube  oit-Ar-y ;  and  therefore  when 
two  fuch  numbers  att  f^ound  out,  their  fumm  (hall  be  the  Root  or  number  a  fought.  But 
to  find  out  the  faid  two  numbers  (  e  and  y  )  there  is  given  the  Product  of  their  multipli¬ 
cation,  to  wit,  2  (or  7f,)  that  is,  f  part  of  the  Coefticient,  as  alfo  40  (or  the  fumm 
of  the  Cubes  of  the  fame  two  numbers,  and  therefore  the  numbers  lhall  be  given  feverally 
by  the  Canon  of  ^efi.  14.  Chap.  16.  BooJ^  i.  ahdconfequently  the  Root  4  fought  fhall 
>he  given  alfo :  all  which  will  made  manifeft  by  this  followii^ 

Operation. 

3 1 .  From  ^he  Square  of  half  the  given  ? 

Abfolutc  number  40  (or  4,)  viz.  fromj 

32.  Subtract  the  Cube  of  2  (orfp,)  viz.. 
the  Cube  of  i  of  the  Coefficient,  which' 

C^ube  IS.  .  ...*. 

33.  The  Remainder  is  .  *  ^ 

34.  The  fquare  Root  of  that  Remainder  is 

35.  Which  fquare  Root  added  to  half  the. 

-Abfolute'number40  (or 4,) -makes  thej 
fumm  ..  ...... 


-  I  -  ^  ^ 

37.  The  fquare  Root  in  the  thirty  fourth^ 

ftep  being  fubtrafted  from  half  the  Ab- 
folute  number  40  (  or  7,  )  leaves  .  . 

38.  The  Cubick  Root  ot  that  Remainder; 

is  the  value  of  7 ,  ..... 


400 

.  8 

392 

'V39i 

i 

20-(-V35>i 

Z^~^V’4^^~^2  7PP'P' 

»  •  i 

V(?>20-l-V39"-: 

VCO-i^  + 

20  — V39^ 

VCO-io-V39:2'. 

VC3)%-'V4^7-7fM^* 

36.  Then 
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55).  Then  the  fumm  of  the  two  Cubick  Roots  tound  out  in  the  thirty  lixth  .and  thirty 
eighth  fleps  lliall  be  the  value  of  the  Root  a  in  the  Equation  propos’d  to  be  refolved,  viz, 

a  =  VC3)  :  20 H-  v'.?92  4-  VCs)  V39^  •  that  is, 

a  •=.  V(?  )  •  7^  -1-*  V'4'7^  —  ^7ppp  •  Hf"  V(3 )  •  V 4^^  'iJPPP  • 

40.  It  remains  to  make  tryal  whether  the  Binomial  20-4-^392  hath  a  perfeft  Cubick 

Root  or  not;  fo  by  the  Rule  in  Se^,  1 8.  Chaf.  9,  of  this  Second  Book,  you  will  find 
2  -J-  V-  to  be  the  Cubick  Root  of  20  v'3  92  j  and  2  — ■  the  Cubick  Root  of 

20  —  V39^ )  2ind  confcquently  the  value  of  the  Root  a  before  found  oiit  in  the  thirty 
ninth  ftep  is  expreflible  by  a  Rational  number .  for  if  2  —  ^2  be  added  to  2 

the  fumm  4  is  the  defired  value  of  a  in  the  Equation  proposed  to  be  refolved,:  for  if 
^  —  4j  thert  aaa  ~  54-|— 40. 

41.  Another  Example  of  refolving  a  Cubick  Equation  of  the  fecond  Form  may  be  this  j 

viz.  Let  it  be  required  to  find  the  value  of  a  in  this  Equation,  aaa  =  1 2/i  -j-  t  that  is^ 
aaa  —  then  the  Canon  expreft  by  the  literal  Equation  in  the  thirty  ninth  ftep^ 

will  give  _  _ 

a  =  v'(3)J94-V‘7*  VCs):  9  — Vi/** 

But  this  value  of  a  is  inexpreflible  by  any  Rational  number,becaufe  the  Binomial  9+-/!  7 
haiii  not  a  perfea  Cubick  Root ,  and  therefore  the  faid  value  muft  cither  reft  in  that  furcl 
Form ,  or  elfe  be  expreft  by  fome  Rational  number  near  the  true  value ,  which  will  be  found 
4.0 5, that  is,  4ro 

The  premilTes  do  clearly  ftiew  the  rife  of  tWo  Rules  delivered  by  Cardantu  in  his  Alge¬ 
braical  Treatife  entiiuled  Arsmagna^  which  Rules  are  mentioned  in  divers  Authors  ,  and 
the  fubftance  of  them  is  contained  in  the  two  literal  Ec^uaiions  in  the  foregoing  nineteenth 
and  thirty  ninth  fteps ;  the  former  of  which  Equations  is  a  Canon  to  find  out  the  Root 
of  any  Cubick  Equation  in  numbers  which  falls  under  the  firft  of  the  three  Forms  before 
mentioned,  and  to  exprefs  the  fame  perfeftly  either  by  fome  Rational  or  Irrational  number . 
and  the  latter  of  thofe  literal  Equations  finds'  out  the  like  exad  Root  of  any  Cubick 
Equation  of  the  fecond  Form  ,  except  in  one  Cafe  only,  viz,  when  the  Square  of  half  the  - 
Abfolute  number  (.^)  which  is  the  laft  Terra  of  the  Equation  is  lefs  than  the  Cube  of  one 
third  part  of  the  known  Coefficient  (  p.  )  But  mo  Author  that  I  have  met  with,  gives 
a  certain  Rule  ,  either  to  find,  out  the  Root  i^  that,  cafe  if  it  be  an  Irrational  number ; 
or  the  two  aftiimative  Roots  of  a  Cubick  Equatiori  of  the  third  Form,  if  each  of  thefc  air%,be 
Irrational.  Huddedm  indeed  faith,  (in  page  503.  of  Cartefins ’s  Geometry  before  men¬ 
tioned  )  he  had  a  Rule  (which  he  intended  to  publilh)  by  which  all  Irrational  Roots  as  well 
of  Numeral  as  of  Literal  Equations  may  be  found  Out ,  but  that  much  defired  Rule  is  not 
yet  come  to  lighr*  But  when  a  Cubick  Equation  of  what  kind  foever  hath  one  Root 
cxptcftible  by  a  Rational  number ,  both  that  and  the  reft  of  the  Roots ,  when  the  Equation 
is  capable  of  more  than  one,  may  beexaftly  found  out  by  the  help  ot  the  Divifors  of  the 
laft  Term,  according  to  SePPt.  9.  ot  this  Chapter, 


C  H  A  XI 

Of  the  method  of  refolving  Quejitons  wherein.many  ^skliiies  are^ 
fought,  by  ajfuming  different  Letters  to  reprefent  the  faid 

Quantities  feverally^  ' 

1  T  Tltherto  in  the  Algebraical  Refolmion  of  a  Clneftion  ivhefein  tWo  or  mbre  (^antities 

‘H  have  been  foolht,  1  have  affumed  only  h?' 

•*-  ^  one  of  the  nnkndwn  Quantities,  and  fortned  thePofitions  for  the  reft  by  the  help, 
of  that  letter  and  the  Quantities  given  in  the  Queftion :  But  many  C^e^ons  may  be  more 
eafily  refolved  by  alfuming  a  peculiar  letter  to  reprefent  every  one  of  ‘^'.Ql-autuies  fought  , 
S  7for  oneunLwn  Quantity,  e  for  a  fecond,  ;  forathird,  &c..  By  tins  Method  alio 
thofe  intricate  and  obfeure  ways  of  refolving  Qaeftions  by  fecond  Roots,  or  (as  Simm  Sttvm 
calls  them  )  poftpofed  Quantities,  will  be  avoided.^  ^  ^ 
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in  handling  ths  jollbwing  Method  I  fliallgive  three  principal  Rules,  and  explain  them 
by  Examples ;  but  to  preferibe  Rules  for  all  Cafes,  is  (as  1  conceive)  an  im'po/Iible  work. 

RV  L  E  h 

When  many  Quantities  are  fought  by  a  Queflion  ,  firft  let  them  be  federally  reprefenred 
by  different  letters;  then  after  you  have  well  conhdered  the  conditions  in  the  Queftior;, 
abftrait  it  from  W'ords,  and  exprefs  the  tenor  thereof  by  Equations  j  that  done,  by  the  help 
of  Tranfpofition  find  what  the  firft,  that  is,  any  Tingle  letter  reprefenting  a  number  or 
quantity  fought  in  the  firft  Equation  is  equal  to  •  then  wherefoever  that  firft  letter  is  found 
in  the  other  Equations ,  take  inftead  of  it  thofe  Quantities  to  which  the  faid  firft  letter  was 
found  equal  •  lb  fuch  firft  letter  will  quite  vanilh  out  of  thofe  other  Equations.  Again, 
by  Tranfpofition  fet  a  fecorid  letter  alone  in  one  of  thofe  Equations  out  of  which  the  firft 
letter  was  cxpelTd and  proceed  as  before ;  fo  at  length  one  of  the  numbers  fought  will  be 
made  known,  by  the  help  whereof  the  reft  will  eafily  be  difeovered.  This  work  will  be  better 
underftood  by  Examples  than  many  words,  and  therefore  I  ftiall  proceed  to  Queftions. 

•  ^EST.  I. 

A  Faftor  exchanged  6  Trench  Crowns  and  two  Dollars,  for  4^  Shillings  of  Englifh 
Money  ;  alfo  at  another  time  he  exchanged  9  French  Cxowm  and  5  Dollars  (each  of  thefe 
being  of  the  fame  value  with  the  former  )  for  76  Shillings :  I  demand  the  value  French 
Crown,  and  alfo  of  a  Dollar,  in  Money  ?  t 

Let  4  reprefent  the  defired  value  of  a  Crown  ,  and  r  the  value  of  a  Dollar,  then  the 
Qu^ftion  being  abftradled  from  words  may  be  ftated  thus  j 

••••••  •••  •••  .  •.  «  6a^\~2e  qj 

2.  And  .  ,  .  . . .  —  j6 

What  are  the  numbers and  e  ?  )|  _ _ _ _ _ _ _ 

RESOLVT/ON, 

By  tranrpoficion  of  2 ^  in  the  firft  Equation  this  arifeth,  }>  =  4^ _ 2e 

4.  And  by  dividing  each  part  of  the  third  Equation  by  6, 7  _  4^  —  2^ 

“gives . . . i  ^ 

y.  The  fourth  Equation  multiplied  by  pfoduceth  ,  ,)>  r=z  _4Q5 

6.  Then  if  inftead  of  gia  in  the  fecond  Equation,  you  take^  405  —  i  ^ 

the  latter  part  of  the  fifth ,  \his  will  arife ,  .  .  .  - 6 - ■  5^  =  7^ 

7.  The  fixth  Equation ,  after  due  Redudioii,  difeovers  the  7 

value  of  a  Dollar,  viz. . ^  r=  4^  , 

8.  The  fevenih  Equation  multiplied  by  2  gives  .  .  .,}>  2e  =  8~ 

p.  And  by  fettJng  the  latter  part  of  the  eighth  Equation  in  >  , 

the  place  of  2^  in  the  firft,  this  Equation  ariCeth ,  .  .  y  —  45" 

10.  From  which  laft Equation,  after  due  Reduction ,  the?  ^ 

value  of  or  one  Crown  is  difeovered,  viz.  3  ^ 

Thvis  by  the  fevenih  and  tenth  Equations  it  is  found  that  a  Dollar  was  valued  at  4  /.  2  d. 

and  a  Fr^ch  Crown  at  6  /.  1  d.  which  numbers  will  fatisfie  the  conditions  in  the  Qiicftion* 
as  may  eafily  be  proved.  * 

"*'*  '  T  *  — .  ■  •  ■  --  n  I  im  m 

"  SjpBST.  2  .  . 

nf  Ws  Purfe ,  the  futnm 

ot  the  hrll  and  fecond  man  s  money  was  y  (or  k)  Pounds,  the  fnmm  of  the  fecond  and  third 

was".'.Tor'jip“  7  (S'  ‘^>  and  the  fnmm-of.  the.  third  andfirft  man's  money 

was  II  (or  d)  Pounds :  How  many  Pounds  had  every, one  in  his  Purfe  ?  ^ 

et  the  three  numbers  of  Pounds  fought  be  repfefenied  by  a.  and  7.  then  refpea 
being  had  to  the  numbers  given ,  the.Qaeftion  may  be  ftated  thus ,  viz.  ^ ^ 

i.  And' ■  ; ;  ; ;  ; ; ;  ;  •  ; 

3d  And  . . 

What  are  the  numbers  4,  #  and  7  ?  *  j  |  *  _ ^  ' 


RESO- 


RESOLVTi ^  . 

4*  By  tranfpofitioB  of  4  in  the  firft  Equation  ,  there  Wiil  arife  b*  ''V  ^ 

H  Equation ■?  ,  ' '  V  "*  .’ 

inirean  01  ^  in  the  fecond ,  this  Equation  arifeth  \  ^  y  =  c  ^  .< 

6,  And  by  tratifpofition  oU-a  in  the  sth  Equation  it  iives  >  y  ~  c  — '  ‘ 

7.  And  by  taking  the  latter  part  of  the  fixth  Equation  inftcad  7  \  ^ 

of;^  in  the  third,  this  arifeth,  .  t  r  ^ 

,  From  which  feventh  Eouation  .  after  '  '  '  - 


8.  From  which  feventh Equation,  after  due^ReduAiori/th^? 

nnmiap**  >*  J  ^  I. _  •  ^  —  -/I  1 


r  r 


7  + 


As 


i  j 
r. 


number  ^  will  be'made  known ,  viz . .  -  _  z-  n  z** _ j 

9*  Again,  if  inftead  of  4  in  the firft  Equation  we  take  the?  ^  * 

latter  part  of  the  eighth,  this  arifeih,  .  .  .  .  _  ,  a 

to.  Then  from  theninth,  aftet(lueRe(lui»ion,therutnbet'e7 

Will  be  made  known,  7//^.  .  .  .  ;  ^  ^  .  .  r  ^  + 

11.  Again,  if  inftead  of  a  in  the  third  Equation  we  taki^  v.  ’.t;^.t  ,  f. 

this  arifeth, 

iz  .  Laftiy,  from  the  eleventh  Equation,  after  due  Reduction:  >  ‘ 

the  number  y  will  be  made  known ,  viz.  .  ,  ,  r 

The  eighth,  tenth  and  twelfth^Equation  give's  this 
^  -  CANON. 

From  the  fumm  of  every  two  of  the  three  numbers  given,  fubtraft  theremainins  number 
then  the  halves  of  the  three  Remainders  (ball  be  the  number  fought.  tWhence  X  ™rabers 
foughr  ,0  wtt,  ^  e  and  y  will  be  found  a,  3  and  p :  ,for  a  f  =  ff’alfo  S-XT  • 

fimTr  of. ‘his  Snyfi.  a.  is  formed  according  to  SUle  but  the 

faiM  Canon  may  be  more  expedmouriy  dilcovered  by  this  following  Refolution ,  mk. 

Thefumra  of  the  firft,fecond  and  third  Equations?  '  ' 

which  Rate  the  Quellion  is-  .  .  .  ;  =: 

The  half  of  that  fumm  is  .  .  1  '  \  .  aA-eA^y"'--.  f  aJ 

Then  from  that  half  fumm  fubtrad  the  firft?  '  ,  ^ 

Equation,  and  the  Remainder  will  be  .  .  .  .3  *  *  '  *  X  — '  -r-i^ 

.4/ Again,  from  the  faid  half  fumm  fubtradl the  fe-7 

cond  Equation,  and  the  Remainder  is  ,  .  ,  •  •  •  '*  == 

Laftly ,  from  the  faid  half  fumm  fubtraft  the  third?  .  •.  r 

Equation ,  and  the  Remainder  gives  .  .  .  ,  Vj*  *  *  .<?  = 

Which  three  laft  Equations  do  manifkly  give’thc  fame  values  of  4,^randr,  as  were 
found  out  by  the  former  Refolution;  . ,  45  were 


XP^ST.  3/  -  ^  '• 

Three  Men  difeourfe  of  their  moneys  in  this  manner ;  the  firft  faith  to  the  other  two 

r  *  r  •  ^»al  to  both  their  moneys  •  the 

ftcond  faith  to  the  other  two ,  if  1 00  /.  were  added  to  his  money,  the' fumm  would  be  equal 
to  tte  double  of  both  their  moneys  j  the  third  faith  to  the  other  two  ,1  If  160/  were  added 
to  nis  rnoney,  the  fumm  would  be  equal  to  the  triple  of  both  their  moneys ;  The  Quefticin  is 
to  fand  how  many  Pounds  each  Man  had;?  1  ,  .  ,  '  i  ■  *  u!>!  ^  .* 

Let  the  three  numbers  ofTdunds  fought  be  reprefented  by  4,  ^and  y'-  'then  the  QueRion 
may  be  Rated  thus,  ri?:..  km  n:v  i  v-j  lo  m  /  4^^^'  . 

1.  If  : . .  ■  •  *  •  ^  t  4 

2.  And  .  .  7b;.'u  i  .iTHn, 

3.  And  .  .  ;  ;  >-f-ioo  =‘2«- 

What  are  the  mimbers  4 ,  r  and  ^  ' 


i 

t . 

y  . 


RE  SO  LVTIO  N.  '  ^ 

,4.  From  the  firR  Equation  by  tranfpofition  of  y> ?  s  .  *  ‘  • 

this  arifeth,  ........  ^  ^100—7  =  r 

5*  Then  if  inflead  of  e  in  the  ftcond  Equation,^  b  -i  !.  ’■  !-  *4 

there  be  taken  that  Which  is  equal  to  e  ,  to  witS  a  4.'  f  00 
the  firR  Dart  of  the  fourth,  rhfc  wfffVoCrfi.  v  •  > 

• 


the  firR  part  of  the  fourth,  this  will  arrfe, 
6,  That  is,  after  due  Redtidlion .  .  , 


20(3 


J  A~  too  — ,  2  4  -4'  2  y 
7.  Again,' 


y 


-k _ - 
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Book  II; 


CO  —  3; 


S 


7.  Again/ifbae^Klof  3^inthethirdEquit^^^^^  ^ 

there  be  takeji  the  triple  ot  the  firft  part  of  the >  7  -j-  1 00  =  3  ^  ir  3  «  5 

ifourth  Equaubn,  this  will  arife,  to  wit ,  •  O  , 

o  Which  laftEquationjafter  due  Reduct ionjgivcs  ;>  y  — 
o!  Then  if  infte«dof  3;in  thelixthEqnaiion'.^  ^  ,,  ,  , 

there  be  fet  the  triple  of  thMatter  part  of  ihe>,  zco  =  150  . 

eighth,  this  will  come  forth ;  i 

to.  From  the  ninth  Equation  after  due  ~  p-x 

duaiort,  the  number  a  will  be  dilcovered,  vtz,.  ■ 

1 1 .  Again ,  if  inftead  of  a  in  the  fixih  Equation,  ?  ^  ^  < 

there  be  taken  pjf ,  to  wif,  the  value  of  a\'  200  —  pri  3>y 

found  out  in  the  tenth ,  it willgive  .  .  .\  ’  _  < 

I  a.  The  eleventh  Equation  duely  reduced  dif-^  :=z  6 2>-A 
covers  the  number  7,  viz.  . . f  ** 

’13.  From  the  fourth^  tenth  and  twelfth Equa-^ 

tions  by  exchange  of  equal  Qiiantities,  this^  9rf  *^3?i  —  ^ 

^Equation  arifeth ,  viz.\  •  *  •  •  •  •  j  ,  ^ 

14.  The  thirteenth  reduced  gives.  r  .  1 

From  the  1  oth,  j^th  and  luh  Equations,  the  three  numbers  fought ,  a,  e  and  y  are 
difeovered  ,  vU.  The  firft  Man  had  9^1  /•  the  fecond  45rf  and  the  third  637^  /. 
which  numbers  will  fatisfie  the  Queftion,  as  may  eafily  be  proved,  ^  r  •  u 

If  121  be  givem inftead  of  100  in  this  third  Queftion,  then  the  three  numbers  fought 

will  be  whole  numbers,  to  wit ,  11.,  55",  77. 


U'  vJ 


RV  L  £  1 1. 


When  the  fame  Quantity,  ruppofe  is  found  in  two  feveral  Equations,  and  equal  numbers 
are  prefixed  to  thofe  Quantities ,  then  if  their  figns  be  both  ,  or  both  — ,  fubtraa  the 
leffer  Equation  from  the  greater ;  but  if  one  of  the  figns  be  and  the  other  — ,  add  thole 
two  Equations  together  j  fo  the  faid  Quantity  a  will  quite  vaniih  ,  as  will  appear  by  the 

Refolution  of  the  following  Queftion.  ... 

^£ST.  4. 

The  fumra  of  two  numbers  being  given  12  (or^,)  and  their  difference  8  (or  c;)  to 

bc^pm  fonhe  greater  number, and  e  for  the  leffer,and  the  Queftion  may  be  ftated  thusj 

1.  ir”.  .  .  ^  ) 

2.  And  ,  .  .  •  •  1  •  \  \  ^  e  =  c  i 

What  are  the  numbers  a  and  e  ? 


=  ^  —  C  (  r=  4  ) 


12  ) 


^  RMSO  LVTJO  N. 

3.  For  as  much  as  4  or  1 4  is  found  in  each  of  the 
Equations  propofed,  therefore  (according  to  Rule  2 ,)( 

I  fubtraa  the  kffer  Equation  from  the  greater ;( 
whence  the  letter  4  quite  vaniihcth,and  there  remains^ 

4.  Then  by  dividing  each  part  of  the  third  Equation? 
by  2,  the  number  e  is  made  known , 

5.  And  by  taking  the  latter  part  of  the  fourth  Equa- ?  —  ^  (  == 

tion  inftead  of  e  in  the  firft,  there  remains  .  •  o  '  . 

6i  Laftly ,  the  fifth'Eqhaiion  duely  reduced  difeovefs?  /  (  -=  -lo  ) 

the  nuraber_  a ,  viz.  .  i  . S  ,  .  .  _ 

The  6th  and  4  rib  Equations  difeover  a  Canon  to  find  out  the  numbers 

in  this  Example  are  t  a  and  2  ,  and  the  Canon  is  the  fame  with  that  before  found  in  i . 

Booki,  ^ 

•  ^  ^  Qtherreife  ^ 

7.  For  as  much  as  ~1-  e  is  found  in  the  firft  Equation,' 
and  —e  in  the  fecond,  therefore  by  adding  thofe( 
two  Equations  togeiheT,  (according  to 2.)'  thej 
letter  vanilheth  j  and  the  fiamm  is  ,  .  .  . 


24  =r  b^\-C  (  ="  20  ) 


2.  There.- 


12. 


Chap. 


by  various  Fofttions, 


8.  Therefore  by  dividing  each  part  of  the  feventh 
Equation  by  2  ,  there  arifeih  the  fame  value  of  a 
which  was  before  foiwd  in  the  fixth  Equation,  viz.. 

9,  And  by  fetting  the  latter  part  of  the  eighth  Equation 

in  the  place  of  a  in  the  firft ,  this  arifeth ,  .  .  . 

1  o.  Which  lafl:  Equation  reduced  difcovers  the  fame 
valuer  of  e  which  was  before  found  in  the  fourth 
Equation,  viz . 


ih^ic^e  =  (  —  12  ) 


^  e  =  a 


c  ( 


) 


RVLE  HI. 

AA/hen  the  fame  Quantity,  fuppoie  4,  is  found  in  two  feveral  Equations,  but  the  numbers 
prefixt  to  thofe  equal  Quantities  are  unequal ,  thofe  two  Equations  may  be  reduced  into 
two  others  which  Ihall  have  equal  numbers  prefixt  to  the  faid  Quantity  4,  by  this  Rule,  viz. 
Multiply  all  the  Quantities  in  the  firft  Equation  by  the  number  which  is  prefixt  to  the  faid 
Quantity  4  in  the  fecond  j  multiply  likewife  all  the  Quantities  in  the  fecond  Equation 
by  the  number  which  is  prefixt  before  the  fame  Quantity  4  in  the  firft .  fo  by  fuch  alternate 
multiplication  two  new  Equations  will  be  produced ,  wherein  the  numbers  prefixt  to  the 
faid  Quantity  a  will  be  equal  to  one  another ;  and  then  by  adding  or  fubtrafting,  according 
to  the  import  of  Rule  2.  of  this  Chap,  that  Quantity  4  will  quite  vanilh.  That  done, 
renew  the  like  work  to  expcll  the  fame  Quantity  out  of  the  reft  of  the  Equations  •  and 
proceed  in  like  manner  with  a  fecond  Quantity ,  until  at  length  the  value  of  forae  one 
Quantity  be  made  known.  This  I  Ihall  make  plain  by  the  Refolutions  of  Five  ^efUons 
next  following. 

^VEST.  5. 

To  find  two  numbers,  that  if  the  quadruple  of  the  greater  be  increafed  with  the  triple 
of  the  lefs,  it  may  make  36  .  but  if  the  triple  of  the  greater  be  leflened  by  the  double 
of  the  lefs,  the  Remainder  may  be  lo.  „ 

Put  a  for  the  greater  number, and  e  for  the  lefler,  then  the  Queftion  may  be  ftated  thusit-ii^ 


I.  If  ^  =  36 

i.  And . .  .  ,  .  ,  .  ,  34 — '2^  =  10 

What  are  the  numbers  a  and  e  ?  1 1  — — — - — - 

RESOLVTI  O  N. 

3.  The  firft  Equation  multiplied  by  3,  which  is  prefixt  to  4? 

in  the  fecond,  proJuceth  .  . . .  .5  =  isS 

4.  The  fecond  Equation  multiplied  by  4,  which  is  prefixt  to  4? 

in  the  firft,  makes  .  .  i  ^  .  .  ,  .  . 

5.  Now  for  as  much  as  the  Quantity  124  is  found  both  in  the^ 

founh  and  third  Equations,  and  is  Affirmative  in  each,  thereforeC  ''  1  o  _  >«' 

according  to  Ruls  2.  I  fubtraft  the  leffer  Equation  from  the^  63 

greater, fo  the  Quantity  1 24  vanifhcth,and  this  Equation  remains,  J 

6.  The  fifth  Equation ,  after  due  Reduftion,  difcovers  the  nura-?  ,  ^  ^ 

ber  e,  viz.  .  . . .  .  .  ■  .  .  ^  ^ 

7.  Then  I  fct  12  (which  by  the  fixth  Equation  is  the  Value  of  3^)5  ,  _  > 

in  the  place  of  3  e  in  the  firft ,  and  this  Equation  arifeth ,  .  .  f  n"*.  J  2.  30 

8.  Laftly,  the  feventh  Equation  duely  reduced  difcovers  the  nuffl-J  !  .  _ 

ber  4,  viz . . .  ~ 

W  '  •i 

From  the  Sth  and  6ih  Equations  the  two  numbers  fought  are  found  5  and  4  ,  which  will 
folvc  the  Queftion ;  For  four  times  6  with  thrice  4  makes  3  6  .  and  thrice  6,  to  wit,  1 S, 
leftened  by  twice  4  gives  1  o  ,  as  was  required. 

--  --  —  - I  '  '  ■  —  I  ■  ^  —  ,  I  _  I  m  I  ■■w  »  , 

XPEST,  6,-  .  . 

1.  If  .  .  .  ;  :  .  .  : . 24+*3e— =  50 

2.  And  .  .  54  — 2e-|-.57  =  *4® 

3.  And  .  .  .  . . .  .  .  “4-1-jtf— 37  =2  10 

What  are  the  numbers  4,  e  and  y  ?  jj  . . —  j 

______  RESO^ 


Kefolution  of  Quefiions 


Book  11. 


ioa-[-ise—^  loy  —  i^o 
ic;'  rr  4S0 

—  i9e-|-20j'“  230 


IQA 


RESOLVr  10  N. 

4.  The  fir  ft  Equation  multiplied  by  5,  which  is  prefixt  to  4  > 

in  the  fecond ,  produceth  .  , . •'  .S 

5 .  Likewife  the  fedond  Equation  multiplied  by  2,  which  is  ? 

prefixt  to  4  in  the  firft,  makes  . . . 

6.  Then  (  according  to  Rule  2 .  )  by  fubflrading  the  fourth 

Equation  trorn  the  fifth,  the  Quantity  ic4  vanilheth,  and 
this  Equation  arifeth, . .  • 

y.  Again  ,  the  third  Equation  multiplied  by  5  which  is  pre-  /  _  2^^  — 1 5^  =  5 

fixi  to  a  in  the  fccond  ,  produceth  .  .  .  •  • .  • 

8.  And  the  fecond  Equation  multiplied  by  1  ,  which  is  fup- 
pofed  to  be  prefixt  to  a  in  the  third  >  gives  the  fame  fecond 
Equation  without  alteration,  viz..  .  .  .  .  .  .  • 

p,  Ihen  becaufe  54  and  —  54  by  addition  will  deftroy 
one  another,  therelorc  (  according  to  2.)  I  add  the 
feventh  and  eighth  Equations  together  j  fo  the  letter  a 
*  vanilheth ,  and  this  Equation  arifeth ,  ...... 

10.  Again,  I  proceed  with  the  fixth^and  ninth  Equations 
according  to  Rule  3.  viz,,  1  multiply  the  fixth  Equation 
by  ^  3  ?  C  which  is  prefixt  to  e  in  the  ninth ,)  and  it  niakes  ^ 

11.  Alfo  the  ninth  Equation  multiplied  by  ip  (which  is?  4-427^—1007  r=  55 

prefixt  to  e  in  the  fixth,  produceth . ^ 

12.  Then  (  according  to  Rule  2.)  by  adding  the  tenth  and  ' 

eleventh  Equations  together,  the  letter  e  vaniQicth,  and 
this  Equation  arifeth,  viz. . 

13.  And  by  dividing  each  part  of  the  twelfth  Equation?  ^  ^  ,  t  = 

by  270,  the  number  7' is  difeovered,  viz.  ,  .  .  .5  ’  *  J 

14.  Then  inftead  of  107  in  the  ninth  Equation  taking  ten/ 
times  4c,  that  is,  400,  (which  by  the  thirteenth  Equation/  23  e  —  400  = 
is  equal  to  107)  the  ninth  will  be  reduced  to  this,  . 

1 5;  And  from  the  fourteenth  Equation,  after  due  Reduftion,?  ^  g  — 

the  number  e  will  be  difeovered,  .  .  .  .  o  **  *•  ’  * 

1 0.  Then  inftead  of  3e  —  27  in  the  firft  Equation,  I  take 
po  —  80,  (which  by  the  fifteenth  and  thirteenth  Equations 
will  be  found  equal  to  5  c  —  27 , )  fo  the  firft  Equation  will 

be  converted  into  this ,  viz . _ 

17.  Laftly ,  the  fixteenth  Equation  duely  reduced  difeovers? 
the  number  4,  viz . . 

From  the  17th,  i^th  and  I'^th  Equations  the  three  defired  numbers  a,  e,  7,  are  20, 
3  o  and  40,  which  will  conftitute  the  three  Equations  firft  propofed,  as  may  ealily  be  proved. 


q-54— 2^4-57  =240 


4-23e —  107  =  2po 


—437^+4607=  52po 


10 


-I-2707  r=  10800 


40 


2pO 


la^-go — 80  —  30 


a  = 


20 


^VEST.  7. 

Three  Men  difconrfe  of  their  moneys'in  this  manner;  the  firft:  faith  to  the  other  two,’ 
if  you  give  me  1 00  Pounds,  my  money  will  be  made  equal  to  both  your  remaining  moneys ; 
the  fecond  faith  to  the  other  two,  if  ye  give  me  100  Pounds,  my  money  will  be  made 
equal  to  the  double  of  both  your  remaining  moneys :  laftly ,  the  third  faith  to  the  other 
two ,  if  ye  give  me  1 00  Pounds ,  my  money  will  be  equal  to  the  triple  of  both  your 
remaining  moneys  :  I  demand  how  many  Pounds  each  Man  had  ? 

Let  a  letter  be  afluroed  to  reprefent  each  Man’s  money ;  as  a  for  the  firft,  e  for  the  fecond, 
and  7  for  the  third  •  then  the  Queftion  may  be  (fated  thus ,  viz. 


I.  If . aJ^  ICO  =  7  —  1 00 

2:  And- . ^-j-ioo  =:  24  4-27-^200 

3.  And . . .  74-^00  r=  344^3^  —  300 


What  are  the  numbers  4,^,7?  1 1  - - 

‘  'RJES  O  LVT/O  N. 


4.  The  firft  Equation  by  tranfpofition  will  be  reduced  ?  ^  ^  ^  1 

to*  this  ,  o  a  •  . 


200 

5 ,  Likewife 


Chap.  12. 


ha>z/wg  many  Roots. 


—  2a>-\~‘2e-^-iy  ■= 
2  .  e  /if  j  ^ 

6a  —  3<?+d7  i=: 

6a-\-  6e  —‘2y  ■= 


300 

400 

400 

7<so 

900 

800 

100 


5.  Likevvifc  the  fecond  Equation  by  tranfooficion  7 

gives . ' . ^  ^\^2a  —  c-\-2y  =r 

6.  And  the  Equation  by  tranfpofition  produceth  ;>  H-  3^  _ j  — 

7.  Then  I  proceed  with  the  fourth  and  fifth  Equa-~ 

tions  according  to  Rule  3.  viz.,  I  multiply  the( 
fourth  Equation  by  2,  (which  is  prefixt  to  a  in( 
the  fifth,)  and  it  produceth . _ 

8.  The  furam  of  the  fitth  and  fevenih  Equations  gives 
Again,  1  proceed  with  the  fifth  and  fixth  Equa-' 

tions  according  to  Rule  3.  viz.,  multiplying  the< 
filth  Equation  by  3,  (  which  is  prefixt  to  a  in  the( 
fixth,)  it  gives  . . ^ 

10.  Alfo  the  lixth  Equation  multiplied  by  2,  (which? 
is  prefixt  to  ^  in  the  fifth)  produceth  .  .  . 

H.  Then  by  fubtra^fing  the  tenth  Equation  from? 
the  ninth,  the  Remainder  is  .  i  .  .  •  .C 

12.  Again,  I  proceed  with  the  eighth  and  eleventh  ^ 

Equations  according  to  Rule  3.  viz.,  multiplying^^ 
the  eighth  Equation  by  p,  (  which  is  prefixt  to  ei 
in  the  eleventh,)  it  makes  . ' . 

13.  Then  (according to 2.)  the  eleventh  and? 

twelfth  Equations  added  together  make  .  •  .  3  * 

14.  And  by  dividing  the  thirteenth  Equation  by  44, 7 

the  number  7  is  made  known,  viz,.  '  .  .  .  ; 

1  j.  From  the  eighth  and  fourteenth ,  by  exchange  7 
of  equal  Quantities,  this  arifeth ,  viz..  .  ,  ,  5  ‘ 

1 6.  And  from  the  firteenth,by,fubtra£tion  of  5  8 1  rf  7  ^ 

from  each  part,  the  number  e  is  difeovered ,  viz.,  s  * 

1 7.  From  the  firft ,  fourteenth  and  fixteenth  Equa- 7 

tions,  by  exchange  of  equal  Quantities,  this>  ^O-ioo  =  1 1  8tH-i 4 100 
Equation  arifeth  ,  viz..  .  . ^ 

18.  Laftly,  the  feventeenth  Equation,  after  due? 

Reduffion  ,  difeovers  the  number  a ,  viz.  ••S’  * 


+  =  ^300 

.  447  =  C/s^oo 

.  .  .  j  —  i45j-f 

H-y8irf  =  700 

...  e—  ii8-f 


Thus,  by  the  1 2th,  1 6th  and  14 Equations  it  is  found  that  the  firft  Man  had  i. 
the  fecond  ii8^f/.  and  the  third  i^5ti  which  three  numbers  will  faiisfie  the  Queftion| 
as  may  eafily  be  proved.  * 


^EST.  8. 


1.  If  . 

2,  And 

3.  And 

4,  And 


What  are  the  numbers  4,  7  and  «  ?  j  | 


a  -j—  fe 
e-t- 44. 

u  -j—  — 


474-> 


i 


e  -1- 


— 


II  2 
II4 
I25f 

I33j 


RESO  LVTION, 

5.  The  firft  Equation  multiplied  by  3  ,  (  theDeno 
minator  of  the  Fra£lion  f)  produceth  this  Equation 

in  Integers  ,  to  wit, . 

Likewife  the  fecond  Equation  multiplied  by  4,7 
produceth . ^  3*^ 

7.  And  the  third  Equation  multiplied  by  5  gives  .  ^e  :\u 

8.  Alfo  the  fourth  Equation  multiplied  by.<^  pro- “ 


34 -j-,  2ff-[- 274-’ 2«  =  33<J 

:  4f6 


duceth 

p.  For  as  much  as  34  is  found  in  the  fifth,  and  alfo  in 
the  fixth  Equation  ,  I  fubtrad  the  leifer  from  the 
greater ,  fo  34  quite  vanilheth ,  and  this  Equation 
arifeth . . 


^  54 -h  5^4 


f7-h  6u 


2e  - 


1- ;  + 


U 


628 

800 

120 


O  0 


1  o.  Then 


290 


Kefolution  ef  Q^jiionf 


Book  II. 


I  o.  Then  1  proceed  with  the  fifth  and  feventh  Equa- 

tionsaccoiding  to  3.  vU.  I  tnnkiply  the fifthi  ,  j  i  ?»=  1344 

Equation  by  4, (which  IS  prefixt  to  ^  in  the  feventh, nr 
and  there  comes  forth . 3 

IT.  Alfo  1  multiply  the  feventh  Equation  by  3  ?  ...u,,*- , 884 

(vvhichisprefixttOitinthefifth, )  anditproducethf  1  1  53' 1  4 

1 2.  Then  by  fubtrafting  the  tenth  Equation  from  the  - 

eleventh,  the  quantity  1 2  a  quite  vanilheth,  and  this 
Equation  arifeth ,  to  wit, . 

13.  The  ninth  Equation  multiplied  by  2  ,  produceth  ^ 

1 4.  Then  by  fubtra£f  ing  the  thirteenth  Equation  from  7 

the  twelfth,  this  arifeth,  to  wit, . -.J 

1 5.  Again ,  I  proceed  with  the  fifth  and  eighth  Equa¬ 
tions  according  3',  I  multiply  the  fifth 

Equation  by  j,  (which  is  prefixt  to  a  in  the  eighth,) 
and  it  produceth . . 

j6.  Likewife  the  eighth  Equation  multiplied  by  3,  > 

(which  is  prefixt  to  in  the  fitth,)  produceth  .  .5 

1 7 .  Then  by  fubtraaing  the  fifteenth  Equation  from  ? 

the  fixteenth,  this  arifeth ,  viz..  .  .  .  .  .> 

1 8.  Again,  I  proceed  with  the  ninth  and  feventeenth 
Equations  according  to  Rule  viz..  I  multiply  thei 
ninth  Equation  by  (  which  is  prefixt  to  e  in  the 
feventeenthj)  and  it  produceth  '...... 

Ip.  And  the  feventeenth  Equation  multiplied  by  2,> 

(  which  is  prefixt  to  e  in  the  ninth ,)  produceth  .  S 

20.  .Then  by  fubtraaing  the  eighteenth  Equation^ 

from  the  nineteenth ,  there  remains  .  .  .  .  5 

21.  And  by  fubtrafling  the  1 4 'f/;  Equation  from  the 

zctlj]  (for  fince  is  found  in  each  of  thofe  Equa- 
lions, they  need  no  Reduflion  according  to  Rule  3.) 
there  remains  . . 

22.  Which  twenty  firft  Equation  divided  by  p  difco-  ?  ^ 

vers  the  number  «  ,  viz. . j 

23.  From  the  zet/j  and  ziel  Equations,  by  fetting 

eleven  times  6g,  to  wit,  660  in  the  place  of  1  lU 
in  the  icth  ,  there  arifeth . .  _ 

24.  Therefore  from  the  twenty  third  Equation ,  after  ^ 
due  Redu5fion,  the  number  y  is  difeovered,  viz.^ 

25.  And  from  the  9,2 4 and  22  Equations, this  arifeth,  ^  . 

26.  The  25  r/j  duly  reduced  difeovers  the  numbers, viz.  .  .  .  .  — 

17.  Fromthe  5Tb.2«^,24r4,andiTJEquatim.s  %  .34+24  +  72-1-120=  336 

exchange  of  equal  Quantities,  this  Equation  arifeth,  ^  ^  i  /  i  a  a 

28.  Laftly,  from  the  27  after  due  Reduction,  the  ) 

•  ♦  •  •  ^  J 


:  ;  4e-H7;-4-4«=  540 

.  ,  4e  27-I- —  240 

•  •  •  •  57-l-*2»=  300 

I  oe-l-i  07-]-!  OH  =  1680 

1 54-J-i  8uz=  2400 

.  .  5  (?  -j-  57  -|-  8«  =  720 

.  .  Joe  -\~  57-^  5«  600 

I  ic'e  -]-  1 07  1  Sff  —  1 440 

.  I  .  •  '^y  840 

•  *  •  •  •  •  - — -  5^^ 


H 


60 


.  57 -[-($60  =2 

r>  H  ^ 

.  .  y  =2  ^6 

2f -}-- 3^.-)-.  (5o  = 

e  =  1 2 


120 


a 


40 


number  a  is  difeovered ,  viz. 

Thus  by  the  28th,  26th  ^  24th  and  22ii  Equations  the  four  numbers  fought ,  (to  wit, 
a,  e,7, »)  are  found  40, 1 2, 3  6  and  <^o,  which  will  conftitute  the  four  Equations  in  J^uefi,  8. 

—  ■  —  — —  ■  .  '  ■  f  '  '  -  .1.  ■  ,  ,  I 

X^EST.  9. 

A  Maid  being  at  the  Market  is  offer’d  i  o  Apples  for  a  penny  ,  and  2  5  Pears  for  two 
pence ;  now  if  at  thofe  rates  flie  would  lay  out  p^  pence  to  buy  1 00  Apples  and  Pears 
together ,  how  many  Apples,  and  how  many  Pears  ought  (lie  to  have  ? 

1 .  For  the  number  of  Apples  fought  put  .  ,  .  ' ,  .  .  ^  ,  .  ,  a 

2.  'And  for  the  number  of  Pears  fought  put  .  .  .  e 

3.  Then  fearcb  out  the  cofl:  of  the  number  of  Apples  in  the  firff' 

flepiandfay,  If  10  .  i  ::  4  .  (—  ;  fo  the  cofi:  of^ 

^10 

the  number  of  Apples  fought  is  .  , 

4.  Search 


a 

1  o 


1 


Chap.  12,  having  wany  Roots., 

4,  Search  oat  alfo  the  cofl:  of  the  number  of  Pears  in  the  fecond 

flep,  andfay,  If  25  .  2  ^  .  fo  the  coft  of  theS  — 

^  2, 5  C  2  5 

number  of  Pears  fought  is  found . . 

5.  Then  (according  to  theQneflion)  the  money  laid  out  for^ 

all  the  Apples  and  Pears  fought  muft  be  equal  to  yj  Pence  ;>  —  .11  ~  0- 

hence  this  Equation . . .j  "  "" 

But  the  number  of  Apples,  together  with  the  number  of  Pears? 

bought  muft  make  100,  therefore  . . c  -J— e  =  100 

7.  Then  the  Equation  in  the  fifth  ftep,  after  due  Redutftion,?  _ 

will  give  this  Equation  in  Integers,  to  wit,  ....  r- 5^  04-1-40  e  —  475’® 

8.  And  the  Equation  in  the  fixthftep  being  multiplied  bv  ?o?  , 

produceth . .  .  ^044-5-0^  =r  5000 

Then  by  fubtrafting  the  Equation  in  the  fevcnth  ftep  from?  .  n  _ 

that  in  the  eighth ,  there  arifeth  .  .  .....  .C  *  * 

lo.  And  the  Equation  in  the  ninth  ftep  divided  by  10,  difcovers? 

the  numbers,  viz . ^  =  25 

■  II.  Laftly,  from  the  fixth  and  tenth  fteps,  the  number  4  is?  . 

alfo  made  known ,  viz.  . . ^  ...  4  —  75 

By  the  firft ,  fecond ,  eleventh  ind  tenth  fteps  it  appears  that  there  might  be  bought 
7  5-  Apples,  and  a  5  Pears .  which  numbers  will  folve  the  Queftion,  as  may  ealily  be  proved. 

XOESr.  10. 

To  divide  90  into  four  fuch  numbers,  that  if  the  firft  be  increafed  with  2  ;  the  fecond 
leftened  by  2  -  the  third  multiplied  by  2  .  and  the  fourth  divided  by  2  .  the  Suram  ,  Re¬ 
mainder,  Produd)  and  Quotient  may  be  equal  between  themfelves. 

Let  ^  and  d  be  put  for  the  two  given  numbers,  po  and  2  ;  alfo  4,  e,  7  and  4  for  thi 
four  numbers  fought ,  then  the  Queftion  may  be  ftated  thus  • 

1.  If..........  ....  .  4  ^|_  f 7  ^  ^ 

2.  And . ‘ . 

3 .  And . .  a  d  —  dy 

4.  j^nd  .  ..  ....  ..  .....  4  — I — '  d  " '  '  « 

d 

What  are  the  numbers  4,  7  and  «  ?  [  |  - - - - - 

RESO  LVTIO  N. 

5 .  The  firft  number  fought  is  equal  to  it  felf,  viz.  J>  .  .  4  =  4 

6.  From  the  fecond  Equation,  by  tranfpofition  of — d,?  ,  , 

this  arifeth . . .  ^ 

7.  And  by  dividing  each  part  of  the  third  Equation  ?  4-  d  _ 

by  d ,  this  arifeth . . .  .  .  .^  d  ~  ^ 

,  8.  And  the  fourth  Equation  multiplied  by  d  produceth  ;>  da-\-dd  ~  h 
9«  The  fumm  of  the  four  laft  Equations  gives 

2  4  2  d  4-  — — ^  4“"  d4  4-  dd  rr:  4-j-  :n  ^ 

10.  Which  laft  Equation,  after  due  Redudioii,  gives  1>  4  =  _  d  ddd— rjd— d 

dd-h2d4-’i 

1 1 .  Then  from  the  tenth  and  fixth  Equations ,  by  ?  _  hd-\-ddd-\~^idd-\-d 

exchange  of  equal  Quantities . . J  ~  dd4-2d4-£ 

12.  And  from  the  tenth  and  feventh  Equations.  .  1>  '  y  = _ t _ 

^  /  dd4-7d4-i 

13.  And  from  the  tenth  and  eighth  Equations,  u  —  _ _ 

dd  -j-  2  d  4~  I 

The  four  laft  Equations  give  a  Canon  to  find  out  the  four  numbers  fought ,  which  a^*e  ‘ 
1 8,  2  2,  I  o  and  40,  which  will  folve  the  Queftion.  For  ,  firft,  their  fumm  is  90  ;  then  if  ^ 
the  firft  number  1 8  be  increafed  with  the  given  number  2  ,  it  makes  20 ;  and  if  the  fecond’  ^ 

O  0  2  niimbeV 
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number  2  2  be  kffened  by  2 ,  the  Remainder  is  alfo  20  :  moreover,  if  the  third  number  1  q 
be  multiplied  by  2,  it  likewife  produceih  20  :  laftly  ,  if  the  fourth  number  40  be  divided 
by  2,  the  Quotient  is  alfo  20.  Therefore  the  conditions  in  the  Queftion  are  fatisfied. 

But  the  Numerator  of  the  Fraftion  in  the  latter  part  of  the  tenth  Equation  (hews ,  That 
ihe  numbers  b  and  d  muff  not  be  given  at  random,  but  fo,  that  cidd-\-2dd^d  maybe 
fubtrafted  from  bd  and  leave  a  Remainder  greater  than  nothing .  therefore  bd  rauft  be 
greater  than  ddd-\--idd-{- d ,  and  confequently  b  muft  be  greater  than  dd-\- 2d-\- 1 , 
Thereforejto  the  end  the  Queftion  may  be  poffible,  the  numbers  given  muft  be  (ubje^t  to  this 

Determimtion, 

'The  number  given  to  be  divided  (^b)  muft  be  greater  than  the  Square  of  1)  the 
fumm  of  the  other  number  given  and  Unity. 


^EST. 


1 1. 


There  are  two  numbers  whofe  fumm  is  equal  to  the  difference  of  their  Squares  j  and 
if  the  fumm  of  the  sSquares  of  thofe  two  numbers  be  fubtraded  from  the  Square  of  their 
fumm,  the  Remainder  will  be  60  :  what  are  the  two  numbers  ? 

Put  b  for  the  given  number  60 ,  alfo  a  for  the  greater  number  fought ,  and  e  for  the 
leffer  ^  then  the  Queftion  may  be  ftated  thus ,  vi-z.. 

]f  ,  ,  .  .  . . aa  —  ei  =  a  6 

2,  And . AaJ[~‘€e-\-^iAe  —  aa — ee  ■=.  b 

What  are  the  numbers  4  and  e  ? - - - - 

RESO  LVTIO  N, 

34  The  fecond  Equation  after  its  firft  part  is  duely  ? 

contracted  is . /  ’J 

4.  And  the  third  Equation  divided  by  2  gives  '*  . 

5i  And  if  each  part  of  the  firft  Equation  be  divided  ? 

by  a^-e  it  will  give  J 

6i  From  the  fifth  Equation,  by  tranfpofition  of 
there  arifeth . *  . 

7.  The  fixih  Equation  multiplied  by  e  produceth  .  J> 

8.  From  the  fourth  and  feventh  Equations ,  by  ex-  ? 

ehangin^kqual  Quantities ,  .  ^  .  .  .  .  S 

9.  Then  the  eighth  Equation  being  rcfolved  by  the 

Canon  in  StH.  6.  Chaft.  15^.  Book^  1.  the  lelfer 
number  fought  will  be  made  known  ,  viz.  ,  . 

10.  And  from  the  ninth  and  fixth  Equations  the 
greater  number  fought  will  alfo  be  made  known, 

•  •  •  «••••••••• 


2ae  — 

b 

as  =: 

^  —  4?  — 

e 

a^\-^e 

a  — 

e  -jr-  £ 

ae  =: 

ee  -}-  e 

ee-\-e  ~ 

O’ 

a 


—  +  —  i  =  5 

=  ^**4 t  = 


The  two  laft  Equations  give  a  Canon  to  find  out  the  two  numbers  fought,  which  arc 
6  and  5  ;  as  may  eafily  be  proved. 

XPESr.  12. 

There  arc  tvvo  numbers ,  fuch ,  that  if  their  fumm  be  fnbtrafted  from  the  fumm  of  their 
Squares,  the  Remainder  is  42  •  but  if  the  funitm  of  the  faid  two  numbers  be  added  to  the 
Produdof  their  multiplication,  it  makes  34:  what  are  the  numbers? 

Let  A  and  e  reprefent  the  two  ntimbcrs  fought,  then  the  Queftion  may  be  ftated  thus,  viz. 

1. ‘  if...  •••  aa  *— j  ‘  €c  —  a  c  . . .  i  4^ 

2. ' And  .  . . ae-y-a-^-e  =34 

What  are  the  numbers  a  and  e  ?  f  [  • — ^ — - - - - 

RESO LVTIO  N. 

3.  By  adding  the  firft  and  fecond  Equations  together,^ 

the  fumm  will  be . .  . 


^  aa  et  ae  =  'j6 

4.  And  bV  adding  the  fetond  Equation  to  the  third,?  t  .  11 

the  fumm  will  be  +  e  : 

Seppofe  ^  ,  .  ,*  .  y  a  e 


1 10 


6.  Then' 


I 


V  I  ♦ 


Chap.  I  2.  by  various  Pofiiions. 

6.  Then  by  fquaring  each  part  of  the  fifth  Equation,  7  ,  '  , 

thisarifeth,  ......  .  .  I  .  .1  :  =  +  . 

7.  The  fumm  of  the  two  laft  Equations  makes  .)>  jy'\-y  =  aa-^-ee-^-iae-yaA^-o 

S?.  And  from  the  fevcnth  and' fourth  Equations ,  by  ?  __ 

exchange  of  equal  quantities,  this  Equation  arifethjS  ^  Ho 

9.  Which  eighth  Equation  being  refolved  by  the^  ,  , 

Canon  in  I .  the  number/jV  y{y=za^  'e')r=.  10 

to  wit,  will  be  made  known,  viz,.  .  .j 

I  o.  Then  by  fetting  i  o  (the  value  of  a  -j-  e)  in  the  ^  , 

place  of  4  +  e  in  the  fecond  Equation,  there  arifeth  S  —  34 

II.  And  by  fubtrading  10  from  each  part  of  the?  .  _ 

tenth  Equation,  there  remains  .  .  .  .  .  ^  ^4 

1 2  .  And  from  the  ninth  Equation ,  by  tranfpofition  7 
of  4,  there  arifeth  ......  .  .  ^  10  — 4 

1 3 .  And  if  a  in  the  eleventh  be  multiplied  by  i  o  -  . 

ihftead  of  e,  the  faid  eleventh  Equation  will  be>  ioa~aa:=  24 

deduced  to  this ,  . . 

J4.  Wherefore  the  laft  Equation  being  refolved  by  7  •  ^  ^  ^ 

the  Canon  in  SeB.  10.  Chap.  15.  Sook^  i.  the>  .  ?  '  ~ 

two  numbers  fought  Will  be  difeovered  ,  viz,.  ^  ^  ^ 

Thus  6  and  4  are  found  out ,  which  will  folve  the  Queflion  propofed ,  as  will  be  evident 
by  the  Proof. 

_ _ _ _ — - - - : - — i - - - r._..  ■  „  " - -  '.i  _ _ _ _ 

^V£ST.  13. 

There  are  two  numbers,  fuch,  that  the  fumm  bf  their  Squares  makes  100,  and  if  the 
fumm  of  the  two  numbers  be  added  to  the  Product  of  their  multiplication ,  it  makes  62  . 
what  are  the  numbers  ? 

Let  a  and  e  be  pUt  for  the  two  numbers  fought,  then  the  Queftlon  may  be  ftated  thus, 

1 If . .  -f-  =  1 00 

2 .  And  .  .  ••  ...  .  .  *  .  ac  a,  —4*  c  — -  6  j  ^ 

What  are  the  numbers  a  and  <?  ?  1 1  ■  — - - - - 

RESbLvriON. 

3.  The  fecond  Equation  multiplied  by  2  produceth  J>  .  2a -^le  ■=  124 

4.  The  fumm  of  the  firft  and  third  Equations  gives  )>  4a-^-ee-\-2  'ae-{-2  4-1-2  ^  =  2  24 

5.  Suppofe . 

6.  T  hen  by  fquaring  each  part  of  the  fifth  Equation?  aa^eeJi^i/ 

this  is  produced  ,  viz. . ^  ^ 

7.  And  by  adding  the  double  of  the  fifth  Equation  7  ^  J 

to  the  fixth  ,  It  gives . ,•  *  -S 

8.  And  from  the  fevcnth  and  fourth  Equations,  by  ?  ,  ^  7=224 

exchange  of  equal  quantities, this  Equation  arifeth  f  7/7  4 

9. '  WhichTaft  Equation  being  refolved  by  the  Ca-p  ■ 

non  in  Se^.  6.  Chap.  1 5.  Boof^  i.  the  number  >  .•  7  =  a-i^e  1 4 

to  wit  4-|-  e,  will  be  made  known  ,  viz.  .  ^3 

10.  Then  from  the  ninth  and  fecond  Equations,  by^  ^ 

taking  14  inftead  of  a  -4-  e,  the  fecond  Equation  >  =  6i 

will  be  reduced  to  this,  viz,  ...... 

11.  Which  laft  Equation,  by  equal] fubtradion? 

of  145  §i^^5  .  .  ^  ^  .  e  .  »  3 

1 2.  The  ninth  Equation  by  tranfpofition  of  a  gives  )>  e  ~  14  —  a 

13.  Then  by  multiplying  4  in  the  eleventh  Equa- 7 

tion  by  14  —  a  inlfead  of  «■,  this  Equation  isS  i^a  —  44  —  48 
produced  ,  to  wit , . . 

14.  Wherefore  the  laft  Equation  being  refolved?  ^  Ca  8 

by  the  Canon  in  10,  Chap.  1  j.  Book,  j.>  .  .  7^  —  5 

the  two  numbers  fought  will  be  difeovered ,  2'*5-.  3  ,  . . 

So  the  numbers  fought  are  found  8  and  5  ,  which  will  folve  the  Quefiion ,  ac will  appear, 
by  the  Proof,  ,  14, 
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1. 

2. 


14. 

There  are  two  numbers  ,  fUch  ,  that  their  fumm  is  equal  to  the  Produft  of  their  multi¬ 
plication  ;  and  if  the  Produit  or  fumm  of  the  faid  numbers  be  added  to  the  frimm  of  their 
Squares,  it  makes  1  :  what  are  the  numbers  ? 

Let  a  and  e  be  put  for  the  two  numbers  fought,  then  the  Queftion  may  be  ftated  thus,  viz. 

If . —  a 

And . .  .  •  'aa-peep^ae  ■=  I 

What  are  the  numbers  4  and  e  ?  ■ — - - - - - - — ■ 

RESOLVTIO  N. 

The  fumm  of  the  firft  and  fecond  Equations  is  .J>  aa<\-‘€e~\~2ae  —  a^\ 

And  from  the  third  Equation,  by  tranfpofition  7  \  ^ 

^  aa>-\-^ee‘A-2ae'—-‘a  —  e  =115^ 

of  a  -  j-  € ,  there  arifcth  ^  * 

Suppofe . — 

Then  by  fquaring  each  part  of  the  fifth  Equation,  J> 

7.  And  by  fubcrafting  the  fifth  Equation  from  the  7 

fixth,  there  remains  .5 

8.  And  from  the  fourth  and  feventh  Equations,  by^ 
exchange  of  equal  Quantities  ,  there  will  arife  .  ^ 

9.  Which  lafl  Equation  being  refolved  by  the  Canon' 
in  SeB.  8.  Chaf.  1 5.  Boo!^  i ,  the  number  7,  to  wit,^ 
a^l-e  will  be  made  known,  viz. 

I  o.  Therefore  from  the  firft  and  ninth  Equations ,  .  9 

1 1.  From  the  ninth  Equation,  by  tranfpolition  of  a,  >- 

12.  The  eleventh  Equation  multiplied  by  a,  pro-? 

duceth . S 

13.  And  from/the  tenth  and  twelfth  Equations ,  by  ? 

exchange  of  equal  Quantities ,  .  .  •  o 

14.  Wherefore  the  laft  Equation  beingrefolved  by 

the  Canon  in  SeB.  10.  Chaf.  1  5.  Book^  i.  the  two^ 
numbers  fought  will  be  difeovered  ,  viz.  .  . 

So  the  numbers  fought  are  found  3  and  17 ,  which  will  folve  the  Queftion  ;  for  their 
fumm  is  equal  to  the  Produd  of  their  multiplication ,  and  if  their  fumm  4^  be  added  to  1 
the  fumm  of  their  Squares,  it  makes  i  j  J ,  as  the  Queftion  requires. 


.  ,  jy  =:  aa'^ee  2  ae 
yy  —  y  —  4-ie 

yy  —  y  — 


•  ; 


2:=  d  e 


me  — 
e  zzi 

ac  =: 


4* 


4t 

1 

42 


a 


4i 


a  —  ad 


42<i  —  aa 


5^=3 

'le  —  i\ 


XpEsr.  15. 

There  are  two  numbers ,  fuch  ,  that  the  Square  of  their  difference  is  equal  to  the  Produi^ 
of  their  multiplication  ;  and  the  fumm  of  their  Squares  makes  20  ;  what  are  the  numbers  ? 

'  Let  a  and  e  be  put  for  the  two  numbers  fought ,  and  let  a  be  the  greater  j  then  the  Que¬ 
ftion  may  be  ftated  thus ,  viz. 


1.  If . .  .  aa  —  lae'^ee  -=:  ae 

2.  And . aa-~\-ee  z=z  zo 


What  are  the  numbers  a  and  e  t  ]  |  - 

RESO  LVTIO  N. 


3.  From  the  firft  Equation  by  tranfpofition  of  —  2<?<r,  this?  _ 

4.  Therefore  from  the  fecond  and  third  Equations  .  .  .  }>  .  .  =  20 

5.  And  the  third  Equation  divided  by  3,  gives  .  .  . 

6.  And  by  adding  the  double  of  the  filth  Equation  to  the?  .  , 

fecond  ,  k  make, . .  .  .  .  « -I- 

7.  Therefore  by  extrading  the  fquare  Root  of  each  part  of^ 

the  fixth  Equation ,  the  fumm  of  the  two  numbers  fought  S  .  ap-e  = 

will  be  made  known,  viz . .  .  .j 

8.  From  the  feventh  Equation  ,  by  tranfpofition  of  4,  this? 

arifeth, . ^  ^ 

The  eighth  Equation  multiplied  by  d?,  produceth  ,  .  ae  — 

10.  And 
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1  o.  And  from  the  fifth  and  ninth  Equations  this  ariferh,  .  J> 
II.  Wherefore  the  lafi:  Equation  being  refolved  by  the/ 
Canon  in  SeEi.  i  o.  Chaf.  1 5.  BooJ^  i .  the  two  numbers^ 
fought  will  be  difeovered ,  . 


V'""!  ^  ,  —  aa  ~ 


-  Vi 


The  Proof. 

The  difference  of  the  two  numbers  in  the  eleventh  ftep  is  J>  4-*  <1/1^ 

The  Square  of  the  faid  difference  is . ^ . ^ 

And  (  by  the  laft  of  the  three  Rules  in  SePh.io,  Chap.  9, 
of  this  Boo^)  the  Produft  of  the  multiplication  of  the  fame] 

two  numbers  is  alfo . ‘ 

Lafily ,  (  by  the  firff  and  fecond  of  the  faid  three  Rules)  ^ 
the  furara  of  the  Squares  of  the  faid  two  numbers  is  .  .  > 


i 

2  O 


is. 

3 


20 


J^JUEST,  16, 

There  are  two  numbers ,  fuch,  that  if  their  fumm  be  multiplied  by  their  difference ,  the 
Produa  is  2 1  ;  but  if  the  fumm  of  the  Squares  of  thofe  two  numbers  be  multiplied  by 
the  difference  of  their  Squares,  the  Produft  is  609  :  what  are  the  numbers  ? 

Let  a  and  e  be  put  for  the  two  numbers  fought ,  and  let  a  reprefent  the  greater  j  then 
the  Queflion  may  be  Rated  thus ,  viz.. 


aa  —  ee  —  11 
aa  z=z  ee  -j- 


21 


eeee'~\-^2ee-\-^^i--eeee  —  60  g 


ee  —  ^ 


e  —  2 


R  I  I  •  ...  •  a'\- e  X  a  —  g,  that  is ,  aa — r=r  21 

2,  And  •••*.•«  aa~^^  ee  x  aa  —  ee ,  that  is,  aaaa — eeee^  ^09 

What  arc  the  numbers  a  and  ^  ?  |  j  - - - - - - 

*  RESO  LVTION, 

f.  By  fuppofition  in  the  firft  Equation ,  ,  .  ,  .  J> 

q.  Therefore  (  by  tranfpofition  of  —  ee  )  .  .  .  J> 

5.  And  by  fquaring  each  part  of  the  fourth  Equation?  , 

thisarifeth  ,  . . .  .  .f  "h  44* 

6.  And  by  taking  the  latter  part  of  the  fifth  Equation 

infiead  of  aaaa  in  the  fecond ,  the  faid  fecond  Equa-^ 
tion  will  be  reduced  to  this . . 

7.  The  lixth  Equation  ,  after  due  Reduction,  gives  .  v> 

8.  Therefore  by  extracting  the  fquare  Root  out  of  each 

part  of  the  feventh  Equation, the  leffer  number  fought  ■ 
is  difeovered ,  viz. . / 

9.  Then  from  the  fourth  and  feventh  Equations  this> 

arifeth . . % 

1 0.  Therefore  by  extracting  the  fquare  Root  out  of^ 

each  part  of  the  laft  Equation  ,  the  greater  number* 
fought  is  alfo  made  known ,  viz,  ,  ,  .  . 

So  the  numbers  fought  are  found  5  and  2  ,  which  will  folve  the  Queflionj  as  will  be 
evident  by  the  Proof. 

XPEST,  17, 

There  are  two  numbers ,  fuch,  that  if  their  fumm  be  multiplied  by  the  fumm  of  their 
Squares,  the  ProduCt  is  272  ;  but  if  the  difference  of  the  fame  two  numbers  be  multiplied 
by  the  difference  of  their  Squares  the  ProduCl  is  3  2  :  what  are  the  numbers  ? 

Put  a  for  the  greater  number  fought ,  and  e  for  the  leffer  j  then  the  Queftion  may  be 
Rated  thus ,  viz. 

JL 


aa  =  44-21  =  25 


a 


1.  If  .  .  .  'i  .  .  i  .  .  .  a~\-e  %  aa- 

2.  And  .  .  . . a  —  ex^^- 

What  are  the  numbets  a  and  e  ? 


-ee  —  272 

31 


ee 


RESOLVriO  N. 


3,  By  multiplying  ^4- ^  aa-\-eey  the  firft' 
Equation  will  be  reduced  to  this ,  .  .  .  .^ 


ata  4-  etae  4“  eiee  4'^  eee  =  272 

4,  Like  wife. 


WjO 


\g6 
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aaa 


aaa 


4.  Likewifc  by  multiplying  a-e  mo  aa  —  ee^  the^ 

fecond  Equation  will  be  reduced  to  this ,  .  •  .  ^ 

5 .  The  fumm  of  the  third  and  fourth  Equatioos  gives  >  2  aaa 

6.  The  half  of  the  fifth  Equation  is  *  .  .  .)> 

7.  The  fourth  Equation  fubtrafted  from  the  third,? 

leaves . .  ;  .  . 

8.  The  half  of  the  fevenih  Equation  is  .  .  .  . 

0.  The  fumm  of  the  feventh  and  eighth  Equations  is  . 


-  aae  —  ai^e  -j—  eee  —  52 

•-yieee  =304 

v-j-  eee  =  1 5-2 

2  aae  2  aee  =r  240 

aac’-\-  aee 
^aae  -[-•  ^aee 


=  120 
=  3<5o 

10.  The  fumm  of  the  fixth  and  ninth  Equations  is  .  )>  aaa~\~^aae'-\-saee']-e.ee  ==  y  iz 

1 1.  The  Gubick  Root  of  the  tenth  being  extrafted,?  ^  ^  _  o 

'there  arifeth . . -S . «  I  »  -  Si 

12.  By  dividing  each  part  of  the  firft  Equation  by? 

the  refpedive  part*of, the  eleventh,  there  will  arifej  •  •  •  • 

By  the  two  lafl:  Equations, the  fumm  of  the  two  numbers  fought  is  found  8,  and  the  fumm 
of  their  Squares  34  ;  therefore  by  the  Canon  of  ^efi.  7.  Chap.  16.  Book^i.  the  num¬ 
bers  ihemfelves  will  be  found  5  and  3  ,  which  will  folve.the  Queftion,  as  may  eafily  be 
proved. 


aa  -j—  ee 


34 


^VEST.  18.  .  • 

To  divide  a  given  number  14  (  or  ^  )  into  three  continual  Proportionals ,  fuch  ,  that 
if  the  faid  given  number  be  divided  feverally  by  every  one  of  the  faid  three  Proportionals, 
the  fumm  of  the  three  Quotients  may  be  equal  to  127  (^ot  d)  a  number  given. 

RESO  LVTIO  N- 

1.  For  the  firfl;  (or  lead  )  of  the  three  Proportionals? 

fought  put  ...  . . 3  ^ 

2.  For  the  fecOnd  (or  mean)  Proportional  put  .  .  .  ;> 

3.  Then  the  Square  of  the  mean  Proportional  being? 
divided  by  the  firfl  gives  the  third,  to  wit,  .  , 


a 

aa 

e 


4.  Therefore  the  fumm  of  the  three  Proportionals  is  a  ^ 


a 


-1- 


ie 


aa 


e 

5 .  Which  fumm  mufl:  be  equal,  to  the  given  number  14,?  .  aa 

(or  b,)  whence  this  Equation  arifeth  ,  viz,.  .  .  y  ^  ^  H  — 

6.  Then  by  reducing  that  Equation  to  Integers, this  arifeth  5>  |  _j_  ^a  ~  be 

'7.  Again,  (according  to  the  Queflion)  let  the  given  nuiTi-~ 

ber  b  be  divided  by  every  one  of  the  three  Proportio- ' 
nals  in  the  fourth  Rep ,  fd  the  three  Quotients  added^ 
together,  will  give 

8.  But  the  fumm  of  the  three  Quotients  in  the  feventh 
Rep  muft  be  equal  to  the  given  fumm  12",  (or  dj)^ 
hence  this  Equation  arifeth ,  ^ 

p.  Which  laft  Equation  reduced  to  Integers  will  produce  )>  haaa^->baae>\~>haee  =  daaae 

I  o.  And  by  dividing  every  Terra  of  the  Equation  in  the? 
ninth  Rep  by  a ,  this  arifeth . . £ 

1 1 .  The  fixth  Equation  multiplied  by  by  produceth  .  .  J> 

12.  And  from  the  tenth  and  eleventh  Equations,  (where 
each  of  two  Quantities  is  found  equal  to  a  common 

'  third  )  this  arifeth  ,  viz,.  ..... 

1 3 .  The  twelfth  Equation  divided  by  e  gives  .  .  .  1> 

14.  And  the  thir^enth  Equation  divided  by  d  gives  .  .  J> 

Therefore  by  extravling  the  fquare  Root  out  of 


j-  i-.u  ii 

a  '  aa 


baa  bae  bee  —  daae 
baa  bae  bee  —  bbe 

==  bbe 


-  bb 
bb 
~d 


daa 


aa  — 


.  _  _ 

each  part  ol  the  fourteenth  Equation  ,  the  mean  Pro-^ 
portional  fought  will  be  made  known ,  viz, 

16.  And  becaufe  a  is  now  known,  to  wit,  4;  and 
b—'i^'y  therefore  the  Equation  in  the  fixth  Rep] 
may  be  reduced  into  this,  viz. 


a  —  ^ 


b± 

d 


17.  Which 


Ghap.  12.  by  various  Pofitions, 

1 7.  which  lafl  Equation,  after  due  Redufiion,  will  give  ^  ,  loe  —  ie  rzr  1 5 

18.  Laftly,  the  Equation  in  the  fevenreenth  ftep  beingpi 

refolved  by  the  Canon  in  Sed.  10.  Chaf  .  1 5-.  Bool^  1 .  >  ,  .  ^  ^  ^ 

the  firfl:  and  third  Proportionals  will  be  (iifcovered,t/j^.^  ^ 

Thus  the  three  Proportionals  fought  are  found  2,  4,  8,  which  will  fatisfie  the  conditions 
in  the  Queftion  :  For  firfl,  2,  4  and  8  are  manifeftly  in  continual  proportion ;  fecondly, 
their  furam  is  14  j  thirdly,  if  14  be  divided  by  2,  4  and  8  feverally,  the  fumm  of  the 
Quotients  7,  37  and  is  as  was  prefcribed  in  the  Queftion. 

It  may  alfb  be  obferved ,  that  thofe  three  Quotients  are  continual  Proportionals ,  as 
will  be  manifeft:  from  the  feventh  ftep  of  the  Refolution,  where  they  are  reprefented 

by  — ,  —  and  —  - ;  for  the  Product  made  by  the  multiplication  of  the  two  extremes, 

€  d  d(t  _  ; 

to  wit,  the  Produil  that  is,  — ,  is  equal  to  the  Square  of  the  mean  Proportional  —• 

^EST.  ip..  '  ;  ;  ;  , 

To  find  three  numbers  in  Arithmetical  Progreflion,  fuch,  that  if  the. firfl  be  multiplied 
by  I,  the  fecond  by  2,  the  third  by  3 ,  the  furam  of  the  ProdUfts  may  be  62  .  and  that 
the  fumm  of  the  Squares  of  the  three  numbers  may  make  2  7  5’. 

Let  the  three  numbers  fought  be  reprefented  by  7,  and  fuppofe  a  to  be  the  fmallcfl 
and  firft  Term ,  then  the  Queftion  may  be  ftated  thus ,  viz, 

1.  If . *  .  .  •  .  *  •  •  *  e  —  4  =  7  —  ^ 

2.  And  .  .  .  .  .  ;  . .  “1-2^4- 37  =  62 

3.  And . .  .  *  .  .  .  *  44-l-'e^-l-.77  =  275 

What  are  the  numbers  a\e  ;*f'i  [ |  ■ — ~r - - - : 

RESOLVriON,' 

4.  By  fuppofition  in  the  firft  ftep  .  .  .  *  .  *  ‘e  —  4=7  —  e 

5 .  Therefore  by  tranfpofition  of  —  4  and  —  e ,  >  ,  , 

there  arif«h^  / . .  ^  +  7  =  » 

C.  And  by  dividing  each  part  of  thedaft  Equation  1  -  i  a 

by  2,  it  gives . ^  ‘  ^ 

7.  And  by  fquaring  the  Equation  in  the  fixth  ftep,?  .  . 

there  comes  forth  .  *  .  ^  r  *  7 't-  4^7 

8.  Then  if  inftead  of  ae  in  the  fecond  Equation,  p 

there  be  taken  the  firft  part  of  the  fifth,  the>  ^4- ^4-7+3)'  ==  62 
fecond  will  be  converted  into  this ,  viz,  , 

9.  That  is, . .  .  .  ;  244-47  = 

10.  The  half  of  the  laft  Equation  is  ' .  .  .  .Jf  ,  .  .  44-27  —  31 

11.  And  by  tranfpofition  of  Quantities  in  the 3 

tenth  Equation  this  arifeth ,  viz . j  ♦  3*  V  ^  ^ 

12.  And  by  fquaring  the  eleventh  Equation,  there?  ‘ 

comes  forth  . . ^  ^ 

13.  From  the (eventh,  eleventh  and  twelfth  Equa- 7  9^1  \  , ....  *_ 

tions  this  arifeth . . •  *5  374"  477 

14.  It  is  evident  that . ^  .  ,  yy  —  jy 

15.  And  by  adding  the  twelfth,  thirteenth  and ?  ..  .iiy  riioi  _  aaA-eeA-yil 

fourteenth  Equations  into  one  furam,  it.raakes  ~n// 

16.  But  by  fuppofition  in  the  third  ftep,  .  .  .>>.  ,  .  .  17$  ■dz  ^^4“^^4~77 

17.  Therefore  from  the  fifteenth  and  fixteenth?  ' 

Equations ,  by  exchange  of  equal  Quantities,  J  *^77  4  — '  75 

18.  And  after  due  Reduftion  the  Equation  in  the  7  ,^4  _  _ 

feventeemh  ftep  gives . .  .  5  *  *  *  ^ 

1 9.  Therefore  by  refolving  the  Equation  in  the  i  8  7 

ftep,(accordingtotheCanon  in  5.V  .  .  .  .  .  .  7  t=  13,  or  13^ 

Boo}^  I.)  two  values  of  7  will  be  difeovered,  viz^ 

20.  And  from  the  I  and  1 1  r/?  Equations  .  ^  T  i  4  =  5»  0*^  3? 

21.  Laftly,  from  the  2  and  Equations^ . .  zz 

P  p  from 


298 
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From  the  three  laft  Equations  "tis  evident,  that  the  three  defired  numbers  a,  y  may 
be  either  9,  15  ,  or  gf-,  8|-,  and  1 3^  :  For  firft ,  5,  9 ,  13  are  in  Arithmetical  Pro- 
greffion ;  and  if  5  be  multiplied  by  1,  9  by  2 ,  and  1 3  by  3  ^  the  fumra  of  the  three  Produds 
is  62  .  moreover i  the  fumm  of  the  Squares  of  9, 1 3  makes  2  75;j  as  was  required.  The 
like  may  be  prov^  by  3  f-,  8 and  1 3 

J^BST.  zo. 

To  find  three  fuch  numbers ,  that  the  Square  of  the  firft  being  added  to  the  Product  of 
the  firft  multiplied  into  the  fecond  may  make  the  fumm  48 ;  alfo,  that  the  Square  of  the  firft 
being  fubtrafted  from  the  Product  of  the  firft  multiplied  into  the  third,  the  Remainder 
may  be  3  2  ^  and  that  the  fumm  of  the  Squares  of  the  firft  and  third  may  have  the  fame 
proportion  to  the  Square  of  the  fccofid  as  5  to  2. 

Let  the  three  numbers  fought  be  reprefented  by  4  j  e,  7,  and  then  thcQueftion  may 
be  ftated  thus ,  ' 

I.  If  .  i  .  :  :  :  .  V  .  :  ; 

1.  And  .  . . 

3*  Aiud  •  .  •  .(•' 

What  arc  the  numbers  4,  e,  7  ? 

RESO  LVTIO  N. 

4^  From  the  firft  Equation  by  tranfpofition  ofj 

y  this  arifeih ,  . 

5*  And  by  dividing  each  part  of  the  laft  Equa-i 
tion  by  it  gives  .  .  . . 

6.  And  by  tranfpofition  of  —  aa  in  the  fecond? 

Equation  ,  it  makes . '  •  o 

7.  And  by  dividing  the  fixth  Equation  by  ,  > 

there  arifeth  .  . . .0 

8.  From  the  Analogy  in  the  third  ftep ,  by  com¬ 
paring  the  Produd  of  the  extremes  to  the  Pro-, 
dud  of  the  means,  this  Equation  arifeth , 

9.  The  Square  of  the  feventh  Equation  is  .  .  )> 


»  _  •  At  rrr  48 

;•  .  ay  —  aa  z=z  2^ 

•  ce  5  , 


l 


at  —  ^8-~^aa 
,-Al 


aa 


ay  —  aar\*  2^ 

^  aa  -1—  2  2 
;  = - ! - 

a 


^ee  ■=.  iaa-\-^2yy 
jy  rr:  6^aa-\-a‘^ 


1 0.  The  double  of  the  ninth  Equation  is  .  ^  J> 

11.  If  inftead  of  lyy  in  the  latter  part  of  the 
eighth  Equation  there  be  taken  the  latter  part( 
of  the  tenth ,  the  eighth  will  be  converted  into( 

this ,  'vvzjt  .  ...... 

12.  The  Square  of  the  fifth  Equation  is  .  .  .9  . 

/ 

13.  The  twelfth  Equation  multiplied  by  5  gives  {>.1. 

14.  From  the  eleventh  and  thirteenth  Equations, 

by  comparing  their  latter  parts  one  to  the  other,' 
and  reducing  the  Equation  thereby  refulting, 
this  Equation  arifeih,  viz, . 

3  5.  Which  Equation  in  the  ftep  being  refol- 
ved  by  the  Canon  in  SeU.io.  Chap.i  j.  £00^1. 
will  difeover  two  values  of  a ,  viz,  .  .  . 

3  5.  But  the  leffer  of  thofe  two  values  of  a ,  to^ 
wit,  4 ,  is  the  firft  number  fought  by  the  Que- 
ftion,  for  the  Square  of  the  greater  value 
exceeds  48  ,  but  according  to  the  fuppofition  9 
in  the  firft  ftep  it  ought  to  be  Icfs  than  48  •  ]  1 
fuppofing  then  ^  =  4,  it  follows  from  the  fifth  1 1 
ftep ,  that . .  .  J 

37.  Laftly ,  from  the  1  •^th  and  yth  Equations,  9 

So  three  numbers  are  found  out,  to  wit,  4 ,  8  and 

as  may  ealily  be  proved. 


V) 


^ee 


_  'i-oa8-\^\2  8aaJ^7af^ 


aa 


_  2  04  8  1 2  8aa-\^^a'^ 


aa 


ee 


_  2304  —  g6aa  a* 


aa. 


^ee 


115-20— 48 

aa 


6o8aa—a'^—  9472 


4  =  \^S9z  or  4 


c  =  8 


12 


7—12 

which  will  fatisfie  the  Queftion, 


Chap. 


12. 


by  fuarions  Fofitions, 


2p9‘ 


X^Esr.  21. 

To  find  three  fuch  number?,  that  the  Square  of  the  firfi ,  together  with  the  Product:  of 
the firft  mdtiplied  by  the fecond  may  make  lo.  alfo,  that  the  Square  of  the  fecond  with 
the  Product  of  the  fecond  into  the  third  may  make  z  i  •  and  laftly ,  that  the  Square  of  the 
third,  with  the  Product  of  the  third  into  the  firlt  may  make  24.  » 

Let  the  three  numbers  fought  be  reprefented  by  a,  e,j ,  and  then  the  Queftion  may 
be  ftated  thus:  ^ 


1.  If 

2.  And 

3.  And 


•  ••  •  •  •  •  ,  aa  ae  \o 

•  •  . . .  —  2 1 

. .  yy^ja  2^ 

EESO  LVTION. 

4.  By  tranfpofition  of  4^  in  the  firft? 

Equation  this  arifeth ,  .  .  . 

5.  And  -by  dividing  each  part  of  the? 
fourth  Equation  by  a  ,  it  gives  .  .5 

6.  And  bylquaring  the  fifth  Equation? 

it  makes  . . J 

7.  And  from  the  fecond  ,  fifth  and  fixth  ? 

Equations  this  arifeth ,  .  .  .  .3 

8.  And  by  fubtrafting 


\ 

What  are  the  numbers  4,  e,  y  ? 


ae  =.  1  o  —  aa 
TO 


44 


4 


ee  •= 


4^ 


_  4'^ -  2044*-!-  TOO 

2044  TOO  ,  10 


44 


-I- 


44 


4 


-y  =  21 


aa 


TO 


'  44 


from  each  part  of  the  feverith  Equa-( 

tion,  this  remains . . 

p.  And  by  dividing  each  part  of  the^ 

Sth  Equation  by  this  arifeth,  ^ 

a  -y 


-y  - 


4 1 44  —  TOO - 4^. 

aa 


y  _  4144  -  TOO  -  4'’ 


I  04 


444 


10.  And  by  fquaring  the  ninth  Equation?  _  4^— 824^-1-1 8814'^— 820044^-10000 

it  makes . 3  ^  10044 — 204‘^'^-4^, 

it.  And  by  multiplying  the  ninth  E-?  _  41444 — 1604 — 4^ 

quation  by  4^  it  produceth  .  S  ^  j 

12.  And  by  adding  the  eleventh  Equation  to  the  tenth  ,  the  fumm  makes 

,  I  24® -  I  2  24'^-l-2^0l4''' - 9  2  0044 -1-  I OO  OO 

jy  >-1-^  - - - - - - - - 

^  10044 - 2  04'^-|-'4^  ' 

13.  Therefore  from  the  third  and  twelfth  Equations  this  arifeth  , 

24® -  I  234*^-l- 2^914"^ -  930044-1- lODOO  _  - 

10044 204"^ -j- 4^  I 

14.  Which  lad  preeding  Equation  ,  after  due  Redudion  ,  gives  this  that  follows,  viz: 

—  4® 78^4^  — ;  143  5|4‘^-1- 580044  rr  5000. 

15.  That  is  j  after  tranfpofition 'of  5000, 

—  4®-|-78i4'^ — 1 435^4^ -1- 580044 — 7000  =:  o. 

1 5.  Then  by  fuppofing  4=24,  and  proceeding  according  to  the  Rule  in  Se^.  7.  Chap,  1 1 . 
of  this  Second  Book,y  the  Equation  laft  above  written  will  be  reduced  to  this  following 

-  Equation  in  Integers ,  viz. 

S  — »®4-3I4»'’  —  22968«'^ -[-•  37120044  —  1380000  =2  o. 

17.  And  by  fuppofing  x=::m  we  may  inftead  of  — »®  in  the  laft  preceding  Equation 

write  —  a:%  and  inftead  of  -I-  we  may  fet  3  alfo  —  2296  Sxx  in  the  place 

08—229684%  and  -1^37 1200 a:  inftead  of -}-3 7 12,0044,  and  laft  of  all  the  Abfolute 
number  — 12800001  whence  this  following  Equation  arifeth  j  and  then  after  a;  is 
made  known ,  its  fquare  Root  (hall  be  the  number  4 ;  (  for  by  fuppofition  x  =  uu,') 

—  3  iqA*!  —  22968a‘,v-1- 37x200^^ — 1280000  =  cl 

18.  Now  becaufe  the  laft  Teriri  —  I'z 80000  in  the  Equation  laft  above  written  hath 
many  Divifors  Which  will  be  ufelefs  in  the  finding  of  the  value  of  i*,  it  will  be  convenient 
before  they  be  found  out,  to  fcarch  out  limits ,  within  which  fuch  a  value  of  the  Root  a* 
doth  fall  as  will  produce  a  value  of  4  capable  of  folving  the  Queftioii  propofed  ;  to  which' 
end  I  proceed  thus ,  viz* 

P  p  2  1  «•  By 


Kefolution  of  Qmjiions  by  ^various  P  o fit  ions.  Book  !!• 


\ 


/ 


1 9.  By  the  latter  part  of  the  fourth  Equation  it’s  manifeft  that  >  a  “3  >^10 
so!  'And  by  the  fecond  Equation,  after  iranrpofuion  of  ^  /jj 

it  will  fikewife  appear  that . '  •  •  -S  ^ 

21.  Now  fuppofe  .  .  .  •  .‘n  V  *,  *  *.  V  ‘i::  At  ^ 

22.  Then  by  multiplying  ^21  inftead  of  ^  by  ^  in  the  hrlt?  t=r 

Equation,  it  will  be  reduced  to  this,  vtx,*  •  .  .  .  •  .3 

25.  Which  laft  Equation  being refolved  by  the  Canon  in  5^i?. (5.?  iTf«> 

Chap.  Sook^i.  .3 

24.  And  becaufe  when  e  is  fuppofed  to  be  equal  to  ,  the  j 
Equation  in  the  twenty  fecond  ftep  gives  a  —  i  rfo ,  it  may^ 
ealily  be  conceived  that  when  c  is  lefs  than  1 ,  (as  it  ought^  d  L, A  ^Too  j 
to  be)  then  the  firft  Equation,  to  wit,  aa^\->ea  =  10  willi’ 


2  8.  Therefore  from  the  two  laft  precedent  fteps  it’s  evident  that  ^  ^  cr*  lorit 

29.  And  becaufe  by  fuppofition  in  the  feventeenth  flep,  .  .  }>  x  =  m 


and  twenty  ninth  fteps 


30.  Therefore  from  the  twenty  eighth  and 
it  follows  that  .  .  .... 


“340 

L. "  loyo^j 


•  • 


31.  Having  found  that  fuch  a  value  of  ^  in  the  Equation  in  the  feventeenth  ftep  as  is 

capable  of  producing  a  rrue  value  of  the  defired  firft  number  a ,  muft  be  lefs  than  40, 
but  greater  than  it  is  manifeft  that  among  the  Divifors  of  1280000,  the  laft 

Terra  of  that  Equation ,  thefe  three  only,  to  wit ,  1 6,  20,  32,  are  neceftary  to  make 
tryals  in  finding  out  the  faid  value  of  and  confequently  of  a  j  and  therefore  (according 
to  the  Rule  in  SeU.9.  Chap.  ii.  of  this  BookS)  I  firft  divide  the  faid  Equation  in  the 
feventeenth  ftep,  to  wit,  51  __  2. zp'68a'a;-|- 371200^— 1280000  ~  o 

;  by  ^  —  j  <5 ,  and  the  Quotient  is  exaftly  — A?r-^|-2  98A;Ar— i  82ooa?-1-8oooo  ,  where- 
'  fore  1 6  Ihall  be  a  true  value  of  a;  in  that  Equation :  -And  becaufe  by  fuppofition  .r  ==  hh 
=  4^4,  it  follows  that  ^16  (that  is,  =  »  =:  2^,  and  confequently  2  =  ^  the  firft 
number  fought. 

32.  Now  fince  2  is  found  equal  to  4,  the  firft  Equation,  to  wit,7  , 

+■  af  10  will  be  reduced  to  this, 

33.  Whence  the  fecond  number  tf  is  difeovered ,  2/#^.  .  .  ^  =  3 

34.  And  confequently  the  fecond  Equation  will  be  reduced  to 


3;.  Whence  the  third  number  7  is  difeovered ,  .  .  .^7=4 

Thus  the  three  numbers  fought  (to  wit,  4,  f,  7,)  are  found  2,  3,4,  which  will  folve  the 
Queftion :  For  the  Square  of  the  firft  with  the  Produft  of  the  firft  and  fecond  makes  10. 
alfo  the  Square  of  the  fecond  with  the  Product  of  the  fecond  and  third  makes  21  .  and 
the  Square  of  the  third  with  the  Produft  of  the  third  and  firft  makes  24,  as  was  required. 

Note ,  That  the  Quotient  found  out  in  the  thirty  firft  ftep ,  to  wit ,  the  Equation 
Ar5  2  98A:Ar — i  SaooAr^- 80000  =  o  hath  three  Affirmative  Roots,  whofe  values 
(  by  the  Rnle  in  SeB.  9.  Chap.  1 1.  of  this  Second  BooJQ  will  be  found  very  near  equal  to 
4ro®  j  l^too,  and  2 1  ;  but  thefe  are  without  the  limits  of  a?  difeovered  in  the  thirtieth 

'  ftep,  and  therefore  although  the  Equation  in  the  fifteenth  ftep  may  be  expounded  by  four 
Affirmative  values  of  4,  yet  only  one  of  them,  to  wit,  2 ,  is  capable  of  folving  the  Queftion 
propofed. 

Note  alfo ,  That  if  none  of  thofc  Divifors  which  were  difeovered  to  be  within  the  limits 
for  the  finding  of  a  due  value  of  x  had  produced  an  exad:  C^otient  without  a  Remainder, 
and  confequently  in  fuch  cafe  the  number  a  had  been  Irrational ,  yet  a  Rational  number 
near  the  true  value  of  x ,  and  confequently  of  a ,  might  be  found  out  by  the  help  of 
the  General  Method  in  Chap.  1 0,  of  this  Second  Book. 


f 
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Chap.  Xlir. 


capable  of  innumerable  Anfwers, 

I.  A  Fter  a  Queftion  is  dated  by  Equations  in  fuch  manner  as  bath  been  fiiewn  in  the 


Concerning  the  Kefolntion  of  fUch  Arithmetical  Qm?tions  as  are 


foregoing  twelfth  Chapter ,  if  ihofe  Equations  be  equal  in  multitude  to  the  Quan- 
^  tities  fought ,  then  the  Queftion  hath  a  certain  determinable  number  of  Anfwers ; 
but  whenfoever  a  Quedion  affords  not  as  many  given  Equations ,  not  mutually  depending 
upon  one  another,  as  there  be  Quantities  required  ^  it  is  capable  of  innumerable  Anfwers. 
Quedions  of  this  latter  kind  are  very  pleafant  and  delightful,  but  oftentimes  exceeding  hard 
to  be  refolvedjefpecially  when  all  the  Anfwers  in  whole  numbers  that  a  Quedion  is  capable  of 
arc  defiredj  and  therefore  I  fuppofe  it  will  not  be  unacceptable  to  the  Learner,  if  in  this 
Chapter  I  give  him  a  tade  of  that  vad  skill,  by  expounding  three  Propofitions  found  out 
by  Moniicm  Bachet;  the  two  fird  of  which  contain  the  fubdance  of  the  eighteenth  and 
twenty-fird  in  his  ingenious  little  Book,  entituled  Broblemes  pUifaris  &  JeleStables ^  qni 
fe  fori  par  lei  Nombres,  (printed  at  Lyons  in  1614  •)  but  his  Method  of  folving  and 
demondracing  the  fame  being  very  tedious  and  obfeure,  1  lEall  wave  it,  and  deliver  two 
wayesof  my  own  finding  out ,  which  are  both  intelligible  and  demondrative.  The  third 
Propofition  (which  is  handled  by  the  fame  Author  in  his  Comment  upon  the  41 .  Prep, 
of  the  fourth  Book  of  Diophanm, )  I  Ihall  alfo  explain  at  large  by  various  Quedions. ' 


PROP.  1. 


two  whole  numbers  prime  between  themfelves  being  given ,  to  find  out  two  others' 
(uppofe  a  and  b  •  that  if  a  be  multiplied  by  the  greater  ot  the  two  given  numbers ,  and 
to  the  Produdt  there  be  added  a  given  whole  number,  the  fumm  fliall  be  equal  to  the  Produil 
of  b  multiplied  by  the  leffer  of  the  two  numbers  fird  given.  Moreover ,  to  find  out  all  the 
ivhole  numbers  a  and  b  that  arc  capable  of  producing  the  fame  efFe(fl. 


Explication. 


ll  Numbers  prime  between  themfelves  are  fuch  as  have  only  Unity  for  their  common  Divi- 
for .  r  Defin.  12.  Elem.  7.  Euclid. )  fo  1 2  and  5  are  faid  to  be  Prime  between  them- 


felves,  becaufe  they  have  no  common  Divifor  but  i ,  to  divide  them  feverally,  fo  as  to  leave 
no  Remainder ;  the  like  may  be  faid  of  20  and  21  ,  7  and  3  ,  &c.  ^ 

2.1  call  a  number  the  -APkltipie  of  another  when  it  exaiily  contains  that  other  twice,  thrice, 
or  more  times,  without  any  Remainder  ;  As,  6  is  a  Multiple  of  3,  bcaufe  it  contains 
2  exaftlv  twice  •  likewife  1 8  is  a  Multiple  of  (5,  becaufe  it  contains  6  )ud  thrice  without 
any  Remainder.  Moreover  t  take  the  liberty  to  call  a  number  the  Multiple  of  it  felf, 
becaufe  it  contains  it  felf  juft  once.  Thefe  things  premifed ,  I  fhall  proceed  to  fhew 
two  ways  of  folving  the  preceding  Prop.  1 .  and  explain  the  fame  by  Quedions. 


Seft.  1 1.  The  firii  Method  of  folving  the  foregoing  Prop.  i. 


QVEST.  I. 


To  find  out 
that  nine  times 


The  Equation  propofed  ^  •  -*  •  _  9^-lr^  —  7^2 


I 


'go 2  Kefohition  of  Quejlions  Book  II. 


Explication. 

1 .  To  the  number  9  prcfixt  to  a  I  add  6,  ( to  wic,  -j-  6  which  follows  ga  )  and  it  makes  i  y, 

to  this  1  add  again  9  and  the  fumm  is  2  4 ,  to  which  I  add  again  9,  and  it  gives  33;  and  in 
like  manner  1  continue  the  addition  of  9  to  every  next  preceding  fumrri  until  I  have  found 
out  thefe  feven  numbers,  1 5’,  “4?  5  *,60,59,  which  (land  (  as  you  fee  in  the 

Example)  under  94,  and  on  the  left  hand  of  ihofe  numbers  J  fet  1,2,  3,4,  j,5, 7. . 
Thefe  two  Colnmels  of  numbers  do  (hew  that  if  i  be  taken  for  the  value  of  a ,  then 
ga-\-6  makes  15;  but  if  2  =  then  9^^ -1-  5  —  24  ;  if  3  =  4,  then  94^]-  5  =  33 . 
and  fo  of  the  reft.  The  addition  aforefaid  is  in  this  Example  continued  only  to  the 
feventh  fumm  inclulive,  becaufe  (as  hereafter  will  appear)  the  fmallefl:  whole  number  that 
can  exprefs  the  value  of  4,never  exceeds  the  number  prefixt  to  b  in  the  Equation  propos’d. 

2.  Then  under  yb  I  fet  the  Multiples  of  7  orderly  one  under  another,  viz.,  14,  (to  wit, 
twice  7,)  z  1 , 2  8,  &c.  until  I  have  found  out  a  number  equal  to  one  of  the  feven  numbers 
I  5, 24,  3  3,  &c.  fo  at  length  among  the  Multiples  of  7 ,  1  find  42,  that  is ,  fix  times  7, 
to  be  equal  to  42  that  ftands,among  the  numbers  in  the  fecond  Columel ,  which  latter 

(  by  the  conftruftion  aforefaid  )  is  compos’d  of  6  and  four  times  9.  Whence  ’tis 
inanifeft:  that  if  4  be  taken  for  the  value  of  4 ,  and  5  for  the  value  of  b ,  then  94  -J-  5 
~7^  (  —  42  .)  viz.  nine  times  4  together  with  6  is  equal  to  feven  times  5,  and 
therefore  one  Anfwer  to  the  Queftion  is  difeovered. 

Note  T.  When  the  given  whole  number  prefixt  to  b  in  the  Equation  propos’d  is 
a  fingle  figure,  or  fome  fmall  number  of  two  places,  then  this  firft  Method  will  readily  dif- 
cover  thefmalleft  values  of  a  and  b  in  whole  numbers  •  for  thefmalleft  whole  number  a 
never  exceeds  the  given  number  prefixt  to  as  hereafter  will  be  made  manifeft ;  But  if  the 
number  prefixt  to  b  be  large,  then  the  work  by  this  firft  Method  will  be  intollerabiy  tedious, 
efpccially  in  the  folving  of  Prop,  2. 

Note  2.  Jf  the  two  given  whole  numbers  which  are  prefixt  to  4  and  b  in  the  Equation 
propos’d  be  not  prime  between  themfclves,then  it  will  fometimes  be  impoftible  to  find  out  any 
whole  numbers  for.  the  values  of  4  and  b  to  folvc  the  Propofition :  as,  if  two  whole  numbers 
4  and  b  be  defired  that  may  make  54 3=2^,  it  may  eafily  be  Ihewn  that  ’tis  impoftible 
to  find  out  two  fuch  whole  numbers  For  the  whole  number  4  muft  be  either  even  or  odd 
but  whether  it  be  even  or  odd,  if  it  be  multiplied  by  the  even  number  6  the  Produift  Ihali 
be  even  •  (  by  Prop.  21,  2  8.  Elem.  9.  Euclid.)  to  which  adding  3  the  fumm  will  be  odd, 

(for  odd  added  to  even  makes  odd,)  which  fumm  muft  be  equal  to  2^,  and  confequently 
the  half  of  that  fumm  is  the  number  b  .  but  the  half  of  an  odd  number  cannot  be  a  whole 
number ,  and  therefore  b  in  the  Equation  propos’d  cannot  be  a  whole  number :  But  if  the 
given  whole  numbers  which  are  prefixt  to  4  and  b  be  Prime  to  one  another ,  then  whatever 
whole  number  be  given  to  be  added  to  the  defired  Multiple  of  4,  innumerable  whole 
numbers  may  be  found  out  for  the  values  of  4  and  ^ ,  as  hereafter  will  be  ftiewn. 

3.  After  the  two  fmalleft  whole  numbers  are  found  out  for  the  values  of  4  and  b  tocon- 

ftitute  the  Equation  propofed,  all  other  pairs  of  whole  numbers  that  are  capable  of  pro¬ 
ducing  the  fame  effeft,  may  be  orderly  enumerated  in  two  Arithmetical  Progreftions  thus 
formed  j  viz.  Having  found  4  for  the  fmalleft  whole  number  4,  and  6  for  the  fmalleft 
whole  number  b  to  conftitutc  the  $lquation  before  jpropofed  ,  to  wit,  94 5  yb, 
let  the  faid  4  be  made  the  firft  Term,  and  7,  which  is  prefixt  to  b,  the  common  difference 
of  the  Terms  of  the  firft  Progreftion  .  then  let  5,  the  fmalleft  wholenumber  be  the 
firft  Terra ,  and  9  which  is  prefixt  to  4  in  the  faid  Equation  ,  the  common  difference 
of  the  Terras  of  the  latter  Progreftion ,  fo  the  Terms  of  thofe  Progreftions  will  be 
thefe,  viz.  ^ 

Valuesof4;  4,  11,  18,  25,  32,  39,  45,  53,  &(:. 

Valuesofi^i  5,  15,  24,  33,  42,  51,  5o,  59,  &c. 

4.  Now  out  of  the  firft  of  thofe  Progreftions  you  may  rake  any  Term  for  the  value  of  4 

■  as  1 1,  ( the  fecond  Term, )  and  then  the  correfpondent  Term  in  the  latter  Progreftion] 
to  wit,  15  ,  fliall  be  the  value  of  ^  .  by  which  two  numbers  1 1  and  ip  the  Equation 
94*-j-*  6  —  7^  may  be  expounded ,  viz.  nine  times  1 1  with  5  added  is  equal  to  feven 

limes  15  Likewife  18  and  24,  alfo  29  and  33,  and  every  pair  of  correfpondent 

Terras  in  thofe  two  Progreftions  will  caufe  the  fame  effect ,  as  1  lhall  now  deraonftrate, 

Prepa<- 


chap. 


12. 


capable  of  Inmiwerahle 


■ca 


=  fih 


a 


)  a -y^rt  ,  a~[-2^  j  (f'c. 


y  ,  ,  &c* 


Preparation. 

f.  Let  c  and  n  reprcfent  two  whole  numbers  Prime  between '} 
themfelves,  and  <*,  hy  d  three  other  whole  numbers,  fuch,S 
that  all  five  will  make  this  Equation ,  .  .  .  .S 

6),  Let  an  Arithmetical  Progrefiion  be  fo  formed  that  a 
may  be  thefirftand  leaft  Term,  and-«  the  common  dif-J 
fcrence  of  the  Terms ,  as ,  .  *  .  .  .  . 

7.  Let  another  Arithmetical  Progreflion  be  formed  from 

b  the  firft  and  leaftTerm,  and c the comthon difference! 
of  the  Terms  |  as  j  .  .  .  . .  _ 

8.  I  fay,  if  you  multiply  c  by  ^  +  ( thefecond  Term  of  the  firft  Progreflion,)  inftead 

of  a  in  the  Equation  in  the  fifth  ftep,  and  to  the  Produft  add  d  y  the  fumm  fliall  be  equal 
to  a  Multiple  of  «,  to  wit,  the  Produft  of  n  multiplied  into  b  c,  (the  fecond  Term  of 
the  latter  Progreflion  ; )  and  the  like  may  be  affirmed  of  every  following  Terra  in  each 
Progreflion.  '  .  • 

Demonjiration, 

p.  By  fuppofirion  in  the  fifth  ftep  .  .  )> 

10.  And  by  adding  cn.to  each  part  of  that  Equation,? 

,  this  arifeth ,  .  .  .  .  ^ . S 

11.  Therefore  from  the  laft  Equation ,  ...  . 

Which  Was  to  be  (hewn. 

12.  Again,  if  to  each  part  of  the  Equation  firft  granted? 
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nb 

nb  *-{-  cfi 


c  y.  a d  zzz  nr.  b  -j-  c 


•  J 


,  era  -|— 


ca'^-*icn'\- d  rr  «^<“j-2r« 

f-f- 


n  X  2  c 

«  X  ^  jc 

c 


in  the  ninth  ftep  you  add  2c« ,  it  makes 

1 3 .  That  is . 

1 4.  After  the  fame  manner  it  may  be  (hewn  that  .  ,  )>  c  r  a  ^ny^[~  d 

And  fo  forwards.  Which  was  to  be  proved. 

1  y.  Now  fuppofing  a  and  b  to  exprefs  the  fmalleft  whole  numbers  that  are  capable  of 
conftituting  the  Equation  in  the  fifth  ftep,  to  wit,  ca>-{~d=.  nb,  I  fhall  demonftrate 
that  no  other  whole  numbers  befides  theTerms  which  follow  a  and  b  in  the  two  Pro- 
greflions  formed  in  the  fixth  and  feventh  fteps,  can  be  taken  inftead  of  a  and  b  to  produce 
the  fame  eft'eft ;  If  it  be  poflible,  let  a-]-  lome  whole  number  /,  viz.  a  -\-f  be  taken 
inftead  of  a-  and  let  b^\-  feme  whole  number  viz.  b-\-£  be  taken  inftead  of  b  . 
then  c  multiplied  by  a-\-f  makes  ca^\^cfy  to  which  adding  dy  the  fumm  is 
which  muft  be  equal  to  the  Product  of  n  multiplied  by  b~-\~gy  to  wit,  nb~\~n£^ 


ca  M- 


cfArd 
ca~\-^d  ~ 


nb 

nb 


cf  —  ng 


n 


f  •  g 


whence . 

1 6.  And  by  fuppofition  in  the  fifth  ftep,  •  .  •  .  ^ 

1 7.  Therefore  by  fubtrading  the  laft  Equation  from  7 

the  laft  but  one,  this  remains , . ^ 

18.  And  by  refolving  the  laft  Equation  into  Pro-, 
portionals,  this  Analogy  arifeth,  viz,. 

1 51.  Whence  it  is  raanifeft  that  the  whole  numbers /and  are  in  the  fame  Reafon  (or 
Proportion  )  as  the  whole  numbers  n  and  c ;  and  confequenily ,  lince  n  and  c  are  by 
fuppofition  whole  numbers  Prime  between  themlelves ,  /  mull:  neceflarily  be  equal  either 
to  n,  or  2 Ky  or  &c.  and  g  muft  be  equal  to  c,  or  zc,  or  3c,  &c.  Wherefore  a 
^  **1- 2  «,  4  3«,  &c.  viz,,  the  Terms  which  follow  a  in  the  Pxogrelfion  in  the  lixtli 

ftep,  and  b  c y  b  -\-  2c  ,  b^y^^Cy  &c.  viz.,  the  Terms  which  follow  b  in  the 
Progreflion  in  the  feventh  ftep ,  are  the  only  whole  numbers  that  can  be  taken  inftead  of 
a  and  the  leaft  whole  numbers  to  conftitute  the  Equation  propofed,  iomtyCa-\-d—nb. 
Which  was  to  be  ftiewn. 

20.  If  there  be  two  whole  numbers  a  and  by  given  or  found  out ,  which  will  conftitute 
the  Equation  before  propofed ,  or  fuch  like ,  and  ihofe  two  numbers  be  not  the  fmalleft 
values  of  a  and  by  you  may  by  the  help  of  thofe  given  find  out  the  fmalleft,  by  this  Rule  - 
viz..  Divide  the  given  whole  number  a  ,  by  the  given  number  which  is  prefixt  to  b  in 
thcTquation  propofed,  then  after  the  divifion  is  finifli’d  there  will  remain  either  a  number 
or  nothing  .  if  a  number  remain,  it  lhall  be  the  fmalleft  value  of  a ,  but  if  o  remain, 
then  the  number  prefixt  to  b  is  the  fmalleft  value  of  4,  and  confcquently  the  correfpon- 
dent  value  of  ^  is  eafily  difeovered  by  the  Equation.  The  Reafon  of  this  Pule  is  nDanifeft 
by  Se^.  Chap,  17.  Book^i.  For  if  any  Terra  greater  than  ihc.leaft  of  an  Arithmetical 

.j  .  Progreflion 
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ProereHion  be  given  ,  as  alfo  the  common  Difference ,  the  leaft  Term  (hall  be  given  aifo, 
either  by  a  continual  fubtraftion  of  the  common  Difference,  or  by  the  Rule  above  expreft. 

As  for  example ,  If  in  the  former  of  the  two  Arithmetical  Progreflions  in  the  third  ftep, 
‘which  exprefs  values  of  a  and  b  to  conftitute  the  Equation  94  ^  =  7^,  there  be  given  3  z 

for  the  value  of  ,  1  divide  32  by  7  which  is  prefixt  to  b,  and  find  7  contain’d  four  times 
in  32,  and  there  remains  4 ;  now  this  Remainder  4  is  the  fmalieft  value  of  a ,  whence 
the  correfpondent  whole  number  b  is  eafily  difeovered  -  for  if  ^  =  4,  then  ga^6 
==  42  =  7^  •  Therefore  42  divided  by  7  gives  6  for  the  whole  number  b. 

Again ,  \i<i  =  20,  and  b  :=  26 ^  then  this*will  be  a  true  Equation,  viz.,  5:44-  4  =  4^ ; 
now  if  you  defire  the  fmalieft  whole  numbers  a  and.^  to  conftitute  that  Equation ,  divide 
20  the  given  value  of  4  by  4  which  is  prefixt  to  h,  and  there  remains  o ,  therefore  (  ac¬ 
cording  to  the  Rule  before  given  )  the  faid  4  fhall  be  the  fmalieft  value  of  4.  whence 
544-4  =  24  =  4^,  and  confequently  6  =  ^. 

Laftly,  from  what  hath  been  faid  in  the  third  ftep,  all  the  values  of  a  and  ^  in  whole 
numbers  that  are  capable  of  conftituting  the  faid  Equation  5^*4~4  ~  4^  the  Terms 
,  of  thefc  two  Arithmetical  Progreflions ,  viz,  . 

Values  of  4  j  4  ,  8  ,  12  ,  ;  20.  ;  24  ,  28  ,  32  ,  &cl 

Values  of  6  ,  11  t  16  ,21  ,2<J  ,31  ,  35,  41, 


Sedi:.  1 1 1.  Another  way  of  folving  the  foregoing  Prop.  i. 

In  this  latter  Method  there  arc  four  principal  Cafes,  which  I  ftiall  firft  explain  by  Ogc-, 
ftions ,  and  then  fhew  how  the  Refolution  of  the  Propofition  will  alwayes  run  into  one 

of  thofe  four  Cafes.  ... 

,^EST.  2. 

To  find  all  the  whole  numbers  a  and  b  that  are  capable  of  conftituting  this  Equation, 
^'oiz,  gq  =  5^. 


The  Equation  propofed , 

V 

The  Refolution ,  i  . 


2a  4-  97  =  5^ 


8  4-  97  =:  105 


111 

5 


=  21  i=  ^ 


I  =  a 


Explication . 

Firft  1  add  97  ( to  wit,  -|^97  in  the  Equation, propofed)  to  8 ,  which  is  prefixt  to 
and  it  makes  i  o  5,  this  I  divide  by  '5  the  number  prefixt  to  b ;  and  becaufe  the  Quotient  2  i 
happens  to  be  exaftly  a  whole  number  without  any  Remainder,  it  ftiall  be  the  fmalieft  whole 
number  b  fought,  and  the  whole  number  a  in  this  cafe  is  always  1 .  The  Reafon  is  evident, 
for  if  4  =  I  ,  then  8^4^97  =  84-97  i  fumm  happens  to  be  a  Multiple 

of  the  given  number  prefixt  to  b,  then  b  is  neceflarily  a  whole  number.  This  is  the  firft  of 
the  four  Cafes  above  mentioned. 

Then  after  1  and  21,  the  fmalieft  whole  numbers  a  and  b  to  conftitute  the  Equation 
propos’d ,  arc  found  out ,  all  the  other  values  of  a  and  b  in  whole  numbers  will  be  found 
in  thefe  two  following  Arithmetical  Progreflions  formed  according  to  the  Rule  in  the  third 
ftep  of  the  foregoing  Sebl,  a,  viz. 


Values  of  a  j 
Values  of  b 


1  ,  6 
21  ,  2p 


1  I 


16  ,  21 


»  37  >  45^  >  f3  > 


26 ; 
61  . 


&c. 

&c. 


I  fay ,  every  two  correfpondent  numbers  in  thofe  Progreflions  may  be  taken  for  values 
,  of  4  and  in  this  Equation,  844^97=25^;  as,  for  example,  if  11  be  taken  for  a,  and 
37  for^,  then  eight  times  11,  with  97  added  ftiall  be  equal  to  five  times  37,  viz, 
185  =  185.  And  fo  of  the  reft. 


SVEST,  3. 

To  find  all  the  whole  numbers  4  and  b  that  are  capable  of  conftituting  this  Equation, 
pz.  4944-6  =  13^. 


The  Refolution , 


r  2 

7, 

49  = 

69  — 10 

3  9-}-.  10  " 

4 

1  O4  — 

1 04 

104  _ 

13  “ 

S  =  b 

6 

T04  —  6 

49  ~ 

2  ^ 

Explication. 

^  Firft,  I  add  6  (to  wit,  -]-6  in  the  Equation  propofed)  to  49  which  is  prefixt  to  a.  and 
It  makes  sSi  now  if  this  55-  were  cxaaiy  diviiible  by  13  which  is  prefixt  to  b,  the 
Quotient  would  be  the  whole  number  b  fought,  and  i  the  number  a,  (as  in 
But  5  5  not  being  a  Multiple  of  t  3,  I  proceed  thus,  vU.  I  feek  the  Multiple  of  1 3  which 
IS  next  greater  than  5  ^  ,  by  dividing  ^  5  by  i  3  ,  fo  I  find  that  four  times  1 3  is  lefs  than  5  c, 
but  five  times  1 3 ,  that  is,  65  ,  exceeds  5  5  by  10  j  and  therefore  5  5  is  equal  10  6^  wanting 

10  ,  VIZ,  —6^  —  10.  This  is  the fecond  Equation  in  the  Example. 

2.  Then  1  divide  49  which  is  prefixt  to  by  13  which  is  prefixt  to  fo  I  find  that  three 

times  I  3,  that  IS,  39,isthegreateff  Multipleof  13  contained  in  49,  and  there  remains  lo* 
therefore  49  =  39-j-  lo  :  which  is  the  third  Equation.  '  * 

3.  Now  bccaufe  -h  1  o  is  found  in  the  third  Equation,  and  —  i  o  '  in  the  fecond  I  add 

thofe  Equations  together,  fothefaid  10  vaniflieth,  and  there  arifeth  104  =  104 -'which 
is  the  fourth  Equation.  ^  T  * 

4.  Then  I  divide  1 04,  that  is,  either  part  of  the  fonfth  Equation,  by,’  1 3  which  is  prefixt 
to  b  in  the  Equation  propos’d ,  and  the  Quotient  8  is  the  whole  number  b  fought. 

5.  Then  from  the/aid  104  in  the  fourth  Equation ,  I  fubtrad  6,  (  to  wit,  ^6  in  the 
Equation  propos’d)  and  divide  the  Remainder  98  by  49  which  is  prefixt  to  4,  fo  the 

Quotient  gives  2  for  the  whole  number  ^  fought.  »  .  i 

11  ^  ~  and  ^  —  b  will  make  49^ -j-  6  —'i  ^b ,  as  was  required  in  and 

all  the  values  of  a  and  b  in  whole  numbers  that  are  capable  of  producing  thclame  effeft, 

are  jhe  Terms  of  tliefe  two  following  Arithmetical  Progreflions  whofe  conftruaion  hath 
been  /hewn  before.  ’  •  <- 


Values  of<»;  ^5,  >  2.8  ,  41  ,  J4  ^  ^ 

Values  of  8  ,  57  ,  jo6  ,  155  .,  204  ,  293  ,  &c. 

Note  ,  That  the  manner  of  forming  the  fecond  and  third  Equations  in  the  foregoing 
Refolution  of  ^efi.  3.  muft  be  diligently  obferved  ,  becaufe  the  like  work  is  conftantly 
ufed  in' the  following  fourth,  fifth,  fixth,  feventh ,  eighth  and  ninth  Queftions :  But  it's  by 
accident,  that  the  fame  number  lo  follows  the  figns  —  and+  in  the  faid  fecond  and  third 
Equations,  and  therefore  ^he  adding  them  together  to  produce  the?  fourth  Equation  ,  is  an 
Operation  peculiar  only  to  this  and  the  like  accident ,  which  1  call  the  fecond  of  the  four 
Cafes  before  mentioned. 

But, that  in  this  fecond  Cafe,  the  Refolution  infallibly  prodiiccth  whole  numbers  for 
the  values  of  a  and  b  ,'l  prove  thus Firft  by  Conflruaion  ,  65  —  1  o  ( the  latter  part 
of  the  fecond  Equation)  wants  i  o  of  a  Multiple  of  i  3,  and  39  i  o  (the  latter  part  of 
the  third  Equation)  exceeds  a  Multiple  of  i  3  by  10  •  therefore  the  fumm  of  the'faid 
65  — .10  and  3  9  -j-  I  o  ,  to  wit ,  1 04  (  the  latter  part  of  the  fourth  Equation  )  (hall  be 
a  Multiple  of  13;  and  confet^uently  104  divided  by  i  3  will  exailly  give,  a  whole  num^ 
ber,  to  wit,  8,  for  the  value  of  b.  Secondly  ,  becaufe  104  (  the  firft  part  of  the  fourth 
Equation  )  is  by  conflruaion  compos’d  of  a  Multiple  of  49  together  with  6  .  by  fub- 
traaing  6  from  104,  the  Remainder  98  lhall  be  a  Multiple  of  49  ,  and  confequently  98 
divided  by  49  will  give  the  Quotient  an  exaa  whole  number,  to  wit,  2^  for  the  value  of  a. 
Whence  it  is  manifeft,  that  if  after  the  fecond  and  third  Equations  are  formed  out  of  the  firfl, 
( to  wit,  the  Equation  propofed)  according  to  the  preceding  direaions  for  folving,’!3^e7?.  3, 
it  happens  that  the  number  following  -J-  in  the  latter  part  of  the  third  Equation ,  is  the  fame 
with  the  number  following  —  in  the  latter  part  of  the  fecond ,  there  will  certainly  arife 
two  whole  numbers  for  the  values  of  a  and  b. 


^EST,  4: 
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SIVBST.  4. 

To  find  all  the’  whole  numbers  a  and  h  that  may  make  —  13^.’ 

The  Equation  propos’d ,  .  . 


The  Refolution , 


l 

824-j-<5d  =13^ 

*  2 

3 

148  =  I  36  —  8 

82  =  7S-I-4 

4 

I  d4  =  1^6  -j-  8 

312  =312 

d 

n 

ILL  =  2/^  z=z  b 

15 

U2-66  3-^ 

82  ^ 

Explication, 

I  .  The  fecond  and  third  Equations  arc  formed  out  of  the  firft  in  fuch  manner  as  before 

hath  been  explain’d  in  the  Refolution  of  3.  ...  r  t.  t.*  j 

2.  Becaufc  the  number  4  which  follows  the  fign  -1-  in  the  latter  part  of  the  third 

Equatibn ,  happens  to  be  an  Aliquot  part ,  to  wit,  i  of  8  which  follows  the  fign  —  in  the 
latter  part  of  the  fecond  Equation,  1  multiply  each  part  of  the  third  Equation  by  2  ^  the 
Denominator  of  the  faid  Aliquot  part, )  to  the  end  there  may  be  -h  ^  Equation 

made  by  that  Multiplication ;  fo  there  is  produced  1 64  =  1 5  6  +  8 ,  which  is  the  lourth 

Equati^^^  (jnee  +  8  is  found  in  the  fourth  Equation,  and  —  8  in  the  fecond,  I  add  thofc 
Equations  together ,  fo  the  faid  8  vanifiicth ,  and  there  arifeth  312  =  ^iz  •  which  is  the 

^^'l^Then  l’divide  '3i2i  (to  wit, either  part  of  the  fifth  Equation)  by  13  which  is  prefixt 
to  h  in  the  Equation  propofed,  and  the  Quotient  24  is  the  whole  number  ir  fought. 

5.  'Laftly ,  from  the  faid  3 1 2  (  in  the  fifth  Equation  )  I  fubtrad  66 ,  to  wit,  -j-  6 
in  the  Equation  propos’d,  and  divide  the  Remainder  246  by  the  given  number  8a,  (  which 
is  prefixt  to  4.)  fo  Quotient  3  is  the  whole  number  a  fought. 

I  fay,  3  =  4  and  24  =  ^  will  make  824  +  ^5  =  13^,  as  was  required  in  4. 
and  all  the  values  of  a  and  b  in  whole  numbers  that  are  capable  of  producing  that  Equation, 
are  the  Terms  of  thefe  two  Arithmetical  Progreflions,  (whofe  Conft ration  hath  been  (hewn 
before  in  the  third  ftep  of  SeB,  2.)  '  ' 

"Values  of  4  j  3  ,  i<5 29  ,  42  >  5J  t  68  ^  &c, 

Valuesof^;  14  >  9  188  ,  270  j  352  ,  434  ,  ^e. 

That  it  was  by  mcer  chance  that  the  number  following  the  fign  +  in  the  third 
Equation  happened  to  be  an  /aliquot  part  of  the  number  following  the  fign  —  in  the  fecond* 
and  therefore  the  multiplying  of  the  third  Equation  by  the  Denominator  of  the  Aliquot 
part,  is  an  Operation  peculiar  only  to  that  and  the  like  accident,  which  is  the  third  of  the 
four  Cafes  before- mentioned.  The  reafon  of  the  Operation  in  this  fourth  Queftion  (  oc 
third  Cafe , )  may  be  eafily  difeerned  by  the  Demonftration  before  given  in  3*  but 

for  further  illuftration  I  lhall  add  another  Example  of  Ca/i  3. 

_ _ _ _ _ _ _ ^ — -i— - - — ^ — -  '  111-" 

SjpEST.  y. 

To  find  all  the  whole  trambers  that  may  be  values  of  a  and  b  in  this  Equation,  vi^ 

do  14,-1- 9  =  200A 


Tlie  Equation  propofed  j 


The  Refolution  \ 


z 

4 

.^1 

6 

17 


doi4-i-9 


zooh 


610  =  800  — 190 

dot  2^  doo— j-*  I 


I  J  41 90  rr:  I  I  4pOO-|— 190 

114800  =114800 


I  I  4800 


2  00 

1  14800  —  9  _ 


=  574 


=  h 


601 


=  191  = 


Exflica- 


Chap*  15,  cafable  of  Innumerable  A nfwers. 


Explication. 

The  Rcfolution  of  this  Queftion  is  like  that  in  the  foregoing  for  fince  4- 1 

in  the  latter  part  of  the  third  Equation  happens  to  be  an  Aliquot  part  of  190  which  followeth 
—  in  the  fecond  Equation,  1  multiply  each  part  of  the  third  by  190,  to  the  end  that 
4-190  may  be  found  in  the  Produft,  as  you  fee  in  the  fourth  Equation  .  then  by  adding 
the  fourth  Equation  to  the  fecond  ,  the  fumm  makes  the  fifth ,  which  is  fre’e  from  the  figns 
+  and — ;  laftly,  from  the  fifth  Equation  the  whole  numbers  574  and  19 1  exprefiing 
the  values  of  ^  and  a  are  difeovered,  in  like  manner  as  in  the.  preceding  third  and  fourth 
Queftionsj  which  numbers  will  conftitute  the  Equation  propofed :  For  601  times  191  to= 
geiher  with  9  is  equal  to  200  times  J74,that  is,  114800  ;  and  all  the  reft  of  the  values 
o{  a  and  ^  in  whole  numbers  to  make  that  Equation  will  be  found  in  thefe  two  following 
Arithmetical  Progreflions  formed  by  the  Rule  before  given  in  the  third  ftep  of  Sect,  2 , 
Values  of  4.  191  ,  391  ,  ^91  ,  791  ,  991  ^ 

Values  of  574  ,  1175  ,  1.775 , 2377  ,  2978  , 


SIVEST,  6. 


\ 


If 

Out  of  I. 

Suppofe 
Out  of  4,  ^ 

Suppofe 

Out  of  7. 

Eq.  9x2. 

Eq.  84*  I 

Out  of  1 1  and  7. 

12,5  and  5. 

13  and  4. 

14 , 3  and  il 

I  ^  and  I. 

\‘ 

1$  and  I.’ 


I 

I2I/«4‘5  “ 

1 

2 

126  , 

^  85  —  60 

12 1  — 

9?  4^8 

4 

93^4-60  = 

zBd 

5 

6 

If  3  = 

93  = 

1 58  — 15 
844  9 

1 

28^4*1^  = 

9f 

8 

43  '  = 

28  = 

45—  2 

2’7  4  I 

1 0 

1 1 

5$  = 

99  .  ■  = 

544  ^ 
99 

12 

99  ^ 

9 

11  =/ 

13 

14 

II  X  93  4153  = 
1 17(5 

.8  =  ■ 

d 

A 

15 

i5 

42  X  .121  4  12  5  r:= 

=  56  = 
93 

5208 

b 

17 

5208-5  _  _ 

—  43  = 
1 21 

a 

What  are  a  and  b  in 
whole  numbers  ? 


c  t  d 


work  begins* 


Explication.  ' 


1 .  The  fecond  and  third  Equations  are  formed  out  of  the  fieft  in  like  manner  as  before 

in  the  Explication  of  < 

2.  But  becaufe  28  which  follows  4^  in  the  third  Equation ,  is  not  equal  to,  nor  an 
Aliquot  part  of  5p  which  follows  —  in  the  fecond,  the  procefs  cannot  be  made  like  that 
in  the  third,  fourth  and  fifth  Queftions  ;  To  that  now  a  fourth  Cafe  takes  rife ,  and  the  fcope 
of  a  new  fearch  is  to  find  out  a  number  d,  fuch ,  that  if  it  multiply  the  faid  28,  the 
Produ.(ft  may  exceed  a  Multiple  of  93  (  vvhich  is  prefixt  to  ^  )  by  60  .  for  then  it  will  be 
evident,  that  if  the  third  Equation  be  multiplied  by  that  number  an  Equation  will  be  pro¬ 
duced  whofc  firft  part  lhall  be  a  Multiple  of  121,  and  the  latter  part  fliall  exceed  a  Multiple 
of  93  by  60  ^  and  then  the  reft  of  the  work  will  be  like  that  in  Cafe  2.  in  ^efi.  3.  In  the 
fearch  therefore  of  the.number  dy  the  fourth  Equation  is  alTumed,  to  wit,  9  5o  ~  2  8^. 

3.  The  fifth  and  'fixth  Equations  arc  formed  out  of  the  fourth  ,  in  like  manner  as  the 
fecond  and  third  out  of  the  firft. 

4.  Becaufe  9  which  follows  4*  the  fixth  Equation,  is  neither  equal  to,’  nor  an  Aliquot 
part  of  1  y  which  follows  the  fign  —  in  the  fifth ,  the  next  fcope  (  for  the  like  reafon  before 

CLq  2  gR’en 


Kefointion  of  Qtufiiont 
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oiven  concerning  the  number  is  to  find  out  a  number  /,  fuch,  that  if  it  multiply  the 
faid  -t-  9,  the  Produft  may  exceed  a  Multiple  of  z8  which  is  prefixt  to  by  the  faid  i  y  • 
to  Which  end  the  feventh  Equation  is  afl'uraed ,  to  wit,  2  8<r  1 5  =  9/. 

5.  The  eighth  and  ninth  Equations  are  formed  out  ot  the  feventh,  in  like  manner  as 

the  fecond  and  third  out  of  the  firft.  ,  .  .  ^  . 

6  Becaufe  i  which  follows  -h  Equation ,  is  an  Aliquot  part  of  2  which 

ftands  next  after  —  in  the  eighth ,  the  ninth  is  multiplied  by  2  the  Denominator  of  the  faid 
part ;  (according  to  the  Rule  in  Cafe  3  •  3-)  'thence  the  tenth  Equation  is  produced, 

7  The  eleventh  Equation ,  to  wit,  9  9  r=:  9  9  is  the  fumm  of  the  eighth  and  tenth ;  and 

fince  the  faid  eleventh  is  free  from  the  figns  +  and  — ,  a  RegrefTive  work  now  begins, 
to  find  out  the  whole  numbers  /,  d,  b  and  a  j  in  this  manner  ,  viz..  , .  ,  .  r 

8  By  dividing  either  part  of  the  eleventh  Equation,  to  wit,  99 ,  by  9  which  is  prenXt 

to  f  in  the  feventh ,  there  arifeth  1 1  =£:/,  as  in  the  twelfth  Equation.  ,  ^  ^  , 

9.  Then  multiplying  the  number  /,  to  wit,  1 1 ,  by  93 ,  that  is ,  cither  part  of  the  lixtn 
Equation,  and  to  the  Produft  adding  153*  ‘^^at  is,  either  part  of  the  fifth  Equation  ,  the 
fumm  makes  1176  ,(  as  you  fee  in  the  thirteenth  Equation,)  which  1176  is  a  Multiple 
of  2  8  to  wit  that  which  is  reprefented  by  aSd  in  the  fourth  Equation  •  Therefore,  ^ 

10. ’  By  dividing  the  faid  1176  by  2 8>  the  Quotient  42  is  the  number  d,  as  in  the 

fourteenth  Equation.  ,  t  •  • .  .  r  t 

1 1  Then  multiplying  the  number  d,  to  wit,  42,  by  12 1,  that  is,  either  part  ot  the 

third  Equation,  and  to  the  Produft  adding  1 2  6,  that  is,  either  part  of  the  fecond  Equation, 
the  fumm  makes  j2o8,  as  you  fee  in  the  fifteenth  Equation,  which  5208  is  a  Multiple 
of  93,  towit,  that  which  is  reprefented  by  93^  in  the  firft  Equation .  Therefore, 

1 2 .  By  dividing  cither  part  of  the  fifteenth  Equation,  to  wit,  5  20  8,  by  93,  the  Qjioticnt 

56  is  the  number  b  fought.  ^  ~  % 

13.  Then  from  the  faid  y2o8  fubtrafting  5,  to  wit ,  H-  5  >n  the  firft  Equation ,  and 
dividing  the  Remainder  ^203  by  12 1  which  is  prefixt  to  a  in  the  firft  Equation,  the  Quotient 
gives  43  for  the  number  4  fought ,  as  in  the  feventeenth  and  laft  Equation.  Therefore, 
If  43  be  taken  for  4,  and  for  b,  then  iiia^s=:  93^.  which  is  the  Equation  pro- 
^okd  'm  Suefl.6.  and  all  the  values  of  a  and  b  in  whole  numbers  that  are  capable  of  con- 
ftituting  that  Equation  are  the  Terms  of  thefe  two  following  Arithmetical  Progreffions, 
whofc  Conflruftion  hath  been  ftiewn  before  in  the  third  ftep  of  2. 


Values  of  rf.  43  ,  1 36  ,  229  , ‘322  ,  41 5  ,  508  ,  &c. 
Values  of  ^ ;  5^  »  i77  a  298 , 419  ,  J40  ,  661  ,  &c» 


14.  After  the  numbers  /  and  in  the  foregoing  Refolution  of  5.  are  known,  the 
numbers  e  and  c  in  the  feventh  and  fourth  Equations  may  eafily  be  difeovered  j  but  there 
is  no  need  of  their  help  in  the  finding  out  of  the  defired  numbers  a  and  b, 

1 5.  But  me- thinks  I  hear  the  Reader  make  this  Objeftion ,  viz.  How  doth  it  appear, 
that  from  every  three  whole  numbers  given  in  fuch  fort  as  before  is  declared  ia  Prof.  i. 
there  may  infallibly  be  found  out  two  whole  numbers  a  and  b  to  folvc  the  faid  Propofition, 
by  the  Operation  before  explained  in  the  four  Cafes  before  mentioned  :  For  Anfwer  to 
this  Objeaion ,  I  (hall  here  Ihew  how  far  the  Procefs  need  be  continued  at  the  fartheft, 
to  find  out  an  Equation  having  +  i  in  its  latter  part ;  for  when  fuch  Equation  arifeth, 
’tis  manifeft  by  the  Operation  in  the  third  Cafe  explain’d  in  4,  and  5 .  that  two  whole 
numbers  and  ^  will  infallibly  be  difeovered  to  fatisfie  the  Propofition,  and  confequentiy 
innumerable  other  pairs  of  whole  numbers  to  produce  the  fame  effect.  Firft  then  in  the 
foregoing  ^efi.  6.  the  given  number  "i  2 1  which  is  prefixt  to  4,  being  divided  by  the  given 
nunaber  93  which  is  prefixt  to  b,  after  the  Divifion  is  finifii’d  there  remains  28,  towir, 
*4-  2  8  in  the  latter  part  of  the  third  Equation  :  Secondly,  the  faid  Divifor  93  being  divided 
by  the  faid  Remainder  28,  after  the  Divifion  is  ended  there  remains  9  ,  to  wit,  9  in  the 
latter  part  of  the  fixth  Equation  :  Again ,  the  laft  Divifor  2  8  being  divided  by  the  laft 
Remainder  9,  after  this  Divifion  is  ended  there  remains  i ,  that  is,  i  in  the  latter  part 
of  the  ninth  Equation,  which  Remainder  i  you  will  alwayes  infallibly  come  unto  by  a  con¬ 
tinued  Divifion  in  that  manner,  becaufe  the  two  given  numbers  prefixt  to  a  and  b  are 
(  as  the  Propofition  requires)  Prime  between  themfelves;  and  that  cpntinued  Divifion  is 
nothing  elfe  but  the  Method  of  finding  out  the  greateft  common  Divifor  unto  two  numbers ; 


1 
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fo  that  you  may  at  firft  (if  youplcafe)  difcover  unto  what  letter  at  the  fartheft,  theprocefs 
need  be  continued  before  you  return  backward  according  to  the  Operation  explain’d  in 
jQHefl.6»  But  oftentimes  before  you  come  to  the  faid  Remainder  i  ,  the  Refolution  will 
run  into  one  of  the  three  Cafes  explain’d  in  2,  3, 4,  and  5.  as  Will  appear  by  the 

following  fcventh,  eighth,  and  ninth  Queftions. 


XPEST.  7- 


If 

Out  of  t.  ^ 

Suppofe 

Out  of  4.  ^ 

Suppofe 

Out  of  7.  ^ 

Suppofe 
Out  of  10. 

Out  of  10, &  IX* 

put  of  12,9, 8. 
13,  and  7. 

i4»^,and  y. 

15,  and  4. 

1 and  2. 
17,  and  li 

17,  and  I. 


I 

974-]'- 1  =  26h , 

2 

? 

98  =  104 —  6 

97  =  78-1-19 

4 

25c--  6  —  i9d 

5 

6 

32  =38  — •  6  . 

25  =  19 7 

7 

i^e-\-6  =  7/ 

8 

9 

25  =  28 —  3 

19  =  i4“l^  5" 

to 

7j^-h?  =  -  5^ 

11 

12 

7^-3  =  10 

'  2  =  A 

5 

n 

14 

2  X  19, 3-2  y  =  63 

15 

16 

25,3^  32  rr  z66 

266  .  j 

-  =  14  =  d 

19 

17 

18 

19 

14x97,4-98  = 

25  ^ 

.  1  j  —  n 

91  - 

Explicatiok 

i  What  are  a  and  l> 
in  whole  numbers  ? 


e  = 


Z=l  h=i 

Here  the  Rcgreffive 
woric  begins. 


In  this  feventh  Queftion  the  procefs  is  formed  like  that  in  the  foregoing  fixth  I  and  the 
laft  letter  in  the  work  is  h,  whofe  value  isdifcovered  in  the  twelfth  Equation  by  the  help 
of  the  tenth  and  eleventh,  according  to  the  Operation  in  2 .  and  then  by  the  help 
of  the  number  h ,  the  work  returns  backward  to  find  out  the  numbers  /,  d,  h  and  a ,  in  like 
manner  as  in  feventh  Queftion  the  laft  letter  in  the  procefs,  to  wit, 

hf  is  made  known  before  an  Equation  arifeth  which  hath  4"*^  *n  its  latter  part;  and 
the  like  effeft  happens  in  the  following  eighth  and  ninth  Queftions. 

Now  in  anfwer  to  this  feventh  Queftion ,  all  the  values  of  a  and  b  in  whole  numbers 
that  are  capable  of  conftituting  the  Equation  propofed,  to  wit,  97a -j-i  ■=  26b  ^  are 
the  Terms  of  the  two  following  Arithmetical  Prpgrefliohs ,  which  arc  deduced  from  the 
two  fraalleft  values  of  a  and  b ,  ( to  wit ,  15  and  5  6  found  out  as  above,)  according  to 
the  Rule  in  the  third  ftep  of  Se^.  2. 

Values  of  a ly,  41,  67,  ^13,119,  147  ,  &c. 

Values  of  y6  ,  15  3  ,  2  yo  ,  347  ,  444  ,  y4i  ,  &c. 
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If 

Out  of  I.  ^ 
Suppofe 
Out  of  4. 

5  + 

7>  4* 

8,  3  ;  2.’ 

9>  1- 

9  ,  r. 


1 

1 1 94  -{-  6 

— 

f7^.  1 

2 

123 

— 

171  —46 

3 

119 

1 14-1-  3 

4 

37^*4“  4*^ 

— 

5 

103  V 

■ — 

105-  —  2 

6 

S7  ’ 

T 

1 

~7 

160 

— 

1 60 

8 

160 

-  = 

3 

— 

d 

9 

32  X  119,-1-  12^ 

=  3933 

10 

37  ~ 

69 

-  b 

1 1 

3933  —  6 

119 

11 

Oj 

11 

What  arc  the  whole 
numbers  4  and  ^  ? 


?  ? 


Regrefs. 


Values  of  4.  33  ,  po  ,  147  ,  204  ,  261  ,  318  ^  e^r. 

Values  of  69  ,  188  ,  307  ,  426  ,  545  ,  554  ,  e^^.. 

In  which  Progreflions ,  every  two  correfpondcnt  Terms  may  be'  taken  for  values  oi 
a  and  b  to  conftiture  the  Equation  in  8.  •  >  .  ’ 


If 

1  1 

1734  4^  ^ 

e=  7lh.  ■  1 

Out  of  I.  ’ 5 

'  v» 

1  ^ 

1  3 

174 

173 

=  213—39 
=  142  4-  31 

Suppofe 

4 

71c -I-  3  9' 

^  id 

Out  of  4.  ^ 

6 

I  lo 

71 

=  124 —  14 

=  624-9 

Suppofe 

7 

31<r  4-  14 

=  9/ 

Out  of  7. 

8 

31  -H  14 

=  45 

8,  and  7. 

9 

j41 

9 

r=  S  =  f 

9y  <5,  5. 
10,  *4. 

10 

1 1 

3x71,-^1-110  =  465 
=  15  =  j 

31 

^  i  j  . 

12,  I. 

%  ■ 

12 

*3 

15  17.3, -h  174  =  ^769 

=  55 

71 

12,  T.  ' 

^4 

2769  —  1  

17? 

16  —a 

Values  of  a  . 

Values  -  of  b  . 

■  > 

16  ,  87  , 

39  ,212  , 

I  38  ,  229  ,  300 
385-  ,  558  ,  731 

What  are  the  whole 
numbers  4  and  ^  ? 


c  =  d  :=zl^ 

Regrefs. 

1  . 


n 


SeB,  4.  PROP,  II,  • 

Two  whole  numbers  Prime  between  themfelves  being  given,  to  find  out  two  others 

^  ■>' f-V  the  kfe  of  thofe  two numbers  given,  and  t. 

the  Produft  there  be  added  a  whole  number  given ,  the  fiimm  lliall  be  equal  to  the  Produf 
of  i  mu  tiplicd  by  the  greater  of  the  two  numbers  firft  given.  Moreover  ro  difeover  al 
the  whole  numbers  a  and  i  that  are  capable  of  producing  the  fame  effetS 
When  eacb.of  the  two  given  numbers  which  are  Prime  between  themfelves  is  a  final, 
figiire,  or  fomermall  number  confiftmg  of  two  Charafters ,  then  the  firft  of  the  two  wfv 

fnn  i''n^  ,  ‘hi*  licond,  but  waving  that  Method 

I  lliall  ftiew  two  other  Ways  by  the  help  of  the  latter  of  thofe  two  Methods. 


Tif 


>4' 
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■•j 


7he  firU  Method  cf  filvimg  Prop.  2. 
^  E  ST.  10.  ■  ,  . 


If 

I 

71^4-.  3  =  173^,  • 

Out  of  I. 

2 

147  =  175 — 

By  Prop.  I. 

3 

2759  =  2758  4-^  I 

3  X  28. 

4 

77532  =  77704+28 

24-4. 

s 

77577  =  77^77 

Out  of  5, 1. 

6 

173 

7 

=  ,094  - . 
71 

By  the  Rule  in 
Sea.i.mm.io, 

8 

9 

56  ^  the  leaft  Values. 

22  T=Z  b  \ 

What  are  a  and  h  in 
whole  nutribers  ? 


true  Values,' 


Explication. 

i* 

\,  I  multiply  71  which  is  prefixt  to  a  in  the  Equation  propored,  by  fuch  a  number^ 
that  when  3,  to  wit,  -j-  5  in  the  fame  Equation  is  added  to  the  Produft,  the  fumm  may  be 
either  equal  to  ,  or  lefs  than  ferae  Multiple  of  1 73  j  fo  multiplying  71  by  2,  the  Produd 
142  increafed  with  3  makes  14J,  which  is  equal  to  173  wanting  28,  viz.  145-  =:  173 
_ 28  ,  which  is  the  fecond  Equation. 

2.  Then  by  Prop,  i.  of  this  Chapt.  I  feck  two  fuch  numbers  ^  and  that  if  a  be 

multiplied  by  1 7  3 ,  and  the  Produft  increafed  xvith  -j-  i ,  the  furara  may  be  equal  to  the 
Produa  of  y  multiplied  by  71  5  Suppofing  172^4-1  —71^,  and  proceeding 
according  to  the  foregoing  p.  1  find  16  for  the  value  of  and  3  9  for  b  .  therefore 

173  X  16, 4-1  =:  71  X  3P}  or  71  X  39  =  173  16,  +  I ;  that  is,  276P  = 
2768  4"  I ,  which  is  the  third  Equation. 

3.  Becaufe  -1-  i  in  the  latter  part  of  the  third  Equation  is  an  Aliquot  part  of  2  8 
in  the  fecond ,  I  multiply  the  third  Equation  by  28  the  Denominator  of  the  faid  part,  and 
it  makes  the  fourth  Equation ,  to  wit ,  775  32  =  77  504  4-  ^  2* 

4.  Then  by  adding  the  fourth  Equation  to  the  fecond  the  fumm  gives  the  fifth ,  which 
is  free  from  the  figns  4-  and  — }  and  from  the  fifth  Equation  the  whole  numbers  449  and 
1094  are  difeovered  for  values  of  and  <* ,  in  like  manner  as  in  ^^7?.  4,  and  7.  and  by 
the  help  of  thofe  the  fraalleft  values  of  4  and  to  wit,, 5 6  and  23  are  found  out  by  the 

Rulein  thetwentycthftepof  2.  ,  .  ,  . 

5.  Laftly ,  by  the  help  of  the  two  fmalleft  values  of  ^  and  ^ ,  and  the  Rule  in  the  third 
ftep  of  Sea.  2 .  all  that  arc  capable  of  folving  ^eji.  i  o.  will  be  found  in  the  two  following 
Arithmetical  Progreffions,  which  may  be  continued  as  far  as  you  pleafe. 

Values  of  4;  •56  ,  229  ,  402  ,  575  ,  748  ,  021  ,  i©04  4  e^c. 

94  »23^» 


Values  of  ^  j  23 


,  921 

307  >  37S 


i©94  , 

449  , 


QVEST.  II. 


If 

1 

2244-5000  =  ^^y  y  ^ 

Out  of  I. 

2 

00 

+ 

i- 

0 

K 

0 

11 

0 

1/^ 

By  Prop.  I.  ' 

3 

66  =  6H-  I. 

Eq.  3  X  48, 

4 

3168  =  31204-48 

2  —j—  4, 

Out  of  5  ,and  i . 

s 

81QO  =  8190 

5 

=  i  .  .  . 

65 

7 

8190-5000  _  ^ 

22 

By  the  Rule  in 

~  ll  the  leaft  Values. 

Sea.i.num.\o. 

'9 

8  2  b  S  - 

Wbat  are  a  and  b  in 
whole  numbers  ? 


true  Values. 


ExpU. 


■sr 


0 1 2  Kifolntion  of  Qmftioaf  Book  H. 

Explication, 

1.  I  add  z2  to  ^ooo  and  it  makes  5022  ,  which  is  not  exailly  divifible  by  6$  ^  for 
77  times  65  islefsihan  5022  ,  but  78  times  67,  that  is,  J070,  exceeds  5022  by  48; 
therefore  5-022  =  5-070  —  48,  which  is  thefecond  Equation.  . 

2.  Then  by  Prop.  i.  of  this  Chapt.  I  feek'twofuch  whole  numbers  a  and  that  if  a 
be  multiplied  by  65,  and  to  the  Produft  there  be  added  1,  the  fumm  may  be  equal  to  the 
Produd  of  h  multiplied  by  22;  vU.  Suppofing  6sa~\-i  —  22^,  and  proceeding 

'  according  to  the  latter  Method  of  refolving  the  foregoing  Prop.  1 . 1  find  i  and  g  to  be  values 
of  4  and  therefore  ,  ^5  x  i,  -)-  i  ==  22x3.  or  22  x  3  65  x  1,  1  .  that  is, 

66  ■=z  65-|-<i  ,  which  is  the  third  Equation. 

3.  By  profecuting  the  work  as  beibre  in  the  Explication  of  ^efi.  10.  all  the  defired 
values  of  a  and  b  in  whole  numbers  that  are  capable  of  conftituting  the  Equation  firft 
propofed  in  this  eleventh  Queftion  will  be  found  to  be  the  Terms  of  thefe  two  following 
Arithmetical  Progreflions ,  vIk,. 

Values  of  4}  15,  8o,i45-,2io,275',  340  ,  &c. 

Values  of  82  ,  104  ,  126  ,  148  ,  170  ,192  ,  ^&c,  ‘ 


N 


Another  vpay  of  folving  Prop.  2. 


flVEST.  12. 


If 

1 

714-1-  3 

■ 

173^.  1 

^  Out  of  I.  ^ 

2 

i4y 

■ — 

173  —  28 

c 

3 

213  ’ 

173  -I-4O 

- '  Suppofe 

4 

*  73^  'F'  2  8 

— 

4od' 

Out  of  4.  ^ 

5 

2  01  - 

— 

240-39 

'6 

173-  K 

1 6o~|-l  3 

' .  1-,  *  T-  . 

~7 

519 

480-1-39 

r."'  5+7* 

8 

720 

720 

8  ,  4. 

?  *  ■*  • 

^  *7 

9 

720 

40 

— 

I  8  =  </ 

3  y 

10 

18  x.2i3,-{-.  I4y 

=  3979 

1  , 

10,  1. 

1 1 

3979  _ 

^3 

=  b 

:...J  V  i  j:..' 

• 

.173 

<•  ^ 

■  ,  ,  10,1.. 

12* 

5979-'  3  _ 

=  5^ 

=  4 

^  .  M  . 

4 

71 

Explication. 


What  arc  a  and  b  in 
whole  numbers  ? 


Regrefs.  , 


I .  In  this  Quefiion ,  which  is  the  fame  with  the  foregoing  tenth ,  the  fecond  Equation 
is  formed  as  is  there  direfted.  , 

_ The  third  Equation  is  thus  formed :  For  as  much'  as  the  given  number  71  is  lefs  than 

173  which'is  prefip  to  I  multiply  71  by  fuch a  number  that  the Produd may  exceed 
173, and  bealfoPrimetoit .  fo multiplying  71  by  3,.the  Produd 2 1  3  exceeds  173  ,  alfo 
213  and  173  are  Prime  to  one  another;  then  I  divide  the  faid  213  by  173,  and  find 
that  213  contains  1 7 3  once,  and  40  over  and  above  j  therefore  213  =  173  40  which 

is  the  third  Equation.  ^  . 

3.  The  fourth,  fifth,  and  fixth  Equations  here,  are  formed,  lil^e  the  fourth ,  fifth  and 

Iixth  Equations  in  the  foregoing  6.  • 

4.  Then  becaufe  1  3  which  follows*  in  the  fixth  Equation  is  an  Aliquot  part  of  39 

which  follows  --  in  the  fifth ,  I  multiply  the  fixth  Equation  by  3  the  Denominator  of  the 
faid  part,  (for  1 3  ^  of  3 9,)  and  ieproduceth  the  feventh  Equation, to  wit,  31 9  =  486-1-39. 

5.  The  eighth  Equation  is  the  fumm  of  the  fifth  and  feventh,  (according  to  the  Operation 
in  Cafe  2.)  and  then  in  the  ninth  Equation  the  Regrefiive  work  begins,  to  find  out  the  values 
o\  d,  b  z.x\A  a  in  fuch  manner  as  hath  been  Ihewn  in  divers  preceding Queftions  of  this 
Chapter :  So  at  length  all  the  values  of  a  and  b  in  whole  numbers  to  folve  this"  twelfth 
OiLefiion  will  by  this  latter  Method  be  found  the  fame  as  before  in  1  o. 


Scfl.  y. 


.  . 


Chap.  13, 


capable  of  Innumerable  Anfwers. 
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SeU.  Pi?  OP.  HI. 

•  To  divide  a  given  number  into  three  or  more  numbers,  fuch,  that  if  every  dne  of  them 
be  multiplied  by  a  different  number  given,  the  furam  of  the  Products  may  be  equal  to  a  given 
number.  But  the  fumra  of  thofe  Produds  muft  fall  between  the  two  Produfts  made  by 
multiplying  the  given  Dividend  into  the  greateft  and  lead  of  the  given  Multiplicators. 

The  Solution  of  this  Problem  is  explain’d  by  the  following  Queftions  of  this  Chapter, 
’and  oftentimes  requires  the  help  of  the  two  preceding  Propofitions ,  as  will  partly  appear 
by  the  fifteenth  Quefiion. 


•  Xl^EST,  13. 

To  divide  24  into  three  fuch  whole  numbers,  that  if  the  firft  be  multiplied  by  35; 
the  fecond  by  24,  and  the  third  by  8  ,  the  fumra  of  the  three  Produds  may  make  yi  <5. 

Let  the  numbers  fought  be  reprefented  by  e  and  then  the  Queftion  may  be  dated  thus; 

, . '  *  *  •  •  '•  •  a  e  -h  y  =  24 

2’*  And . V  ..  .  364-]- 8t  r=  yi5 

^yhat  arc  the  whole  numbers  a ,  e  and  y  t  -  |  |  _ _ _ _ _ _ 

RES  O  LVTIO  N,  -  ^ 

3.  The  firft  Equation  multiplied  by  3d,  which  is  prefixt) 

to  in  the  fecond ,  produceth  .  .  ...  .  ,3  3^7  =  ^^4 

4.  The  fecond  Equation  fubtraded  from  the  third,  leaves  ^  .  .  i2«-j-2  8v  =  348 
y.  ThefourthEquationby  tranfpofitionof+28^,  givesj>‘.  .  i2e=«348. 287 

6,  The  fifth  Equation  divided  by  iz  gives  .  .  T  ^ 


e  = 


^9 


7.  If  inftead  of  e  in  the  firft  Equation  there  be  taken  ^ 
the  latter  part  of  the  fixth ,  this  arifeth ,  .  . 


21 

3 


8.  That  is , 


A  -]-■  2 p  — .  -^1  ~  24 

3 


A  —  24  "  2p  “4~* 

3 

2  ^ 

By  the  latter  part  of  the  tenth  Equation  "tis  evident? 

iQr  '  _  C  —lE  r~ 


p.  From  the  eighth  Equation  by  tranfpofition  of 

this  arifeth ,  .  .  .  .  •  .  •  ^  . 

1 0.  'That  ts,  .  .  .  .  .  d  .  .  d  m 

.  .  . -  -  ^ 

that  .  .' . J 

12.  Therefore  by  multiplying  each  part  in  the  eleventh? 
ftep  by  3 ,  it  follows  that,  . 

1 3 .  And  by  dividing  each  part  in  the  twelfth  ftep  by  4,  > 

14.  And  from  the  latter  part  of  the  fixth  Equation  j./by. 

arguing  in  like  manner  as  in  the  eleventh,  twelfth  and^ 
thirteenth  fteps ,  it  will  be  manifeft  that  _ 

ly.  Now  if  Fraftions  or  mixt  numbers  were  admitted  to  be  the  values  of^,  t  and  /, 
then  by  the, thirteenth,  fourteenth,  tenth  and  fixth  fteps  ’tis  evident  that 
y  =  any  number  between  3^  and  ii^j 

3 

77 

e  r=  2  9  — •  — -v,  % 

3 

1 6.  But  to  find  out  whole  numbers  to  folvc  the  Queftion,  the  limits  in  the  thirteenth  and 
fourteenth  fteps  do  fliew  that  ;.muft  be  fome  whole  number  greater  than  3 ,  but  not 
greater  than  12;  yet  every  whole  number  within  thofe  limits  will 


5 


not  ferve  the  turn ,  for  the  values  of  a  and  e  before  difeovered  will 

not  be  whole  numbers  unlefs  and-^  be  whole  numbers  j  but 

3  3 

21  and  -2.  cannot  be  whole  numbers  unlefs  7  be  3,  or  fome  Mul- 
3  3 

tiple  of  3  j  and  becaufe  3  is  without  the  limits,  7  may  be  5,  or  p,  or  12,  and  confequcntly 
V  R  r  from 


a 

y 

3 

15 

6 

7 

8 

9 

1 1 

I 

1 2 

3‘4 
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fromthefifteenthftep^niallbe5,or7,orii;  and  ij,or8,ori.  Nowinanfwer 
to  the  Queflion  ,  3,  i  S  and  <5,  (to  wit,  a,  c  and;  )  are  three  fuch  whole  numbers,  that 
their  fumm  is  24 ;  and  if  the  firft  be  multiplied  by  3 6,  the  fccond  by  24,  and  the  third 
by  8,  thefummof  the  three Produfts makes  7 id,. as  was  required.  The  like  may  be 
faid  of  each  of  the  two  other  Anfwers.  But  if  Fradions  or  mixt  numbers  were  admitted, 
innumerable  Anfwers  might  be  given  to  the  Queftion ,  as  before  hath  been  Ihewn  in  the 
fifteenth  flep.  *  ..i  *  •  > 

A^ote.  When  one  part  of  an  Equation  confifls^ of  an  Affirmative  letter  andfomeN^a- 
tive  Abfolute  number,  a  limit  may  thence  be  inferr’d,  above  which  the  number  fignified 
by  that  letter  ought  to  be  taken.  But  if  one'part  of  an  Equation  conlifts  of  a  Negative  letter 
and  of  an  Affirmative  Abfolute  number,  it  will  give  a  limit  beneath  which  the  number 
reprefented  by  that  letter  muft  be  chofen.  Sometimes  alfo  two  limits  will  be  difeovered, 
(  as  in  this  thirteenth  Queftion  for  the  choice  of  the  number  and  fometimes  but  one, 
(  as  in  divers  of  the  following  Queftions. )  '  - 


.  ^EST.  14. 

To  find  three  fuch  whole  numbers  that  their  fumm  may  make  100  j  and  that  if  the  firft 
be  multiplied  by  4 ,  the  fecond  by  3,  and  the  third  by  if,  the  fumm  of  the  three  Produds 
may  make  300.  -  ^  -  - 

For  the  three  numbers  fought  put  4,  >  and  '  then  the  Queftion  may  be  ftated  thus  •  , 

I.  If-,  w  . .  * :  ’•  .  i'  •*  ~  100 

2f  And  •  •  •••  •  .  4!.  4^  3  ^  *4*  ^  3 

What  arc  the  whole  numbers  4,  V  and  ;  ?  (|  - -  ...  ■  ■■■' 

*  *  *  '  ^'RESOLVTlON.  '  ’  "  * 


'2^  The  firft  Equation  multiplied  by  4,  (which  is  prefixt  7  .  i 

’  to  a  in‘  the  fecond  Equation produceth  •  -S  47  4° 

4.  The  fecond  Equation  fubtraded  from  the  third,  leaves  ^  ..  e 

—  -  .  5 

y.  The  fourth  Equation  by  tranfpofiiion  pf  ►] — p  gives  ^ 

6,  If  inftead  of  e  in  the  firft  Equation  there  be  taken  the 
latter  part  of  the  fifth ,  this  will  arife , 

7.  That  is ,  after  due  Redudion , 


2=  100 


100- 


I  the  7 


U1 
s 

5 


100 


8.  From  the  latter  part  of  the. fifth  Equation  it’s  ma- 


nifeft:  that 


9.  And  confequently  by  multiplying  each  part  in  the 

eighth  ftep  by  5  . . . 

10.  And  by  dividing  each  part  in  the  ninth  ftep  by 

it  follows  that . 


111 

s 

iiy 


4  =  ^ 


100 


500 


Whence  *tis  manifeft ,  that  if  the  three  numbers  fought  were  not  reftrained  to  whole 
numbers,  any  number  kfs  than  4y7f  might  be  taken  for  the  number  ;,  and  then  the 
numbers  4  and  <?  would  be  difeovered  from  the  feventh  and  fifth  fteps.  But  to  have  the 

Queftion  folved  by  whole  numbers,  the  number  y  muft  be  fome  whole 

number  not  greater  than  4^,  and  fuch  as  may  caufe  ligand  ^  to 

5  S 

be  whole  numbers,  for  otherwife  the  values  of  e  and  a  in  the  fifth  and 

fevenih  fteps  will  not  be  expreffible  by  whole  numbers  •  but  11  and 
6y  '  j  ,  •  ’  5 

—  cannot  be  whole  numbers  unlcfs  y  be  5-,  or  fome  Multiple  of  y, 

and  therefore  ;  may  be  y,  or  10,  or  1 5,  or  any  of  the  reft  of  the 
numbers  in  the  third  Columcl  of  this  Table .  and  confequently,  from 
the  fifth  and  feventh  fteps  of  the  Refolution,  the  whole  numbers  e  and  4 
will  be  fuch  as  ftand  under  e  and  4.  Thus  you  fee  that  the  Queftion 
receives  nine  Anfwers  in  whole  numbers,  which  are  all  that  it’s  capable  of:  So  that 
if  you  take  6  for  4j  for  e-j  and  5  for  ;,  their  fumm  is  100  .  and  if  6  be  multiplied 

by  4} 


a 

e 

7 

6 

8p 

S 

12 

78 

1 0 

18 

^7 

n 

24 

56 

20 

30 

45 

1^5 

36^ 

34 

3° 

42 

^3 

35 

48 

12 

40 

1  ^4 

I 

45 

Chap.  13.  capable  of  Inmmerabie  Anfwers, 

by  4  ;  89  by  3  ;  and  5  by  if,  the  fumm  of  the  three  Produas  makes  300,  as  the  due- 
ftion  requires.  The  like  may  be  proved  of  every  one  of  the  other  eight  Anfwers.  ^  ‘ 
Note.  When  three  numbers  are  fought  by  a  Queftion  of  this  nature  that  is*  capable 
of  many  Anfwers  in  whole  numbers ,  all  the  values  of  every  one  of  the  letters  in  whole 
numbers  are  in  Arithmetical  Progreflion ,  and  therefore  when  two  of  thofe  Anfwers  are 
found  out ,  all  the  reft  within  the  limits  discovered  by  the  Refolution  are  confequently  given 
by  Addition  or  Subtraftion  of  tbe  common  Difference  in  each  Rank ,  as  may  eafily  be 
perceived  by  the  values  of  4,  e,  y  in  the  Table  above-written.  But  when  four  numbers 
are  fought,  the  values  of  a  letter  are  oftentimes  found  in  fcveral  Arithmetical  Progreftion«‘ 
as  in  the  following  20.  '  •  ^  ^ 


^^VEST.  ly. 

To  divide  1^33  into  three  whole  numbers,  fuch,  that  f  of  the  firft,  together  with 
of  the  fecond  and  of  the  third  may  make  1 67. 

For  the  three  whole  numbers  fought  put  4,  e  and  7,  then  the  Queftion  may  be  ftated  thus  j 

4  -j-  e  4-  y  ==  1553 

167 


90i 


1.  If 

2.  And . i 

What  are  the  whole  numbers  a ,  e  and  y  ?  f 

RESO  LVTION. 

3I  The  firft  Equation  multiplied  by  ^  produceth  ^  . 

4.  The  fecond  Equation  fubtrafted  from  the? 

third ,  leaves . .  .  5  *  * 

5.  The  fourth  Equation  by  tranfpofition  of 

gives . \ 

6.  The  fifth  Equation  divided  by  gives  ^ 

7.  If  inftead  of  y  in  the  firft  Equation  there  be? 
taken  the  latter  part  of  the  fixth  ,  this  arifeth ,  ^ 

8.  The  feventh  Equation ,  after  due  Redudfion,  7 

gives  . . .3 

By  the  eighth  Equation  it’s  manifeft  that  ,  . 

10.  And  confequently  by  dividing  each  part  of? 

the  laft  ftep  oy  323 , . ? 

1 1 .  Now  to  find  out  the  values  of  4,  e  and  y. 
in  whole  numbers,  ( if  there  be  a  poflibility,) 

I  multiply  the  fixth  Equation  by  the  Deno¬ 
minator  97  ,  and  it  makes  .  ,  .  . 

12.  That  is, . ^ 


-Hy  = 


•  •  y  - 

4  •“j—  e  fj 


8 

22261 


2i6e 


'  + 

97  97 

22261  t  226# 

i - r-  =  1533 


323^ 


97 

^  _  126440  _ 

n  1 2  6440 


97 

97 


e  ”73 


977  =  2iz6i^z26ff 


226^-1-22261  = 


A  * i  —  97 y 

1 3.  Then  by  the  foregoing  i.  of  this  Chapter,  I  fearch  out  all  fuch  whole  numbers'' 
as  may  be  values  of  e^and  y  toconftitute  the  laft  Equation ,  that  is,  226^-1-22261 
~9iy\  but  with  this  condition  ,  viz,.  That  thegreateft  whole  number  among  thofe 
that  are  found  out  for  the  values  of  e  may  not  exceed  391, 
as  the  preceding  tenth  ftep  requires*  fo  I  find  tour  values ' 
of  tf,  to  wit,  47,  i"44,  241,  338  .  and  four  values  of  7, 
to  wit,  3  39,  56  y,  791  and  1017 :  Then  the  fumm  of  every 
two  correfpondent  values  of  e  and  7  being  fubtraded  from 
1  y  3  3  the  number  firft  given  to  be  divided  ,  the  Remainders 
fiiail  be  the  defired  values  of  4  ,  to  wit ,  1147,  824,  yoi 
and  178;  fo  there  are  only  four  Anfwers  to  the  Queftion  in  whole  numbers ,  towif,' 
thofe  inferred  in  the  Table  in  the  Margin. 


4 

e 

y 

1147 

47 

339 

824 

144 

yoi 

241 

791 

178 

00 

1017 

■  _  The  Proof  of  the  firfi  Anfwer, 

The  fumm  of  1147,  47  and  339  is  .  .  . 

5  of  1 147  is . 

8  of  47  is  ....  i . 


1  1  3 


ot  339  IS 


Laftly ,  the  fumm  of  thofe  three  Produifts  is 

Rr 


143  8  , 

17  8  1 

.  6, 

167 


Therefore 


6 
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Therefore  all  the  conditions  in  theQyeftion  are  fatisfied,  and  the  like  may  be  proved 


by  every  one  of  the  other  three  Anfwers  in  whole  numbers  j  but  if  Fraftions  were  admitted, 
innumerable  Anfwers  might  be  given  by  the  tenth  eighth,  and  fixth  fteps  of  the  Kefolution. 


XPEST,  ^6, 


To  find  three  numbers,  that  their  furam  may  make  300;  and  that  if  the  firft  be  multi¬ 
plied  by  6 ,  the  fecond  by  5,  and  the  third  by  the  furam  of  the  three  Produds  may 
make  1496. 

Let  a,  e,  7  be  put  for  the  three  numbers  fought ;  then  by  forming  the  Refolution  in  like 
manner  as  in  the  preceding  thirteenth,  fourteenth  and  fifteenth  Queflions,  it  will  appear  that 


•j  —  any  number  between  i|ff  and  } 


300 


Whence  ’tis  evident  that  there  cannot  be -three  whole  numbers  found  out  to  folve  this 


Queftion ,  for  300  is  the  fmalleft  whole  number  that  can  be  taken  for  to  caufe 


difeovered  forchufing  of  the  number  y, 

17.  *  • 

If  one  would  lay  out  98  pence  to  buy  40  Birds ,  fuppofe  Partridges,  Larks  and  Quails  • 
how  many  of  each,  kind  maybe  bought  when  Partridges  are  at  3  pence  a  piece,  Larks  at 
an  half-penny  a  piece,  and  Quails' at  4  pence  a  piece  ? 

Let  a  reprefent  the  number  of  Partridges ,  e  the  number  of  Larks ,  and  j  the  number 
of  Quails,  then  according  to  the  Qaeftion,  =  40.  and  becaule  the  number 

of  all  the  Partridges  multiplied  by  the  price  of  one  of  them  produceth  the  full  coft  of  all, 
it  s  manifefi  that  3^  is  the  full  coft  of  all  the  Partridges  j  and  for  the  like  reafon  f  e  fignifies 
the  full  coft  of  all  the  Larks ;  likewife  the  full  coft  of  all  the  Quails :  But  thofe  three 
particular  fumms  of  money  muft  be  equal  to  58  pence ,  therefore  -j- te-4-'47  =:  98  j 
fo  that  the  Queftion  may  be  ftated  thus  j  ...... 

I  •  If  •  ••  •  •  ...  ^  "*[  ■”  c  y  4® 


3a  +  =  9^ 


2,  And 


What  are  the  whole  numbers  e  and  y  ?  j|‘  - - - 

RMSO  LVTIO  'N.  ' 


3.  The  firft  Equation  multiplied  by  3  (  which  is  prefixt 
a  in  the  fecond, )  produceth . 


4,  The  fecond  Equation  fubtrafted  from  the  third,  leaves  ^  . 


y.  From  the  fourth  Equation ,  after  due  tranfpofi  ’ 
this  arifeth,  . . 


6.  Then  inftead  of  y  in  the  firft  Equation,  if  there  be  fet  the  ^  ^ 

latter  part  of  the  fifth ,  the  firft  will  be  reduced  to  this,  5  ^  *T-  e  _ — 

7.  The  fixth  Equation,  after  due  Re  duflion,  gives  ,  .  a  ■=:  61  —  — 


8.  By  the  latter  part  of  the  fifth  Equations  its  evident  that  ^ 

9.  And  confequently  by  multiplying  each  part  in  the 


ftep  by  2  ,  ....  i  ....  . 

10.  Whence  by  dividing  each  part  by  y,  it  follows  that  l> 


2 


cr  44 
e  cr;  8^ 


1 1.  Again  ,  from  the  latter  part  of  the  feventh  Equation,^ 
by  arguing  in  like  manner  as  in  the  eighth,  ninth  andS 
ienth  fteps ,  it  will  appear  that  .  .  .  ■ ,  ,  .  .  ^ 


12.  Now 


Chap.  13, 


capable  of  Innumerable  Arifxpers. 


3*7 


Partr. 

Larks. 

Quails. 

a 

e 

y 

1 0 

3 

20 

12 

8 

14 

ir 

6 

t6 

18 

12.  Now  fince  the  nature  of  this  Queftion  requires  that  the  defired  values  of  and  y 
be  whole  numbers ,  it’s  evident  from  the  fifth  and  feventh  fleps  that  e  mufl  be  an  even 

number,  otherwife  —  and  will  not  be  whole  numbers  •  for  if  ^-be  an  odd  number 

22  * 

the  Dividends  je  and  ye  will  be  odd ,  (  for  odd  multiplied  by  odd  produceth  odd ,)  and 
therefore  their  halves  cannot  be  whole  numbers.  Since  then  e  mufl:  be  an  even  number, 
it’s  manifeft  by  the  tenth  and  eleventh  fteps,  that  e  may 
be  10,  or  13,  or  14,  or  i5  ,  but  no  other- even  number 
whatever .  and  confequently  from  the  fifth  ftep  y  (hall 
be  or  8,  or  13,  or  18  j  and  from  the  feventh  ftep, 
a  (hall  be  27,  or  20,  or  13  ,  or  6.  Thus  it  appears 
that  the  Queftion  may  be  folved  by  four  feveral  AnAvers 
(and  not  more)  in  whole  numbers,  vi^.  Firft,  27  Par¬ 
tridges  ,10  Larks ,  and  3  Quails,  which  arc  in  multitude 
i  40 ,  may  be  bought  for  98  pence  at  their  refpeftive  prices  given  in  the  Queftion  .  or 
20  Partridges ,  1 2  Larks ,  and  8  Quails ,  which  are  likewife  40  in  multitude ,  and  the 
like  may  be  affirmed  of  the  other  two  Anfwers  inferted  in  the  Table  in  the  Margin. 

But  if  a  Queftion  of  the  fame  nature  be  defired  that  hath  but  one  Anfwer  in  whole 
numbers ,  the  following  Epigram  ( cited  by  Monfieur  Sachet  in  his  Comment  upon  the 
one  and  fourtieth  Queftion  of  the  fourth  Book  of  Diophantui,)  will  be  fatisfaftory. 

J^EST,  18. 

tot  emantHr  avesy  bis  ^enis  Mere  nimmis\ 

Perdix,  Anfer,  Anas  empta  vocetur  avis. 

Sit  /implex  oholus  pretinm  Perdicis ,  ematnr 
Sex  obolis  Anfer ,  bisque  daobm  Anas, 

ZJt  tua  frocedat  in  lucem  quajlio ,  mentem . 

Confute,  Jic  loquitur  peSioris  area  mihi,  . 

Smt  Anates  ires  atque  dua,  Jirhplex  erit  An  fit, 

^  Accipe  Perdices  quatuor  atque  decern. 

The  fenfe  is  this :  If  the  price  of  a  Partridge  l?c  an  half-penny ,  a  Goofe  3  pence  *  and 
a  Duck  2  pence;  how  many  of  each  kind  may  be  bought  at  ihofe  rates,  if  it  be  defired 
that  all  the  Birds  bought  may  be  20  in  number ,  and  cofl  20  pence  ? 

Let  a  reprefent  the  number  of  Partridges ,  e  the  number  of  Gecfe,  and  y  the  number 
of  Ducks,  then  this  Queftion  (  like  the  preceding  feventh,')  may  be  ftated  thus; 


1. 

2. 


If  . 
And 


4* 

5* 

6, 

7. 


What  arc  the  whole  numbers  ^ ,  e  and  ^  (| 

PESO  LVTIO  N. 

The  firft  Equation  multiplied  by  \  produceth  .  . 

The  third  Equation  fubtrafted  from  the  fecond  7  leaves  y 
By  tranfpofition  of  ^  in  the  fourth  Equation,  this  arifcih,  J> 

:  .  ;  . 


a  -c  y  2  o 


The  fifth  Equation  divided  by  |  gives 


By  fetting  the  latter  part  of  the  fixth  Equation  in  the  place? 
of  e  in  the  firft  ,  this  arifeth,  ^  .5 


•  !»  tr  =  10 

=  10 

2  2 

2 ,  2 

5 

V 


8.  Which  lafl:  Equation,  after  due  Reduftion,  gives 


4*-j-4  —  =  20 

a^i6-^iy 

S 


fii 

3 


9.  From  the  latter  part  of  the  fixth  Equation  it  may  be  in-p 

ferr'd,  (  in  like  manner  as  in  divers  of  the  preceding  Que- >  y  “ta 
ftions , )  that . .  •  •  •  •  S 

10,  But  the  fixth  and  eighth  fteps  dofliew,  that  to  the  end  the  values' of  e  and  a  may  be 

whole  numbers,  as  the  nature  of  this  Queftion  requires,  it  is  requifite  that  and 

be 


) 


8 
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be  whole  numbers ;  but  ^  and  cannot  be  whole  numbers  unlefs  y  be  c  or  fomc 

5  5"  ^  ^ 

Mulriple  of  5  ;  and  by  the  ninth  ftep  7  muft  be  lefs  than  6f ,  therefore  5  is  the  only 
whole  number  that  can  be  taken  for  or  the  number  of  Ducks  5  and  confequcnrly 
the  fixth  ftep  gives  i  for  the  value  of  r,  that  is,  i  Goofe;  and  by  the  eighth  ilep,  the 
the  value  of  4  is  1 4,  that  is,  14  Partridges  j  which  three  numbers  will  folve  the  Que&on 
as  may  eafily  be  proved.  ’ 


The  Refolntions  of  the  following  nineteenth  and  twentieth  ^eflions  do  jhew  how  to  find 
out  innumerable  Anfwers  to  anj  fifueflion  belonging  10  the  Rule  of  Alligation  alternate 
in  Vulgar  Arithmetic^,  when  three  or  more  things  are  to  be  mixed  together,  according 
to  the  import  of  that  Rttle, 

J^VEST.  ig. 

A  Vintner  having  three  forts  of  Wines,  the  prices  whereof  Gallon  arc  24  pence’ 
pence,  and  1 8  pence,  delires  to  make  a  Mixture  out  of  them  that  may  contain  60  Gallons, 
in  fuch  manner  ,  that  the  total  Mixture  being  fold  atfomemean  price  Gallon  between 
24  pence  and  i  8  pence ,  fuppofe  at  20  pence ,  may  make  the  fame  furam  of  money ,  as  all 
the  particular  quantities  of  Wine  in  the  Mixture  at  their  own  prices.  The  Queftion  is 
to  find  what  Quantity  of  each  fort  of  Wine  may  be  taken  to  make  that  Mixture.  " 

For  the  defired  number  of  Gallons  of  the  firft  fort  of  Wine  to  make  the  Mixture,  put  a 
for  the  number  of  the  fccond  fort  ^ .  and  of  the  third  y :  Then  4  4-  e  4-  y  =  60^ 
(the  total  number  of  the  Gallons  in  the  Mixture  . )  and  becaufe  every  Gallon  of  the  mix  d 
quantity  muft  be  fold  for  20  pence,  the  60 Gallons  miVd  are  worth  1200  pence  and 
fo  much  alfo  muft  all  the  Produds  of  the  particular  Quantities  of  each  fort  of  Wine 
multiplied  by  their  peculiar  prices  amount  unto ;  therefore,  244  +  aiei  i  8t  =:  1200 
=  50x20.  So  that  the  Queftion  may  be  ftated  thus  j  *  ‘ 

1 .  If . .  .  4  .  . 

2.  And . 

What  are  the  numbers  y  \  -|| 


4  4—  y  60 

244-j- 22^  1 =:  1200  (r=5ox2o) 


RES  O  LVTJO  N. 

3.  The  firft  Equation  multiplied  by  24,7 

(  which  is  prefixt  to  a  in  the  fecond  Equa*>  244  4-24<r4 
tion ,  )  produceth  ^ 

4.  The  fecond  Equation  fubtraded  from  the  7 

third,.leaves . 3’*’ 

5.  The  fourth  Equation  by  tranfpofition  7 

of  5/ gives  .....  .*  ; 

5.  The  fifth  Equation  divided  by  2  ,  gives  ^ 

7.  By  taking  the  latter  part  of  the  fixth  Equa-7 
tion  inftead  of  e  in  the  firft ,  this  arifeth,  C 

8.  The  feventh  Equation,  after  due  Re- ^ 
du6tion,  difeovers  the  value  of  4,  viz.  5 

y .  From  the  eighth  Equation  it's  evident  that  )> 

1  o.  And  from  the  fixth  Equation ,  ,  ,  .  ^ 

ji.'' 


247  =  1440 


6y 


240 


ie  — 


e  =  120 


240  ^  5/., 

'  37 


44 


120 


37  "4““  7  =  5® 


4  =  2y  —  60 


j  - j  »  ^  ^  y  ^  ^ 

By  the  \  othy  gth,  ^th  and  6th  fteps  it’s  manifeft  that  innumerable  Anfwers  may  be  given 

to  the  Queftion  propofed  •  for  fince  Fradions  are  not  here  excluded  from  being  Anfwers 
you  may  efteem  ,  -  mimkaM  Kor1.r1.0n  .  _ 


12. 


y  ~  any  number  between  30  and  40  ; 
4  =  27  —  60 1 

e  =  120-37 


Whence  nine  Anfwers  in  whole  numbers  are  difeovered,  to  wit,  thofe  expreft  in  this 
Table.  But  th©-  Rule  of  Alligation  in  Vulgar  Arithmetick  finds  out 
only  one  Anfwer  to  this  Queftion ,  to  wit,  the  fixth.  And  becaufc 
innumerable  numbers  may  be  taken  between  and  40  for  values 
6f  yi  you  may  find  out  as  many  Anfwers  asyoupleafe  inFradions, 
(which,  are  not  excluded  in  Queftions  of  this  nature.)  fo  if  for  7. 
you  take  3025  then  4  =  1,  (  —  27  —  60 ,)  and  e  =  2  8^ ,"(  120 

—  37-  ) 


a 

e 

L 

2 

2-7 

4 

24 

6 

21 

33 

8 

18 

34 

10 

ir 

12 

1 2 

36 

9 

37 

\6 

6 

38 

18 

-iJ 

:9 
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The  Proof  of  the  firfi  jinfrver. 


Two  Gallons  of  Wine  at  24  pence  fer  Gallon  ,  together  with  27  Gallons  at  22  pence 
^er  Gallon,  and  ;  i  Gallons  at  i  8  pence  fer  Gallon,  amount  to  1200  pence  ;  which  is  alfo 
the  value  of  60  Gallons  at  20  pence  per  Gallon. 


^'ESr.  20. 

A  Vintner  having  four  forts  of  Wines ,  whofe  prices  per  Quart  are  16  pence,  lo.pence, 
8  4)cnce,  and  6  pence ,  defircs  to  make  a  Mixture  out  of  them  that  may  contain  100  Quarts, 
fo  as  this  mixt  Quantity  being  fold  at  fome  mean  price  per  Quart  between  1 6  pence  and 
5  pence,  fuppofe  at  12  pence,  may  produce  the  fame  fumm  of  money^.  as  all  the  particular 
quantities  of  Wine*  in  the  Mixture  if  they  were  fold  at-  their  own  prices.  The  Quellion  is, 
to  find  what  quantity  of  Wine  of  each  fort  may  betaken  to  make  that  Mixture? 

.  .Let  ey  j  and  u  be  put  for  the  unknown  Quantities  of  Wine  that  are  fought  to.make 
the  Mixture  j  then  a  4-  e  ^\^tt  —  1 00,  (the  total  number  of  Quarts  in  the  Mixture,) 
and  by  multiplying  thofe  Quantities  feverally  into  their  peculiar  prices ,  the  fumm  of  the 
Products  is  which  fumm  muft  be  equal  to  the  Produd^  of  100 

multiplied  into  12  •,  that  is,  1200  pence  :  So  that  the  Queftion  may  be  ftated  thus 


t  r  *1  1*1  ^  ^ 

If  .  .  ••  •  loo. 

And  .  [  .  V  .  .  •  =  1200 

What  are  the  numbers  r,  7  and  k r ?  1 1 '  ,  ,  ■■  »-~i 

The  given  Equations  being  fewer  in  multitude  than  the  numbers  fought  ,  it*s  a  fign  that 


1.  If  . 

2.  And  . 


the  Queftion  is  capable  of  innumerable  Anfwers  •  now  that  you^raay  find  out  as  many 
of  them  as  you  pleafe  ^  ihFfirft  fcope  in  the  Refolution  muft  be  to  difcover  limits  todircd 
your  choice  of  fome  one  of  the  numbers  fought,  and  accordingly,  the  drift  in  the  eight 
Equations  next  following  IS  to  fearch  out  limits  for  the  firft  number  a,  ‘  ' 


RESOLVriO  N. 


3^  From  the  firft  Equation  by 


arifeth ,  . 


4.  And  from  the  fecond  Equation  by  tranfpofition 
of  I  this  arifeth ,  '  , . 


»  ww-rj  ----w  — - ^ 

y.'  The  third  Equation  multiplied  by  6 ,  to  wit ,  the 
leaft  of  the  known  numbers  which  are  prefixt  to  thei 
letters  in  the  firft  part  of  the  fourth  Equation ,  pro-j 
duceth . .  .  ,  . 


6,  Again,  the  third  Equation  multiplied  by  i  o,  that  is, 
the  greateft  of  the  known  numbers  which  are  prefixt 
to  the  letters  in  the  firft  part  of  the  fourth  Equation, 
produceth  . 


loe^io7-|-ic»  =  ioqo~iorf 


7.  It  is  manifeft  that  the  firft  part  of  the  fifth  Equation 
is  lefs  than  the  firft  part  of  the  fourth,  therefore  alfo' 
the  latter  part  of  the  fifth  lhall  be  lefs  than  the  latter 
part  of  the  fourth ,  viz . 


^00 — 6a  1200— 


8,  Therefore  from  the  feventh  ftep ,  after  due  Redu- 
dion,  it  follows,  that . 


loco  —  IC4  CT"  I  200  —  i6a 


/^o\w  fince  it  is  found  by  the  eighth  and  tenth  fteps ,  that  a  the  number  of  Quarts  fought 
of  Ihe  firft  fort  of  Wine  to  make  the  Mixture  mull  be  lefs  than  60,  but  greater  than  33^^, 


let  fome  fiumber  within  thofe  limits  be  taken  for  the  value  of  a  ,  viz. 


r 


ji.  Suppofc 
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II.  Snppofe . *-..)> . 47  =  ^ 

,  t  Then  by  retting  47  in  the  place  of  4  in  ihe?  r,  ,  ,  „  ^  , 

firft  Et^uation,  thi^i  arifeth  ,  . . ^  r/T“ 

1  g.  Whence  by  equal  fubtradiion  of  47  there?  jJ  _ 

remains  .  * . j**  ^  ^  ^  ^ 

14.  And  by  multiplying  the  Equation  in  the^ 
eleventh  ftep  by  1 6 ,  ( the  number  prefixt  to  4 >  7J2  =  16a 

in  the  fecond,)  it  gives . ^ 

1 K .  Then  by  fetting  7  c  2  in  the  place  of  1 in  >  .  1  o  1  ✓ 

fecond  EqLion ,  this  arifeth , . ^  7f  a  +  >“-1-8; -!-<?«  =  *»<»> 

1 6»  And  by  fubtrafting  752  from  each  part  of ) 

■the  Equation  in  the  bfteenth  ftep  ,  this  remains, >  ,  ,  ice Sy  6rt  —  448 

‘  vi^.  . . 

17.  The  Equation  in  the  thirteenth  ftep  multi- > 

■  plied  by  10  ,  (which  is  prefixt  to  e  in  the>  i  =  530 

fixteenth,)  produceth . 

18.  Then  by  fubtrafting  the  Equation  in  the^ 

-  fixteenth  ftep  from  that  in  the  feventeenth ,  theC  '  ,1  _  '  o 

letters  vanilheth,  and  this  Equation  remains,^  *  ,*  '  *  ^  ot 

*V%K»%  %  *  •  •  ♦,#  •  ^  ^ 

1  o.  From  the  eighteenth  ft^p,  by  tranfpofitioft  of  >  _  « 

4 «,  this  Equation arifeth,  i  ■?— 4«  .  .  .  .. 

20.  And  by  dividing  each  part  of  the  Equation  in  7  _  *  _ ^ 

the  nineteenth  ftep  by  2  ,  it  gives  .  .  .  .  J 

21.  Then  by  fetting  the  latter  part  of  the  Equa-p 

tion  in  the  twentieth  ftep  in  the  place  of  7  in>  ^4-4*  —  2«-J-4«  ==53 

th^thirteenth ftep,  it  makes . ^  • 

Whence,  after  due  Redu£lion ....)>e  =  w-i-i2 

23.  By  the  latter  part  of  the  Equation  in  thep 

twentieth  ftep,  it's  evident  that  2«  ^  41  ,>  «  -a  20I 
therefore  ^  - 

I  -  . 

And  becaufc  the  knoWn  number  12  which  follows  «  in  the  twenty-fecond  ftepjl 
<  exptefting  the  value  of  e)  is  Affirmative^  there  is  not  any  limit  to  fhew  above  which 
the  number  u  ought  to  be  taken  •  and  therefore,  according  to  the  three  and  twentieth  ftep, 
u  may  be  any  number  lefs  than  2of ;  Therefore, 

24.  Suppofc  ..  r~~~;  20 

25.  Then  from  the  twentieth  and  twenty-fourth  >  .  , 

fteps  it  follows ,  that . S  ^  -  •>(=4>— J») 

2  5.  And  from  the  twcnty-fccond  and  twenty-?  ,  , 

fourth  fteps,  . . .  .  .  .S  ^=32,  (=«+i2) 

Thus  by  the  eleventh  ,  twenty- fixth ,  twenty.fifth‘and  twenty. fourth  fteps ,  four  whole 
numbers  are  difeovered ,  to  wit,  47, 32,  1  and  20  for  the  values  of  a,  e ,  y  and  «  ,  which 
numbers  will  folve  the  Queftion.  For  if  42  quarts  of  the  firft  fort  of  Wine,  3  7  quarts 
of  the  fecond,  i  quart  of  the  third,  and  20  of  the  fourth  be  mixed  together ,  thefumm 
makes  1 00  quarts ,  which  at  1 2  pence  Quart  yields  1 200  pence  j  and  the  fame  number 
of  pence  will  be  produced  by  felling  47  quarts  at  1 5  pence  perQum,  3  a  quarts  at  10 
pence,  i  quart  at  8  pence,  and  20  quarts  at  5  pence  j  which  was  required. 

But  becaufe  (  by  the  twenty- third  ftep  )  u  may  be  any  whole  number  lefs  than  2of, 
nineteen  Anfwers  more  in  v^ole  numbers  may  be  found  out  by  repeating  the  Procefs  in 
the  twenty-fourth ,  twenty-lfth  and  twenty-fixth  fteps  ■  fo  that  47  being  taken  for  4, 
there  will  be  twenty  Anfwers  in  whole  numbers ,  which  arc  inferred  in  the  following  Table. 
And  by  putting  4  equal  to  every  whole  number  feverally  between  3  3f  and  5o,  which 
are  the  limits  difeovered  in  the  eighth  and  tenth  fteps,  for  the  chiifing  of  the  number  4, 
after  a  due  repetition  of  the  Procefs  with  every  one  of  thofe  whole  numbers ,  in  like  manoec 
as  before  With  47  from  the  eleventh  ftep  to  the  end  of  the  Refolution,  two  hundred  ninety 
four  Anfwers  more  in  whole  numbers  will  be  difeovered ,  which  with  thpfe  twenty  in 
the  Table  make  three  hundred  and  fourteen  Anfwers  in  whole  numbers  to  this  twentieth 
■ '  ■  *  Queftion, 


/ 
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3at 


Qucftion  ,  to  which  the  Rule  of  Alligation  in  Vulgar  Arithraetick  gives  only  one  Anfwer, 
which  confifts  partly  of  Fraftions  too  j  but  by  the  Method  above  deliver’d ,  innumerable 
Anfwers  may  be  found  out  in  Fradions.  The  Table  follows. 


e 

y 

47 

32 

I 

20 

47 

31 

3 

19 

47 

30 

s 

18 

47 

19 

1 

17 

47 

28 

9 

\6 

47 

27 

n 

15 

47 

26 

^3 

47 

25 

13 

47 

24 

17 

12 

47 

23 

19 

1 1 

47 

22 

21 

1 0 

47 

21 

23  ^ 

9 

47 

20 

25- 

8 

47 

19 

27 

7 

47 

18 

29 

6 

47  ■ 

17 

31 

5 

47 

16 

33 

4 

47 

15 

35 

3 

47 

14 

37 

2 

47 

13 

39 

I 
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Sly n ST.  21. 

Fourty'onc  perfons  confifting  of  Men,  Women  and  Children  fpent  in  the  whole  at 
a  Feaft  40  (hillings  •  whereof  every  Man  paid  4  (hillings ,  every  Woman  ^  (hillings ,  and 
every  Child  4  pence  ,  or  f  of  a  fliilling :  It’s  defired  to  find  the  number  of  Men ,  likewife 
of  the  Women  and  Children.  .  ' 

The  nature  of  this  Queftion  not  admitting  Fradions  in  the  Anfwer,  the  fcope  of  the 
Refolution  rauft  be  to  divide  41  into  three  fuch  whole  numbers,  that  if  the  firft  be  multi¬ 
plied  by  4 ,  the  fecond  by  3 ,  and  the  third  by  j  ,  the  fumra  of  the  three  Produds  may 
make  40  :  To  which  purpofc ,  let  <? ,  e-  and  y  be  put  for  the  de(ired  numbers  of  Men, 
Women  and  Children ,  and  then  the  Queftion  may  be  ftated  thus ,  viz.. 


What  are  the  whole  numbers  ? 


a  c  — J-"  y  —  4  ^ 

4^4*3^4-17  =  40 


RBSOLVTJ  O  N. 

By  forming  the  Refolution  in  like  manner  as  in  the  fore¬ 
going  thirteenth ,  fourteenth  and  fifteenth  Queftions  it 
will  appear,  that . 


33rf,. 


r=  124 


iiy 


Vv  hence  ’tis  manifeft  that  3  2  and  33  are  the  only  whole  numbers  within  the  limits  for  the 

chufing  of  the  number  7,  but  this  muft  neceffarily  be  a  Multiple  of  3,  otherwife  ^^and  -S 

will  not  be  whole  number?,  and  confequently  the  vajues  of  e  and  a  above-expreft  cannot  be 
whole  numbers ;  therefore  3  3  is  the  foie  whole  number  that  can  be  taken  for  the  value  of  /, 
towir,  the  number  of  Children,  and  confequently  the  values  of  e  and  a  above  expreft  will 
give  3  for  the  number  of  Women,  and  5-  for  the  number  of  Men  ;  which  three  numbers 
5,  3  and  33  will  folve  the  Queftion,  for  their  fumm  is  41  •  and  if  the  firft  be  multiplied 
by  4 ,  the  fecond  by  3 ,  and  the  third  by  j ,  the  fumm  of  the  three  Products  is  40  ,  as 
was  required. 

S  f  WEST.  12. 
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ft  —  20 


4 


U 


—  - -  54 


^V£ST.  z2. 

Twenty  perfons,  confiding  of  Men,  Women,  Boj’s  and  Girls  fpent  at  a  Feaft  in  the 
whole  94  Ihillings;  whereof  every  man  paid  6  {hillings ,  every  Woman  4  llhllings,  every 
Boy  3  (liillings ,  and  every  Girl  i  fliiiJing :  It’s  defired  to  find  out  the  number  of  Men, 
likewife  of  Women,  Boys  and  Girls. 

The  fcope  of  this  Quellion  is  to  find  out  four  fuch  whole  numbers  that  their  fumm  may 
make  ;  and  that  if  the  firft  be  multiplied  by  6 ,  the  fecond  by  4,  the  third  by  3  ,  and 
the  fourth  by  i ,  the  fumm  of  the  four  Produfts  may  make  94;  therefore  by  putting 

а,  e,],  u.  to  reprefent  thofe  four  whole  numbers,  the  Quedion  may  be  dated  thus‘j 

r.  If . . . 4-1-  ^-J-4  —  20 

2.  And . ' . ;«  =:  94 

What  are  the  whole  numbers  4,  e  ,  ?  [|  ^ - - - - - ^ - - 

RBSOLVTION. 

The  fird  Scope  is  to  fearch  out  limits  for  the  number  4  in  like  manner  as  before  in  the 
twentieth  Quedion>  viz. 

3.  By  tranfpofition  of  4  in  the  fird  Equation, this  arifeth,  e  *-|-  y  -\- 

4.  Likewife  by  tranfpofition  of  6a  in  the  fecond  Equa-  ^  ,  . 

tion  ,  there  comes  forth . ^ 

y.  The  third  Equation  multiplied  by  i ,  (to  wit ,  the' 
fraalled  of  the  numbers  prefixt  to.  the  letters  in  the( 
fird  part  of  the  fourth  Equation  ,  where  i  is  fuppofed( 
to  be  prefixt  to  »,)  doth  produce  the  fame  third,  viz.. 

б.  Again ,  the  third  Equation  multiplied  by  4 ,  to  wir,^ 

-  the  greateft  of  the  numbers  prefixt  to  the  letters  inS  ^e-l-'47-|-4»  =  80  —  44 

the  fird  part  of  the  fourth  Equation ,  doth  produce  j 

7.  It  is  raanifed  that  the  fird  part  of  the  fifth  Equation^ 

is  lefs  than  the  fird  part  of  the  fourth ,  therefore  alfoC  20  —  4  -p  ^4 _ 6a 

the  latter  part  of  the  fifth  fhalJ  be  Icfs  than  the  latter^  ‘  ' 

part  of  the  fourth,  viz.  ....... 

8.  Therefore  from  the  feventh  dep,  after  due  Redu-  ? 

ilion  ,  it  follows  that  . . S 

9.  Again,  for  as  much  as  the  fird  part  of  the  fixth  Equa¬ 

tion  is  greater  than  the  fird  part  of  the  fourth ,  there-^ 
fore  alfo  the  latter  part  of  the  fixth  fliall  be  greater( 
than  the  latter  part  of  the  fourth ,  viz . 

I  o.  Therefore  from  the  ninth  dep ,  after  due  Rcdn£lion, 
it  follows ,  that  . . . 

Now  fince’tis found  by  the  tenth  and  eighth  deps ,  that  4,  (or  the  number  of  Men,) 
is  greater  than  7  ,  but  lefs  than  14^,  let  fome  whole  number  within  thofe  limits  be  taken 
for  the  value  of  a ,  viz. 


e  -h  7+  »  =  20  —  a 


4  14 


5 


80 — 44  CT"  94  —  6a 


a  cr  7 


11.  Suppofe  .  y . J>  . 

12.  Then  by  fetting  12  in  the  place  of  a  in  the  fird^ 

Equation  ,  this  arifeth, . ^  * 

13.  Whence  by  equal  fubtradion  of  1 2,  there  remains  . 

14.  And  by  multiplying  the  Equation  in  the  eleventh) 

dep  by  6,  it  makes . ^  * 


16.  And  by  fubtrafting  72  from  each  part  of  the  lad? 

Equation,  the  Remainder  is  .  . £ 

1 7.  The  Equation  in  the  thirteenth  dep  being  multiplied  / 
by  4 ,  (  which  is  prefixt  to  e  in  the  fixteenth , )  gives  ^ 

18.  Then  by  fubtra<ding  the  Equation  in  the  fixteenth^ 

dep  from  that  in  the  feventeenth,  the  letter  e  vanillicth,  > 
and  this  Equation  remains . . ^ 


12  ■=  4 


20 

i  .  e 

-1-  = 

8 

•  • 

.  .  72  = 

6a 

3)  “I"'  = 

94 

.  4e 

-1-374.4  — 

2Z 

• 

-1-474^4  = 

32 

•  • 

11 

+ 

10 

19.  Whence 


V  / 


i 
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19.  Whence  by  tranrpofuion  of  3«,  this  Equation?  __ 

atifeth, . .0  ^ 

20.  Then  by  fetting  the  latter  part  of  the  Equation  \t\  ? 

the  nineteenth  ftep  in  the  place  of  j  in  the  thirteenth,  >  =  8 

this  arifeth , . .  .  .3 

21.  Whence,  after  due  Redudlion,  this  Equation  arifeth,  >  e  —  7h  —  2 

22.  From  the  latter  part  of  the  nineteenth  Equation,  it?  _  t 

may  be  inferrd  that . ^  ^ 

23.  'And  from  the  latter  part  of  the  twenty-firft  Equa-5 

. . s  ^ 


tion 


tr*  I 


Now  fince  by  the  twenty-fecond  and  twenty-third  Reps ,  «  (  or  the  number  of  Girls) 
IS  found  to  fall  between  1  and  3|  ,  let  2  be  taken  for  the  value  of  «,  viz. 

24.  Suppofe . . )>  «  =  2 

2^,  Then  from  the  nineteenth  and  twenty-fourth  fteps,  J>  jy  =  4  (  —  10  —  3») 

2  5.  And  from  the  twenty-firft  and  twenty- fourth  fteps,  <?  =  2(r=2/#  —  2) 

Thus  by  the  eleventh  ,  twenty-fixth  ,  twenty-fifth  and  twenty-fourth  fteps  ,  four  whole 
numbers  are  difeovered,  to  wit,  12,  2,4  and  2,  for  the  values  of  and  «. 

Again ,  by  taking  3  for  the  value  of  «  ,  (  which  is  within  the  limits  before  difeovered) 
the  nineteenth  and  twenty-firft  fteps  will  difeover  i  and  4  for  the  values  of  y  and  e,{a  being 
1 2  ,  as  before.  Wherefore  two  Anfwers  to  the  Queftion  are  found  out  5  for  the  number 
of  Men  being  put  12  ,  the  number  of  Women  will  be  2, 
the  number  01  Boys  4 ,  and  the  number  of  Girls  2  •  or  the 
number  of  Men  being  12  as  before  ,  there  will  be  four 
Women ,  i  Boy  and  3  Girls.  Again ,  if  1 1  be  put  equal 
to  A ,  (or  the  number  of  Men ,)  and  the  procefs  be  repeated 
from  the  eleventh  ftep  to  the  end  of  the  Refolution ,  there 
will  be  found  two  Anfwers  more  in  whole  numbers.  In 
like  manner ,  if  9^  o  and  1 3  be  fcverally  put  equal  to  a, 
three  Anfwers  rao^jwill  be  difeovered ;  But  if  8  and  1 4 
be  fcverally  put  eqilal  to  a ,  although  they  be  within  the 
limits  in  the  eighth  and  tenth  fteps,  yet  the  work  being 

repeated  as  before  will  not  fucceed  to  find  e,  j  and  h  in  whole  numbers  •  fo  that  there  arc 
only  feven  Anfwers ,  to  wit,  thofeinferted  in  the  Table  •  but  that  every  one  of  them  will 
folve  the  Queftion  may  eafily  be  proved. 

If  a  Queftion  of  this  nature  be  delired  that  hath  butoneAnfwer  in  whole  numbers^ 
let  the  number  of  perfons  be  60,  and  100  the  number  of  (hillings  fpent  ;  alfo  let  every 
Man  fpend  2  (hillings,  every  Woman  f  of  a  (hilling,  every  Boy  j-  of  a  (hilling,  and  every 
Girl  t  of  a  (hilling ;  then  by  forming  the  Refolution  as  before ,  the  number  of  Men 
will  be  found  46  ,  the  number  of  Women  3  ,  the  number  of  Boys  y,  and  the  number 
of  Girls  6. 
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JL. 
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9 

9 

1 

I 

10 

6 

3 

I 

1 1 
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2 

2 

II 

3 
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12 
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2 

i  2 

4 

I 

3 

1 

1  3 

3 

J^EST.  23.  .  . 

To  divide  200  into  five  fuch  whole  numbers,  that  if  the  firft  be  multiplied  by  12, 
the  fecond  by  3,  the  third  by  i,  the  fourth  by  ^nd  the  fifth  by  j ,  the  fumm  of  the  Pro- 
duds  may  alfo  make  200. 

This  Queftion  may  be  refolved  like  the  foregoing  twentyeth  and  twenty-fecond ,  but 
I  (hall  leave  it  as  an  exercife  to  the  induftrious  Analyft  ,  who  ,  ( if  he  thinks  it  to  be  worth 
his  pains,)  may  find  out  6639  Anfwers  to  it  in  whole  numbers ,  '(as  Sachet  y  in 

the  two  laft  pages  of  his  little  Book  before  cited  in  Se^.  i.  of  this  Chapter,  doth  affirm. 

.Nicholas  Tartaglia  handling  this  very  Queftion,  (  which  is  the  la(f  of  the  feventcenth 
Book  of  the  firft  Part  of  his  Arithmetick ,)  thought  it  a  great  matter  that  he  had  found  out 
one  fingle  Anfwer  to  it  in  thefe  five  whole  numbers,  to  wit,  6,  12,  34,  72,  95,  and 
alTerted,  That  Queftions  of  this  fort  could  not  be  perfedly  folved,  either  by  the  v^lgebrakal 
Art,  or  any  certain  Rule  ;  but  the  contents  of  this  Chapter  do  manifeftly  (liew,  that  the 
Imperfedion  was  in  the  Artift ,  and  not  in  the  Art. 

ihc  End  of  the  Second  BOOK*  ,  , 
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